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Abstract

This paper treats optimal scheduling in large timed dis-
crete event systems as a supervisory control problem.
Scheduling tasks in a steel plant is treated as a real-
istically sized case study. A sequence of tasks must
be completted in as soon as possible, while satisfying
all the constraints in the model. These di�erent con-
straints are speci�ed via di�erent components in a mod-
ular plant representation. Components can be repre-
sented as timed Petri nets, leading to a graph of inter-
acting modules. The acyclic nature of the graph consist-
ing of the most critical components is exploited in order
to �nd a heuristic but fast way of searching through the
very large set of feasible orderings.

Keywords: Scheduling, supervisory control,

timed discrete event systems, timed Petri nets

1 Introduction

Timed discrete event systems describe the evolution of
physical plants, usually at a high level of abstraction,
by specifying the points in time when certain events are
allowed to happen. Whenever an event takes place the
state of the system changes to a di�erent value. Exam-
ples of such timed discrete event models are timed au-
tomata [1] and timed Petri nets [4]. Supervisory control
of timed discrete event systems can delay or completely
prevent the execution of controllable events (similar to
the event disabling in supervisory control of untimed dis-
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crete event systems) but in this paper we also assume
that for some events the controller can force enabled and
controllable events to be executed at some time instant.

Scheduling sequences of tasks is a typical example
of supervisory control as introduced by Ramadge and
Wonham [6]. Control decisions for scheduling consist
in selecting where to execute tasks, and when to start
these tasks. The goal of scheduling is the minimization
of the time needed for executing a given set of tasks.
The sequence of tasks should satisfy logical and tempo-
ral constraints. Some of these constraints are local and
are encoded in the components of the timed discrete
event plant. Other constraints are logical speci�cations
such as precedence rules, bounds on time delays, etc.

It is possible in principle to solve this problem by
backward recursion using dynamic programming [2].
However the size of the state space grows very fast for
timed discrete event systems, and hence it may not be
feasible to store the value function eÆciently. One can
also try forward recursion to describe the tree of reach-
able states starting from the present (initial) plant state,
and then search by enumeration for the optimal path
in this tree. In either case, using backward or forward
recursion, experience shows that the problem quickly
become computationally intractable because of the ex-
plosion of the number of states to be considered.

In this paper we describe an algorithm for �nding
the optimal schedule which searches the complete state
space in such an order that it is very likely that the
optimal solution is found quickly. We observed that in
the case study of a steel plant the most critical con-
straints for the schedule are described by three compo-
nents which form an acyclic graph. The �rst compoent
describes the arrival of a batch of steel at the conver-
tor, the conversion and the �rst stage of treatment. The
scheduling decisions here are the starting time of conver-
sion of a new batch, and which convertor to use. Out-
put of this component then goes to the further stages
of metallurgical treatment, where di�erent qualities of
steel require di�erent routes through the plant and dif-
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ferent execution times for the operations. In this second
stage of operations the scheduler must select which one
of the possible positions for treatment will be used, and
which batch should receive priority in case of resource
con
icts. Finally the output of this second stage of op-
eration is sent to the continuous casting machine, where
the speed of casting can be selected by the scheduler
within speci�ed bounds. Each of these three compo-
nents can be represented by a timed automaton or by
a timed Petri net. These components form an acyclic
graph in the sense that inputs to component n are out-
puts of components l < n:

Our algorithm for �nding an optimal schedule works
as follows. The variable to be optimized is the time at
which the last batch leaves the last component in our
plant model - the continuous caster in our case study.
Hence we can search for an optimal schedule as follows.
First �nd an optimal schedule, and its associated cost,
in the last component, e.g. via an exhaustive search of
the reachability tree. Since each component separately
is relatively small this exhaustive, forward search may
be computationally feasible. The optimal cost which
is found depends on the timing of the output events
of the preceding component. It can be interpreted as
a value function in dynamic programing, and we call
it the \value at component n" from now on. Hence
it becomes possible to �nd an optimal schedule in this
preceding component by using the same method for the
plant model where the last component is deleted, and
where the new cost criterion is the \value function".
This local optimisation in turn de�nes a \value func-
tion" at the output of stage n � 2: This is repreated
for all components in the acyclic graph. This algorithm
combines backward recursion between components and
forward search within each component.

In practice there are always some modules which have
input from downstream modules and which send out-
put to upstream modules. For example in the steel
plant case study we still have to represent constraints
on the availability of the transportation system, and
on the availability of empty stee ladles. Components
of the plant model representing these additional con-
straints have inputs from and outputs to all of the other
components, making the overall plant model cyclic. It
is therefore necessary to verify whether the proposed
schedule based on the acyclic subgraph, remains feasi-
ble for the full, cyclic, model. Iterative improvements, as
explained below, are then necessary. The quality of our
algorithm depends on how well the search algorithm se-
lects new schedules in case the proposed schedule is not
acceptable. In section 3 we explain some examples of
techniques that can be used in order to �nd a valid and
optimal schedule in a computationally eÆcient way.

This paper is structured as follows. Section 2 explains

brie
y how our modular algorithm for synthesizing an
optimal schedule works, using a steel plant as a case
study; timed Petri net models are used to represent the
di�erent components of the steel plant. In section 3
we use these models to describe in more detail how the
schedule is synthesized. In section 4 we draw some con-
clusions, and state some open problems.

2 Case study: representation of

the steel plant

The research presented in this paper is based on a real
life case study of scheduling tasks in a steel plant. The
layout of the steel plant is represented in �gure 1. It con-
sists of two convertors, several positions for metallurgi-
cal treatment, a continuous casting machine, two over-
head cranes, a transport and storage system for empty
steel ladles, and 4 tracks connecting neighbouring posi-
tions for metallurgical treatment.

The operations of the steel plant must be scheduled
so that it produces in the correct order a prespeci�ed
sequence of batches of steel of di�erent qualities (each
batch characterised by a recipe and by a minimal and
maximal casting times). The optimal schedule should
minimize the completion time of the last batch in the
sequence, while satisfying all model constraints. The
treatment of batches can be subdivided in 3 consecutive
phases:

- conversion and initial stage of metallurgical treat-
ment,

- metallurgical treatments speci�c to the quality of
steel (recipe) to be produced,

- continuous casting of the batches.

Each of these phases naturally corresponds to one
module in the mathematical model of the next sec-
tion. The three modules clearly are interconnected in
an acyclic way. Besides this acyclic graph of modules,
the plant model also consists of two other modules rep-
resenting the transport of empty steel ladles, and the
movement of the two cranes (running on the same rail
and hence subject to "no collision" constraints) which
transport the steel ladles between di�erent position.

Each of the components of this plant model can be
represented as a timed petri net with input and out-
put events. We assume the reader is familiar with Petri
nets, a graphical representation of a discrete event sys-
tem. It consists of places and transitions, connected
via arcs from a place to a transition or from a transi-
tion to a place. Places can contain tokens, representing
in this case the presence of a batch in position corre-
sponding to the place or the location of a crane. The
marking of places by tokens represents the state of the
plant. A Transition t can �re if all the upstream places



of t contain at least one token. The transition (and the
corresponding event) is then said to be enabled. The
�ring of a transition removes a token from each of its
upstream places, thus modelling the event changing the
state of the plant. Timed Petri nets associate clocks to
each transition, and impose the limitation that an event
must be executed within a certain time interval after
the corresponding transition becomes enabled. Depend-
ing on the case these intervals can be speci�ed by lower
bounds only (the event is never forced to happen) or up-
per bounds (the event is forced to happen if the upper
bound is reached) or both.

The �rst, upstream module in the plant model de-
scribes the operation of the two convertors. Convertor
i = 1; 2 starts producing a batch of raw steel for the
ki-th time at �convi;ki

: This is a controllable variable, to
be selected by the scheduler. Several constraints have
to be met by the convertor operations: there is a mini-
mal time interval between the end of one batch and the
start of the next batch on the same convertor; during
part of the conversion a resource is needed which cannot
be used by both convertors at the same time (mutual ex-
clusion); after n consecutive conversions (with n lying
in a speci�ed interval) on convertor i this convertor has
to be cleaned. As soon as conversion of batch (i; ki) is
completed the raw steel is poured in an empty ladle (pro-
vided the empty ladle module has put an empty ladle on
the car on track i by that time). This steel ladle is then
transported by the car on track i to position (i; 1) for a
metallurgical treatment of duration in [Lmt1; Umt1]:

This �rst component can be modelled as a timed Petri
net, with input events whenever the conversion of a new
batch of steel is started, and with output events each
time a batch completes the �rst stage of metallurgical
treatment at the time �

first
i;ki

: At that time the sched-
uler has to decide which recipe q̂n 2 Q will be applied
for batch n = k1 + k2; where k2 denotes the number
of batches produced on convertor 2 before k1 batches
were completed on convertor 1; or vice versa. Note that
batches have to reach the continuous casting machine
according to a prespeci�ed sequence of recipes qn 2 Q;

(since no overtaking is possible in the continuous casting
component) but that it is possible that q̂n 6= qn because
batches of di�erent qualities can require very di�erent
execution times in module 2; and hence overtaking is
possible in module 2: The choice of q̂n speci�es the se-
quence of metallurgical treatments to be carried out on
the n-th batch in positions (1; 2) (machine ]2 in �g. 1),
(1; 3) (machine ]3 in �g. 1), and (2; 2) (machine ]5 in
�g. 1). The selected recipe qn also speci�es the du-
ration of the operations in each position. Some tasks
can be carried out interchangeably on (1; 2) and (2; 2);
but (1; 3) carries out specialised treatments. Transfer
of a steel ladle from position (i; 1) (machine ]1; resp.

]4 in �g.1) to position (j; 2) requires the availability of
a crane, whether i = j or not. Transfer from (1; 2) to
(1; 3) and vice versa does not require a crane; moreover
there cannot simultaneously be a steel ladle in (1; 2) and
in (1; 3): The scheduler in module 2 not only must select
the recipe to be used for each arriving steel ladle, but
it also must select for each of the interchangeable tasks
whether it is to be executed on (1; 2) or on (2; 2):

Fig. 2 presents a timed Petri net model for module
2: In order to obtain a more compact model a \colour"
is associated with each token in this Petri net. In order
to keep track of the recipe selected for each batch, the
token corresponding to this batch is assigned a color
q̂n; corresponding to the quality of steel which will be
produced by this batch. The duration of treatments in
the positions in module 2; and the path followed by the
n-th token (= the n-th batch) depends on the colour.

Each batch entering module 2 at time �
first
i;k is put in

a choice place, where it leaves as soon as the selected
position for its next metallurgical treatment becomes
available. A batch can enter a position only provided
the car on the corresponding rail is available in that
position. This means that no other batch is in a position
along the same track. This requirement is not shown in
�g. 2. It must be added via cycles in the Petri net,
ensuring a state invariant corresponding to there always
being one token (one car) on a track.

This model of module 2 is fairly complicated, con-
taining several choice places and several synchronising
transitions (several internal synchronisations represent-
ing resource availability requirements, and synchronisa-
tion with the crane model, which have not been shown
in �g. 2). However physical limitations of the plant
guarantee that there can be at most 2 steel ladles simul-
taneously in module 2: Hence the size of the reachability
tree is acceptable, provided the order in which di�erent
qualities are produced is �xed.

Next the batch of steel of quality qn is sent to the
holding position of the turret of the continuous casting
machine (provided this position is free). The continuous
casting machine operates as follows. The empty ladle
which contained the (n � 2)-th batch must be removed
(by a crane) from the holding position of the turret, in
time for the n-th batch to be transported to this holding
position no later than Æ time units prior to the comple-
tion time �finishn�1 of the casting of the (n� 1)-th batch.
After completion of casting of batch n�1 the turret can
be turned and casting of batch n starts. The empty la-
dle used by batch n� 1 must then be removed from the
turret. Casting of the n-th batch takes at least �n time
units, but it can be slowed down in order to guarantee
that there is no interruption in the casting (the casting
machine must operate continuously). We assume that
the casting of batch n can take at most �max

n time units



to complete. This 3rd module of the plant model can
be represented by a timed coloured Petri net, accepting
at (input) time �secondn the n-th batch of steel, of qual-
ity qn: The casting time dn 2 [�n;�

max
n ] for the n-th

batch is again an important controllable variable to be
selected by the scheduler.

The movement of the 2 cranes running on the same
track (and hence subject to a no-collision requirement)
is modelled by a rather large timed automaton or timed
Petri net, representing the (quantised) position of each
crane, whether a crane is idle or whether it is lifting
or lowering a load, whether it is moving left or right.
The crane module must accept as input all the requests
for crane allocation received from modules 2 and 3: The
crane module is also in
uenced by the times at which
cranes are deallocated by modules 2 and 3. Finally there
is a simpler module, representing the transport and the
cleaning of empty ladles, which are removed from the
holding position of the turret of the continuous caster,
and delivered at the convertors. The quality of the pro-
posed schedule will depend critically on whether there
exists a schedule for crane movements and for transport
of empty ladles which satis�es all the requests by the
modules 1; 2; and 3:

3 Modular Synthesis of a Sched-

ule

In this section we describe the synthesis of an optimal
schedule in more detail, using the model of section 2.
The schedule must ensure that all the constraints and
speci�cations encoded in the components of the model
are satis�ed. Moreover the schedule must ensure that
the n-th batch reaching the continuous casting machine
has quality qn: Moreover for each batch there is a mini-
mal and a maximal time interval for casting. Each batch
must also satisfy a maximum residence time in the sys-
tem (otherwise the batch would cool down too much): if
the n-th batch is started on convertor i at time �conv

i;ki(n)

then �finishn should be less than �conv
i;ki(n)

+�max:

The optimal schedule must satisfy all these con-
straints, and minimize the time �

finish
N when the last

batch (of quality qN) is completed.

In module 3 the schedule tries to minimize �finishN : It
turns out that the timed Petri net model of module 3
is a timed marked graph, so that the execution times
of the events can be described via a linear equation in
the (max;+)-algebra [3]: (where �hn denotes the time at
which the turret is turned for the n-th time, �secondn is
the time when the n-th batch leaves the 2nd module,
and where �min;max

n represent resp. the minimal and
the maximal time needed for casting the n-th batch of

quality qn:)

�finishn = �hn + [Ltt +�n; Utt +�max
n ]

�hn = maxf�secondn + [Lh; Uh];

�hn�1 + [Ltt +�min
n�1 + L3;a + Lh;

Utt +�max
n�1 + U3;a + Uh];

�3;alln + [L3;d; U3;d]

where we generalise the classical (max,+) notation by
writing [L;U ] to denote a number within this interval
(each time this interval appears in an equation this pa-
rameter is implicitly assumed to take the same value).
Similar equations can be written down for the times �alln

and �dealln when the crane is allocated and deallocated
for the n-th time for module 3: Using these variables it
is possible to express the time �finishn � �secondn which
the n-th batch spends in module 3:
The minimal cost

c�(�secondn ; n = 1; : : : ; N ; crane availability)

= minf�finishN j

j �secondn ; n = 1; : : : ; N ; crane availabilityg

can be evaluated recursively using these (max,+)-
linear expressions. This minimal cost function or
value function (depending only on a \local informa-
tion set of output times) is transmitted to mod-
ule 2: This must be interpreted as the minimal cost
c�(�secondn ; n = 1; : : : ; N ; crane availability) which the
system can achieve if departure times �secondn ; n =
1; : : : ; N are achieved. Moreover it is necessary to trans-
mit to module 2 the maximum time �max � �finishn +
�secondn that the n-th batch is allowed to spend in com-
ponent 1 and 2:
Based on this (backward recursive) information sent

from module 3 to module 2; module 2 synthesizes
its schedule so as to minimize its local cost func-
tion: c��(�firstn ; n = 1; : : : ; N ; crane availability) =
min[c�(�secondn ; n = 1; : : : ; N ; crane availability) j

�
first
i;ki

; k1 + k2 = n = 1; : : : ; N ; crane availability] This
calculation is more complicated than for module 3 be-
cause there are several choices to be made. However
once the sequence of positions to be visited by each
of the N batches has been selected, then it becomes
easy to express �secondn ; n = 1; : : : ; N as a function of
�firstn ; n = 1; : : : ; N: Moreover it becomes easy then to
provide a formula for the time spent in module 2 by
each batch - providing information on the maximum
time that this batch can spend in module 1 - and on
the times at which cranes have to be allocated and deal-
located for module 2: In general the number of possible
selections of sequences is prohibitively large: for most



qualities there are 4 possible routes through module 2
and for N = 50 batches in the schedule, this gives 450

sequences to be considered. In practice however most of
these choices will be excluded by resource con
icts, or
will be unfeasible given the present state of module 2:
Heuristic rules for selecting these routes are fairly easy
to establish.
The modular scheduler will then pass the value func-

tion

c��(�firsti;k ; n = 1; : : : ; N ; crane availability)

to module 1 together with the maximal time that each
batch can spend in module 1; given the schedule selected
in modules 2 and 3:This allows module 1 to calculate the
optimal times �convi;k to start conversion of a new batch.
Note that the main decision here is the starting time of
the next conversion. The starting times of conversion
will usually be taken as late as possible, subject to the
requirement that the module 2 should be able to send
the batches to module 3 in time to ensure that continu-
ous casting can be guaranteed. The proposed schedule
also speci�es, via a simple (max,+)-formula, the latest
arrival time for each empty ladle.
Given these locally optimal schedules in modules 1; 2;

and 3 the modular algorithm veri�es whether the crane
model of module 4 and the empty ladle module both can
satisfy all the requests for crane allocation, at times de-
�ned by the schedules, and the maximum arrival times
for empty ladles. This requires veri�cation of the reach-
ability of certain states in the timed automaton repre-
senting the cranes and the empty ladle transport. Var-
ious tools exist (such as UPPAAL and KRONOS) for
verifying reachability in very large timed automata. In
case the algorithm �nds that the schedule is not feasible
in the sense that a crane or an empty ladle cannot reach
a position early enough, then another schedule has to
be generated from the present one. This requires in-
formation of the sensitivity of the cost function (and of
the constraint satsifaction) on the times selected by the
schedule.
The (max,+)-recursions also can be used in a simple

fashion in order to detect constraints that are active
or critical in the sense that the derivative of the �nal
cost criterion �

finish
N with respect to �secondn is 1 or 1:

The derivative is 0 in the case that sending the n-th
batch to the holding position of the turret sooner only
implies that the n-th batch has to wait longer because
the casting of the previous batch n � 1 cannot �nish
sooner anyway; the derivative is 1 when the n � 1-st
batch would have to be delayed (casting of the n � 1-
th batch is forced to take longer than �n�1) in order
to guarantee continuous casting; the derivative becomes
1 when delaying �secondn leads to an infeasible schedule
because the maximum delay �max

n�1 would be exceeded,

or because the time span of batch n would exceed �max:

No other values of the derivative can occur.

New schedules can be generated in several ways. The
event synchronised with an infeasible request for a crane
movement can be delayed until the crane can arrive. In
case the event is not active nor critical, its delay will
not increase the cost. The algorithm will �rst try to
reschedule inactive event times as late as possible in the
schedule, in module 2: Starting the rescheduling near
the end of the sequence (for large n) is intuitively best
because these delayed events near the end will have the
least risk of causing further con
icts. If this does not
work, then one has to consider starting conversion of
some future batch npresent; npresent + 1; : : : ; N earlier
(where npresent is the lowest number of a batch which
has not left module 2 yet). Indeed by starting these
operations earlier it is possible that the crane will be
released earlier and that the allocation requests can be
met. Given the way the local schedule in module 1 has
been obtained it is clear that this modi�cation of �convi;ki

will not change the overall cost of the schedule, since
it will not advance the increase time �finishn : Otherwise
module 1 would have chosen a di�erent start time any-
way.

In case the above method does not �nd a feasible
rescheduling, then one has to change the paths taken
by the batches in module 2; again starting by changing
the paths of the latest batches N;N�1; N�2; : : : ; n; or
the cleaning time of the convertors. This modi�cation
of the paths can only increase the overall cost, because
otherwise this other path would have been selected by
the local schedule of module 2 in the �rst place. Contin-
uing this search will eventually move through the whole
reachability tree, but this will be done in such a way
that branches with a low cost are searched �rst.

In order to guarantee that the algorithm will eventu-
ally (and usually quickly) arrive at the optimal schedule
(or at an optimal schedule, since the optimum will usu-
ally not be unique), it is necessary to guarantee that no
cycles can occur during the search through the reach-
ability tree. It must be possible to detect during the
search which schedules have already been visited be-
fore. Even though the search space is huge, it can be
shown that the number of state classes for an interval
timed Petri net is �nite [Heiner]. Hence it is possible
to encode all possible schedules using a hash table, and
to check each time whether the proposed new schedule
has already been visited. The algorithm will then even-
tually �nd an optimal schedule because all possibilities
are searched in an eÆcient order, and because the search
will stop as soon as a candidate schedule is found that
is optimal in the acyclic graph, and that veri�es all the
constraints in the cyclical graph.



4 Conclusions and Future Work

This paper proposes an algorithm for �nding the opti-
mal schedule in a large plant, by combining the advan-
tages of backward and forward recursion. The method is
based on repesenting the plant via a graph of modules,
each module described by a timed discrete event model.
It is often the case that there exists a largest acyclic
graph of modules which describe the most time-critical
operations in the plant. Within this acyclic graph of
plant modules our algorithm propagates information up-
stream like in dynamic programming. However within
each module we use forward recursion, starting at the
present state, in order to avoid having to calculate and
store the value function in many unreachable states.
EÆcient, well strucured methods for representing the
states and functions of the state (like the value function)
form on etopic of research for making the proposed ap-
proach practically viable. The cyclic interactions caused
by the other modules is used afterwards in an iterative
improvement procedure. EÆcient ways of using sensi-
tivity measures in �nding good imporvemnets, leading
to the optimum as quickly as possible are also a topic of
further research.
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