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Abstract

In the context of long range dependent processes
we compare robust and adaptive prediction/�ltering.
The intuitive observation that adaptation achieves
optimality asymptotically and outperforms in the
long run robust �ltering is quanti�ed through the
estimation of convergence rates and levels of achiev-
able performance.
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1 Introduction

Within the adaptive control community there has
been an increasing interest, partly initiated by
a seminal talk by G. Zames at the 1996 IFAC
Congress, in the basic requirements on the accuracy
of the predictor part of the feedback loop in an adap-
tive control system. Among the interesting questions
is the following: when is a robust predictor better
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than an adaptive predictor. In general it is very
diÆcult to give a fair comparison between these two
possibilities because most signal models prejudice ei-
ther one of the solutions. Recent research e�orts in
areas of research as diverse as telecommunications,
�nance, or electrical power systems have observed
that the traces of measured signals show correlation
over a wide range of time scales. It is known that
this excludes the possibility of �nding a �nite dimen-
sional Markov process as a model for such signals.
Neither robust nor adaptive techniques can provide
a good model tuned to this application.

The signals considered in this paper are asymp-
totically self-similar, but they also exhibit interest-
ing short term dynamics obtained by passing the
self-similar signal through a �nite dimensional �l-
ter. These short term dynamics often represent the
e�ects of various control laws acting at varous time
scales (like 
ow control and policing in communica-
tion networks). Hence this problem seems a good
case study for the comparison between robust and
adaptive predictors, in view of understanding their
quality as part of a feedback loop.

More speci�cally this paper compares the \per-
formance" (measured by the probability with which
large errors occur between the predicted value and
the true value of the signal at the prediction hori-
zon) of a robust �lter on the one hand and of var-
ious adaptive �lters on the other hand. Intuitively
one feels that robust �lters will give better perfor-
mance initially, when the parameter estimates have
not had time to converge because there are still insuf-
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�cient data. However after enough data have been
observed to get good parameter estimates, one can
expect that the adaptive predictor will give better
performance. In the case where long range depen-
dent components are present in the signal we �nd
that the error bounds of robust predictors are large
(the relative entropy rate between signal models with
di�erent Hurst parameters grows very fast). But at
the same time the rate of convergence of the predic-
tion error for an adaptive predictor is slower than for
�nite dimensional models. In this paper we provide
some initial results in order to carry out a quantita-
tive comparison.

Intuitively one can understand the diÆculty of ac-
curately predicting long range dependent signals as
follows. In principle the long range memory allows
prediction, assuming perfectly known signal mod-
els, over very long prediction horizons. However
the predictors will have a much longer memory than
for the usual short range dependent ARMA signals,
and hence will require the summation of weighted
measured values going far back into the past. The
weighting coeÆcients will decay very slowly. One ex-
pects that in that case the results are very sensitive
to parameter uncertainty. This explains why the ro-
bust �lter has such a large error bound and similarly
it explains the very slow convergence of adaptive pre-
dictors.

In order to analyze these phenomena quantita-
tively we introduce in the next section a mathemat-
ical model for signals exhibiting both short-range
and long-range dynamics. In section 3 we analyse
the rate of convergence of the error of an adaptive
L-window predictor. The rate of convergence de-
pends on the Hurst parameter of the signal, and
becomes slower and slower as this Hurst parame-
ter approaches 1: In section 4 on the other hand we
consider the performance of risk-sensitive predictors
for such signals. It turns out that the error bound is
very sensitive to the Hurst parameter, especially for
signals with a Hurst parameter close to 1: Finally in
section 5 we give some preliminary comments on the
implications of our results. This short paper does
not contain any proofs of the results. The full de-
tails of the proofs will be published in a paper under
preparation.

2 Signal models

Various models for long range dependent and
(asymptotically) self-similar stochastic processes
have been proposed. A strictly self-similar process,
which looks the same at all time scales, can be char-
acterized by one additional parameter (besides its

mean and its variance). This parameter is called the
Hurst parameter H: It measures the decay rate of
the correlation coeÆcients. A Hurst parameter of
H = 0:5 corresponds to a �nite-state Markov pro-
cess, while a Hurst parameter of H = 1 corresponds
to correlation which decays so slowly that future val-
ues of the process can be predicted perfectly (and
in�nitely far in the future).

In practice signals are only asymptotically self-
similar. In this paper we obtain models for such
long range dependent signals by passing a self simi-
lar process through a �nite dimensional �lter. This
allows representation of signals where one believes
on physical grounds that there is a long range de-
pendent component, but where there is also signi�-
cant short range dynamics in
uencing the signal. If
the signal under study is the arrival rate at an ac-
cess point in a broadband communication network
(averaged over the smallest time interval which is of
interest in the applications) then one expects this
signal to exhibit long range dependence due to the
heavy tailed distribution of arriving packets. How-
ever congestion and 
ow control protocols, shaping
and policing, storage in �nite bu�ers, all will modify
this arrival process both at the edge and in the core
of the network. Each of these control actions will
modify the signal at a particular time scale. These
control actions will behave approximately like �nite
dimensional �lters, which introduce important short
range dynamics in the signal. Similar arguments can
be given justifying the use of this model for in
ow
of rain in a reservoir, for demand in a power system,
for exchange rates between various currencies.

The goal of the predictors in this paper is to ob-
tain an estimate ŷt+n which depends only on the past
observations y0; y1; : : : ; yt and which guarantees that
the error ŷt+n� yt+n is small in some probabilitistic
sense. To simplify the notation we only consider the
case n = 1 in this paper. We assume that the obser-
vations available at time t are generated as follows.

A self-similar signal mt is obtained by passing a
Gaussian white noise signal �t through an in�nite
dimensional �lter with z-transform

(1� z�1)�d; 0 � d < 0:5:

Beran [1] shows that the output mt of this �lter,

mt = (1� z�1)�d�t =

1X
k=0

d!

k!(d� k)!
(�1)k�t�k

(where �! = �(� + 1) for any � 2 R), has Hurst
parameter H = d + 0:5. More speci�cally mt is a
zero mean Gaussian signal with covariance


(k) = E[mtmt�k] = �2�
(�1)k�(1� 2d)

�(k � d+ 1)�(1� k � d)
:



The autocorrelation coeÆcients �(k) = 
(k)

(0) can be

evaluated as:

�(k) =
�(1� d)�(k + d)

�(d)�(k + 1� d)

which behaves asymptotically as k !1 like

�
�(1� d)

�(d)
jkj2d�1 =

�(1� d)

�(d)
jkj2H :

The processmt is called a fractional ARIMA(0; d; 0)-
process in Beran [1].

The long range dependent signal xt is obtained by
passing the self-similar process mt through a simple
short range ARX �lter:

xt = mt �
NX
n=1

�nmt�n:

The process xt is called an ARIMA(0; d;N)-process.

The observations available for prediction are noisy
measurements y0; y1; : : : ; yt of x0; x1; : : : ; xt, where

yt = xt + �t

with �t an i.i.d. N (0; �2�) Gaussian sequence.

This model is graphically represented in �g. 3.1.

3 Adaptive Predictors

If the model generating the signal were known ex-
actly - if the parameters d; �2� ; �

2
� ; and �n; n =

1; : : : ; N were known exactly - then it would be pos-
sible to apply the Durbin-Levinson algorithm to the
transfer function

(1� z�1)�d(1 +

NX
i=1

�iz
�i)

in order to derive the parameters ��Lj of the best
possible L-window predictor

y�Lt+1 =

LX
j=0

��Lj yt�j = ��L�Lt = ��L�t;

minimizing the mean square value of the error �t;L =
y�Lt+1 � yt+1: Here �t is the in�nite vector of past
observations (yt; yt�1; : : : yt�k : : :)

T and with a slight
abuse of notation we extended the vector ��L with
zeros (��Lj = 0; j > L):

i- - - -
?

1 +
PN

k=1 �kz
�k(1� z�1)�d

�t

ytmt xt�t

LRD SRD

Figure 3.1: Block diagram of signal model.

In a direct adaptive predictor the optimal coeÆ-
cients ��Lj are replaced by their least squares esti-

mate �̂Lj (t) minimizing the average prediction error

J(�̂L(t)) = 1
t

Pt�1
s=0 �̂

2
s+1

= 1
t

P
s�t((�

L
s )

T (�̂L(t)� ��L)� ��s+1;L)
2 (3.1)

This optimal parameter vector �̂L(t) is usually ob-
tained recursively, using:

�̂L(t+ 1) = �̂L(t) + Pt+1�
L
t (yt+1 � (�Lt )

T �̂L(t))

Pt+1 = Pt �
Pt�t(�

L)Tt Pt
1 + (�L)Tt Pt�

L
t

The properties established below are proven di-
rectly for the o�-line estimator, as obtained by mini-
mizing the observed squared error as de�ned in (3.1).
The recursive, on-line parameter estimates will then
have the same asymptotic properties because the ar-
guments in classical adaptive prediction [Goodwin
and Sin] which show that the on-line estimator en-
joys the same asymptotic properites as the o�-line
estimator remain valid for the model under study.
The reason why methods directly analysing recur-
sive estimators are not applicable here is that these
methods require analysis of moments of the form
E[y2t y

2
t�j ], and these moments turn out to be 1 due

to the long range dependence of the signal.

The quadratic forms involved in the mean square
cost J(�̂L(t)) can be brought into a form such that
generalisations to the central limit theorem [5], [9]
are applicable. This leads to the conclusion that
the error between the adaptive predictor parame-
ter vector �̂L(t) and the optimal predictor param-
eter vector ��L converges in distribution to zero
like 1

t
max( 1

2
;1�2d)

:Z The random variable Z has zero

mean, and for 0 < d < 1
4 it has a Gaussian dis-

tribution, but for 1
4 � d < 1

2 it has another zero
mean, �nite variance distribution with heavier tails
than the Gaussian. Moreover the rate of conver-
gence t�max( 12 ;1�2d) is much slower than in the case
of short range dependent signals (where convergence
is like 1

t
provided there is enough excitation). Note

the slowing down of the rate of convergence as soon
as the Hurst parameter reaches 0:75; and the fact



that the tail of the error distribution is then heavier
than for a Gaussian.

These results are not suÆcient to calculate accu-
rate error bounds for

E[ ŷL (t+ 1)� yt+1]
2

= E[ŷL(t+ 1)� y�L(t+ 1)]

+E[y�L(t+ 1)� yt+1]
2

One can however get insight in the asymptotic be-
haviour of the adaptive prediction error by consid-
ering the average error which one would obtain if

one kept the parameter estimate �̂L(t) �xed during
the time interval t+1; : : : ; 2t� 1; 2t: Given that the
parameter estimates converge in distribution to the
optimal parameter vector the following expression
provides an upper bound for the average error over
the time interval t up to 2t if one kept updating the
predictor parameter estimate:

1

t
�2t
s=t+1kŷ

L

�̂L(t)
(s+ 1) �y

�L(s+ 1)k2

! ( 1
t
�t�1
s=0�

L
s (ys+1 � y�Ls+1))

�
1

t
�t�1
s=0�

L
s (�

L
s )

T

��1
�
1

t
�t�1
s=0�

L
s (ys+1 � y

�L
s+1)

�

Again the limit theorems in [5] and [9] are applicable
to the individual terms in the last expression. Its
limit behaves asymptotically like

1

tmax(1;2�4d)
(Z0 Z1 : : : ZL)�

�1
L (Z0 Z1 : : : ZL)

T

where the vector (Z0 Z1 : : : ZL) contains zero mean,
�nite variance random variables which are corre-
lated. Because of this correlation it is not clear how
one could get insight in the behaviour of this er-
ror term as a function of L. Finding the optimal
window size L (as a function of t; the observation
window) for the adaptive predictors will therefore
require simulation experiments. Intuitively we ex-
pect that L(t) � tmax( 12 ;1�2d) which means that the
allowable growth of the prediction window will have
to be very slow.

Similar conclusions can be obtained for indirect
adaptive predictors, where estimates d̂; �̂2� ; �̂

2
� and

�̂k of the parameters d; �2� ; �
2
� and �k are intro-

duced in the explicit expression for the correlations

k; k � K + 3: The estimates d̂; �̂2� ; �̂

2
� and �̂k can

be obtained eÆciently e.g. solving the equations

k(d; �

2
� ; �

2
� ; �k) = 
̂k for k = 0; 1; : : : ;K + 2 where


̂k is the empirical correlation function based on the
past measurements ys; s � t: Consequently it is pos-
sible to write down an approximate version of the
Durbin-Levinson equations, and obtain estimates of
the optimal coeÆcients ��;Lk of an L-window predic-
tor.

4 Robust Predictors

The uncertainty about the parameters d; �2� ; �
2
� and

�k specifying the signal model can also be taken
into account by assuming that these parameters lie
in prespeci�ed intervals, and by �nding a predictor
which in some sense makes the quadratic prediction
error small for all the parameter values within these
intervals. This is the robust prediction approach.
Speci�cally we study risk sensitive �lters, consid-
ered in [2], for which explicit error bounds are avail-
able. The idea is to de�ne the �lter by minimizing
an average-of-exponential error criterion (in place of
the usual average error criterion), and exploit a well-
known duality relationship to obtain error bounds in
terms of the relative entropy between the true and
design distributions.

As in the preceeding section, consider the predic-
tion of yt+1 using an L-window linear predictor of
the form

ŷ
L;T
t+1 =

LX
j=0

�
L;T
j yt�j (4.1)

using an error criterion that includes T +1 cumula-
tive error terms:

JL;T (�
L;T ) = E�dZ (4.2)

with

Z =

"
exp

 
�1

T�1X
j=0

jŷL;Tt�j � yt�j j
2 + �2jŷ

L;T
t+1 � yt+1j

2

!#
:

The expectation E�d is taken with respect to the
design probability distribution P�d for the model of
section 2 describing the nominal values of the param-
eters used for predictor design. Let �̂L;T denote a
minimizer of the criterion (4.2); this de�nes the risk-

sensitive �lter. In other words the coeÆcients �̂L;T

are such that the expression (4.2) is minimized if
ŷL;Ts is replaced by its expression (4.1), and if the ex-
pectation is calculated explicitly under the assump-
tion that P�d correctly describes the signal model.

In reality the observations are generated by an-
other signal model. Assume that the probability dis-
trbution P�t describes the \true" probability distri-
bution from which the observation samples ys are
drawn, which are input into the predictor. This
model also speci�es the distribution of the value
yt+1 to be predicted. We assume that P�t is ab-
solutely continuous with respect to P�d . The term
\robust predictor" is justi�ed by the error bound
(based on the duality between free energy and rela-
tive entropy):

E�t

h
�1
PT�1

j=0 jŷ
L;T
t�j � yt�j j

2 + �2jŷ
L;T
t+1 � yt+1j

2
i

� log JL;T (�̂
L;T ) +RM (PM

�t
;PM

�d
): (4.3)



where

R(QjP ) =

8<
:
Z

log
dQ

dP
dQ if Q << P

+1 otherwise

is the relative entropy of the probability measure Q
with respect to the probability measure P , provided
log dQ

dP
is well de�ned and suÆciently integrable.

The bound (4.3) limits the degradation in perfor-
mance of the �lter when the true distribution P�t is
not known. The error bound consists of two parts.
The �rst term log JL;T (�̂

L;T ) bounds the prediction
error in the case P�t = P�d ; that is when the true
model coincides with the model used in the design
of the predictor. The second term RM (PM

�t
;PM

�d
)

describes how fast the error bound grows when the
true model is di�erent from the design model. The
relative entropy can be thought of as a distance be-
tween measures. This distance RM (PM

�t
;PM

�d
) van-

ishes when the probability measures are equal.

Proposition 4.1 Assume T = M = L + 1 and as-
sume that the parameters �1 and �2 are suÆciently
small so that the right hand side in (4.3) is �nite.
Then a stationary robust �lter is well-de�ned and the
following functions exist:

lim sup
T!1

1
T

log JL;T (�̂
L;T ) = c(�1; �2) < +1

lim sup
T!1

1
T
RT (PT

�t
;PT

�t
) = r(�t; �d) < +1

Then the stationary robust �lter enjoys the bound

lim sup
T!1

1

T
E�tZ � c(�1; �2) + r(�t; �d): (4.4)

where

Z =

2
4�1

T�1X
j=0

jŷL;Tt�j � yt�j j
2 + �2jŷ

L;T
t+1 � yt+1j

2

3
5

In order to make the above results practically use-
ful it is necessary to obtain the predictor in recursive
form. The equivalent recursive �lter is obtained by
using an in�nite dimensional state space represen-
tation for the signal model, and by introducing this
into (4.2). The details will be given in [7].

In order to understand the implications of the
bound (4.5) it is necessary to be able to explicitly
calculate bounds for the error terms c(�1; �2) and
r(�t; �d). This leads to quite tedious calculations.
The expression for the relative entropy is quite com-
plicated even for the case under consideration here
where all the signals are Gaussian. Initial experi-
ments using approximations and rough bounds do

indicate in any case that the relative entropy is very
sensitive as a function of d; especially for d close to
0:5: A small change in d causes a large relative en-
tropy. This is intuitively explained by the fact that
th long memory in the signal model causes the op-
timal coeÆcients �L;T to decay very slowly. The
error bound diverges as the Hurst parameter H ap-
proaches 1: This con�rms what one expects intu-
itively: underestimating the long range dependence
can seriously degrade the performance of the predic-
tor.

5 Some preliminary comments

on the quality of adaptive

and robust predictors

We now make some comments on the expected be-
havior of our adaptive and robust �lters based on our
quantitative error estimates. Figure 5.2 shows typi-
cal plots of MSE as a function of the design param-
eter �d for a standard MMSE �lter and for a robust
�lter, cf. [2]. It can be seen that when �t 6= �d, and
when the di�erence is signi�cant then the robust �l-
ter error (at point C) is less than that of the MMSE
�lter (at point A); indeed, as the di�erence between
�d and �t increases, we see that the performance
of the robust �lter degrades less rapidly relative to
the MMSE �lter. This illustrates the bene�t of the
robust �lter. Of course, if �d equals or is close to
�t the robust �lter pays a price in loss of optimal-
ity since the robust error (at point D if �t = �d)
is greater than the MMSE �lter (the error at A is
the smallest possible among all predictors, and as-
suming perfect knowledge about the model). The
behavior of the adaptive �lter is shown by the ar-
rowed line going from A to B. Initially the parame-
ter estimates d̂; �̂2� ; �̂

2
� and �̂k di�er strongly from the

true values, and the adaptive predictor uses a model
�d(d̂; �̂2� ; �̂

2
� ; �̂k) which is very di�erent �t: Since the

MMSE predictor is not robust the error may be sub-
stantial at A: As time progresses and more is learned
about the signal model the error decreases, moving
ultimately to B as indicated.

Figure 5.1 illustrates �lter errors as time pro-
gresses. The three horizontal lines correspond to
non-adaptive �lters: the MMSE �lter when �d 6= �t
with error level at A, the robust �lter when �d 6= �t
with error level at C, and the MMSE �lter when
�d = �t with error level at B. The error for the
adaptive MMSE starts at A, and decreases to level
B as time progresses as mentioned. It would be de-
sirable to construct an adaptively robust �lter based
on the robust �lter. This can be obtained by using
a design model P

�d(d̂;�̂2�;�̂
2
� ;�̂k)

which depends on the



present best estimate of the true model parameters.
Using this expectation in the minimization of (4.2)
will lead to robust optimal parameters �L;T which
give error bounds which decrease to B: It is also
possible then to decrease the � parameters as time
progresses. The corresponding error bound curve is
shown beginning at C and decreasing to level B. It
is clear that such an adaptively robust predictor will
give good convergence provided that one can achieve:

rt(�;�d(t))

�(t)
! 0 as t!1: (5.1)
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