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Abstract

A new class of reduced-order controllers is obtained for
the H∞ problem. The reduced-order controller does
not compromise the performance attained by the full-
order controller. An algorithm for deriving the reduced-
order H∞ controller is presented in the case of continu-
ous time. The reduction in order is related to unstable
invariant zeros of the subsystem from disturbance in-
puts to measurement outputs. In the case where the
subsystem has no infinite zeros, the resulting order of
the H∞ controller is lower than that of the existing
reduced-orderH∞ controller designs which are based on
reduced-order observer design. Furthermore, the mech-
anism of the controller order reduction is analyzed on
the basis of the two-Riccati equation approach.

1 Introduction

Consider the linear continuous-time system

Σ :



ẋ = Ax+B1w +B2u
z = C1x+D11w +D12u
y = C2x+D21w +D22u

(1)

where x ∈ Rn is the state, z ∈ Rp1 is the controlled
output, y ∈ Rp2 is the measurement output, w ∈ Rm1

is the disturbance input and u ∈ Rm2 is the control
input. For this system we make the assumptions that
(A,B2) is stabilizable and (C2, A) is detectable. The
transfer function of Σ is denoted by

Σ(s) =
(
Σ11(s) Σ12(s)
Σ21(s) Σ22(s)

)
where Σij , (i, j = 1, 2) is the subsystem associated with
the transfer matrix Σij(s) = Dij + Cj(sI −A)−1Bi.

The H∞ sub-optimal control problem is to find a sta-
bilizing controller

Σc :
{
η̇ = Akη +Bky
u = Ckη +Dky
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where η ∈ Rnk is the state of the controller, such
that the resulting closed loop system has an H∞-norm
strictly less than an a priori given bound γ, if one ex-
ists. If γ is minimized, the problem is called the H∞
optimal control problem. It is known that if the sub-
optimal H∞ control problem is solvable, then we can
always find a suitable controller whose dynamic order
is at most equal to the order of the system (1). How-
ever, in the singular case where the direct feedthrough
matrix D21 does not have full row rank or in its dual
case where D12 does not have full column rank we can
guarantee a priori that a controller of lower order than
the order of the system can be found, see [1–3].

Background: We can assume without loss of general-
ity that the matrix

(
C2 D21

)
has full row rank. For

the singular problem where D21 does not have full row
rank, we then obtain that

rank
(
C2 D21

)− rank (D21

)
> 0.

From [1–3], we know that we can obtain a reduced-order
H∞ controller whose order is less than or equal to

nk = n−
[
rank

(
C2 D21

)− rank (D21

)]
. (2)

A key step in deriving the reduced-order controller is
the reduced-order observer based controller design [1],
where the system with partially noise-free measurement
outputs can be stabilized with an output feedback con-
troller whose order is equal to the order of the system
Σ minus the number of noise-free measurements. In [2],
the continuous-time reduced-orderH∞ controller is also
derived from the same standpoint, and the structure of
the reduced-order H∞ controller is clarified on the basis
of the classical Riccati-based approach. On the other
hand, the reduced-order H∞ controller design problem
can also be characterized in terms of LMIs and algo-
rithms to derive the reduced-order controller of order
nk are presented not only for the continuous-time case
but for the discrete-time case as well in [3]. Interest-
ingly, from these results it can be conjectured that in
continuous time there exists a reduced-order controller
which has order lower than nk if Σ21(s) has unstable
invariant zeros on the positive real axis. This conjec-
ture will be established in this paper by exploiting a



bilinear transform to reveal a relationship between the
continuous-time and discrete-time results. Motivated
by this conjecture, we consider an algorithm to obtain
a reduced-order H∞ controller of lower degree. In ad-
dition, the ideas in [2] are utilized to understand the
mechanism of the controller order reduction as well as
to extend this result to the case where Σ21(s) has un-
stable invariant zeros in C+.
Notation: We denote the set of positive real numbers
by R+, the open left half complex plane by C− and
the open right half complex plane by C+. The class
of stable real rational transfer functions is denoted by
RH ∞. A generalized inverse of a matrix D is denoted
by D† and an orthogonal complement of D by D⊥.

2 Results based on bilinear transform

First, let us define a bilinear transformation

Γc : s �→ z =
s+ α
s− α, 0 < α ∈ R. (3)

If α is not an eigenvalue of A, then Γc transforms the
system Σ to a new system

Σ̃ :



ẋ = Ãx+ B̃1w + B̃2u

z = C̃1x+ D̃11w + D̃12u

y = C̃2x+ D̃21w + D̃22u

,

where

Ã = − (αI +A) (αI −A)−1

B̃i = −
[
(αI +A) (αI −A)−1 + I

]
Bi

C̃i = Ci (αI −A)−1
, D̃ij = Σij(α), (i, j = 1, 2).

It should be noted that the matrix D̃21 has a lower
rank than the matrix D21 if D21 has full rank and the
following inequality holds.

rank (Σ21(α)) < normrank (Σ21(s)) (4)

This means that we can choose Γc such that D̃21 has
a lower rank than the normal rank of the associated
transfer matrix if the system Σ21(s) has an invariant
zero on the positive real axis. On the basis of this
observation we deduce the following result.

Theorem 1
Suppose that the system Σ21(s) has unstable invariant
zeros on the positive real axis and let one of these zeros
be α > 0. Then, there exists a continuous-time H∞
controller of order

nkc = n−
[
rank

(
C2 D21

)− rank (Σ21(α)
)]

(5)

if the continuous-time H∞ problem for the system Σ is
solvable. Moreover, if D21 has full column rank, then
we obtain nkc < nk.

Lemma 1
Suppose that (A,B2, C2) is stabilizable and detectable.
For α > 0, there exists a matrix N ∈ Rm2×p2 which
satisfies

det (αI −A+B2NC2) �= 0. (6)

By this lemma, even if we have det (αI −A) = 0, by
using a static output feedback:

u = Ny + v (7)

we can make the A-matrix of the new system ΣF :

ẋ = (A+B2NC2)x+ (B1 +B2ND21)w +B2v
z = (C1 +D12NC2)x+ (D11 +D12ND21)w +D12v
y = C2x+D21w

nonsingular at α, where we assume D22 = 0 without
loss of generality. Then we can apply the reduced-order
controller design in Theorem 1 to ΣF and then obtain
a reduced-order controller. The preliminary static out-
put feedback does not change the order of the resultant
controller, and zeros of the system Σ21 are invariant
under this preliminary feedback. Therefore by apply-
ing the above algorithm for the new system ΣF , we can
obtain a reduced-order controller of order nkc .

Remark 1
If α < 0, Γc no longer preserves the stability of the
discrete-time system. Thus this idea only works when
Σ21(s) has invariant zeros on the positive real axis. On
the other hand, in the case where Σ21(s) has stable
invariant zeros, the controller order reduction problem
is discussed in [4, 5].

Remark 2
We obtain the following algorithm to design a reduced-
order H∞ controller of order nkc . (Step I) Transform
the system Σ by the bilinear transform Γ to obtain
the system Σ̃, where the parameter α is chosen such
that the inequality (4) is satisfied. If the matrix A has
an eigenvalue at α, apply the preliminary feedback (7)
for Σ first, and then apply the transformation. (Step
II) Solve the discrete-time H∞ problem for Σ̃ by us-
ing the LMI algorithm presented in [3], and obtain a
discrete-time H∞ controller of order nkc . (Step III)
Apply the inverse bilinear transform to this controller to
obtain an nkc-th order continuous-time H∞ controller
(Ak, Bk, Ck, Dk). The resultant controller is obtained
as (Ak, Bk, Ck, Dk +N) where if the preliminary feed-
back is not used, N is put to zero.

Remark 3
If the matrix D21 has full column rank, the difference
between nk and nkc is

nk − nkc = S21(s)− S21(α).



This indicates that the difference in the order between
the reduced order H∞ controller obtained here and the
nk-th order H∞ controller is equal to the geometric
multiplicity [6] of an unstable invariant zero of Σ21(s) at
α. Thus the number in order reduction of the controller
depends on the selection of the zero. If the geometric
multiplicity of the zero is higher, then we can obtain a
lower order H∞ controller.

3 Analysis based on AREs

We have thus characterized a new class of reduced-order
H∞ controllers by using one unstable real zero of Σ21.
However in general there are many different zeros and
these are in general complex. Moreover, by a consider-
ation of continuity of a zero location and the controller
structure, we can argue that if a zero is slightly changed
from another one by some perturbation, we may still be
able to reduce the order. Thus, on the basis of the back-
ground material presented in the previous section, we
analyze the mechanism of the controller order reduction
in the continuous-time singularH∞ problem. The anal-
ysis is based on a solution obtained by using the fun-
damental two-Riccati equation approach [2, 7–10]. We
introduce our recent work [2], which uses the two-ARE
approach presented by Mita, et.al. [10], and extend its
idea to analyze the controller-order reduction.

3.1 Preliminaries
Let us consider the continuous-time system described
in (1). In addition to the conditions that (A,B2) is
stabilizable and (C2, A) is detectable, we consider the
H∞ problem under the following assumptions

A1 D12 is of full column rank.

A2 D21 is of full column rank.

A3 Σ21(s) has invariant zeros in C+.

A4 Σ12(s) and Σ21(s) do not have invariant zeros on
the imaginary axis.

The assumptions A1, A2 and A4 are made to simplify
our analysis. The assumption A3 captures the feature
of the singular H∞ problem we consider. The singular
problem which refers to the case that these assumptions
are not satisfied has been studied in [3, 11–15]. How-
ever, there is no study of the controller order reduction
exploiting the existence of invariant zeros in C+. With-
out loss of generality, we can put assumptions on the
matrices C2, D11, D21 and D22 as follows

B1 D11 = O and D22 = O.

B2
(
C2 D21

)
=
(
C21 O
C22 Im1

)
, where

C21 ∈ R(p2−m1)×n is of full row rank.

The assumption B1 can be relaxed by using some stan-
dard techniques as described in [12, 16]. B2 basically
amount to choosing a suitable basis for the input and
output spaces.

The invariant zeros of the system Σ21(s) can be made
explicit by a suitable state-space transformation for the
system Σ, i.e. x = T x̄ with T invertible.

Lemma 2
Let us represent a set of invariant zeros of Σ21(s) with
λ(A−)∪λ(A+) where λ(A−) ⊂ C−, λ(A+) ⊂ C+. Then
we can choose a transformation matrix T such that the
following equation holds in a new state-coordinate.



A−B1D

†
21C2(

D⊥
21

)T
C2

D†
21C2


 =




A11 A12 O O
A13 A14 O O
A31 A32 A− O
A33 A34 O A+

Ip2−m1 O O O

C22ll C22lr C22rl C22rr



,

where λ(A14) ⊂ C
−, the pair (A+, C22rr) is observable.

For notational ease we partition C1 accordingly with
D†

21C2 as C1 =
(
C1ll C1lr C1rl C1rr

)
.

3.2 Parameterization of the H∞ controller
In this section, we derive the full-order H∞ controller
for the system Σ on the basis of the two-ARE approach.
Here full order means the same order as the system Σ
has. First, we introduce two AREs:

X
(
A−B2D

†
12C1

)
+
(
A−B2D

†
12C1

)T

X

+X
[
γ−2B1B

T
1 −B2D

†
12

(
B2D

†
12

)T
]
X

+ CT
1 D

⊥
12

(
D⊥

12

)T
C1 = O (8)

and

Y AT
ZH +AZHY

+ Y
[
γ−2CT

1 C1 −
(
D†

21C2

)T

D†
21C2

]
Y = O. (9)

Here, AZH is defined as

AZH = A−B1D
†
21C2 + LH

(
D⊥

21

)T
C2 (10)

where a matrix LH is selected such that

{λ (AZH)} − {λ (A+)} ⊂ C
− (11)

is satisfied. This condition implies that the observable
subspace of the pair

(
A−B1D

†
21C2,

(
D⊥

21

)T
C2

)
is sta-



bilized by LH . If these AREs have solutions which sta-
bilize the following matrices

A−B2D
†
12C1 +

[
γ−2B1B

T
1 −B2D

†
12

(
B2D

†
12

)T
]
X

AZH + Y
[
γ−2CT

1 C1 −
(
D†

21C2

)T

D†
21C2

]
,

we call these solutions the stabilizing solutions. It is
easy to show that each stabilizing solution of these
AREs is unique and that the solution Y is indepen-
dent of a specific choice for LH , provided that (11) is
satisfied.

By following the result presented in [10], we can obtain
the class of all suboptimal H∞ controllers, which are
parametrized with two free parameters.

Lemma 3
Suppose that (A,B2) is observable and (A,C2) is de-
tectable, and that assumptions A1 to A4 are satis-
fied. Then an H∞ controller exists if and only if the
two AREs in (8) and (9) have stabilizing solutions
X ≥ O,Y ≥ O and these matrices satisfy

γ2I −XY > O. (12)

If there exists an H∞ controller, the class of all subop-
timal H∞ controllers is given as follows

K∞ = {K∞(s) | N(s),W (s) ∈ RH ∞, ‖N (s)‖∞ < γ} ,
where K∞(s) is defined as

K∞(s) =

(
AY B̂2

CK(s) Π−1

)−1

×
(

AY H∞

CK(s) N(s)D†
21 +W (s)

(
D⊥

21

)T
)
,

where

AY = A+ γ−2Y CT
1 C1 +H∞C2

CK(s) = −Π−1F∞Z +N(s)D
†
21Ĉ2Z +W (s)

(
D⊥

21

)T
C2

Â = A+ γ−2Y CT
1 C1 +H∞C2 + B̂2F∞Z

B̂2 = B2 + γ−2Y CT
1 D12, Ĉ2 = γ−2D21B

T
1 X + C2

F∞ = −D†
12C1 −D†

12

(
B2D

†
12

)T

X

H∞ = −B1D
†
21 − Y

(
D†

21C2

)T

D†
21 + LH

(
D⊥

21

)T
Z =

(
I − γ−2Y X

)−1
, Π =

(
DT

12D12

)− 1
2 .

Remark 4
The H∞ controller is represented with two free param-
eters. On the other hand, in the regular case where D21

is of full row rank, theH∞ controller is represented with
only one free parameter N(s) [7]. If the matrix D21 is
invertible, then the extra free parameter W (s) disap-
pears and we obtain the standard parametrization.

Remark 5
The order of the central solution, which is the controller
obtained by putting all free parameters to zero, equals
the order of the system Σ. The free parameters might
be utilized to improve the controller performance. But
also, the free parameters can be used to reduce the order
of the controller. Controller order reduction using this
philosophy is discussed in the next section.

3.3 nk-th order H∞ controller
By using the formula in Lemma 2, the unique stabilizing
solution of the ARE in (9) can be represented by the
unique stabilizing solution of the reduced-order ARE:

YrA
T
+ +A+Yr + Yr

(
γ−2CT

1rrC1rr − CT
22rrC22rr

)
Yr = O,
(13)

where the solution Yr stabilizes the matrix:

AYr := A+ + Yr

(
γ−2CT

1rrC1rr − CT
22rrC22rr

)
.

Lemma 4
The positive semi-definite stabilizing solution of the
ARE in (9) can be characterized by the stabilizing so-
lution of the reduced-order ARE in (13) as follows

Y =
(
O O
O Yr

)
∈ R

n×n,where Yr > O.

Remark 6
A direct consequence of the above lemma is that the
stabilizing solution is independent of a specific choice
for LH , provided (11) is satisfied. It can be also verified
that the solution of the ARE in (9) equals a zero matrix
if the invariant zeros of Σ21(s) are all in C−. Then the
matrix Z equals the identity matrix. On the other hand
if Σ21(s) has invariant zeros in C+, the ARE deflates
to the reduced-order ARE.

If we select the parameterW (s) such that a full column
rank matrix V satisfies{

AY V = V (A11 + LH1)
CK(s)V = O

,

then we can find a reduced order controller.

Theorem 2
The class of the reduced-order H∞ controllers is repre-
sented as

K∞(s) =

(
ÃY B̃2

C̃K(s) Π−1

)−1(
ÃY H̃∞
C̃K(s) Ω

)
,

(14)

where parameters are

ÃY =
(
V ⊥)T AY V

⊥ ∈ R
nk×nk

C̃K(s) =
(
−Π−1F∞Z +N(s)D

†
21Ĉ2Z

)
V ⊥

B̃2 =
(
V ⊥)T B̂2, H̃∞ =

(
V ⊥)T H∞

Ω = Π−1F∞ZV
(
D⊥

21

)T
+N(s)D†

21

(
I − Ĉ2ZV

(
D⊥

21

)T)
.



Remark 7
If the parameter N(s) is put to zero, the order of the
controller becomes nk. The same order of the singu-
lar H∞ controller is attained in [1] and [3]. On the
other hand, the result obtained in this paper gives a
nice interpretation of the structure of the reduced-order
H∞ controller. It still preserves the structure of the
observer-based controller, which has the same order as
the reduced-order observer as we also have an observer
structure in [1]. If we utilize the parameter N(s), we
might obtain further order reduction. The next section
discusses this topic.

3.4 Further order reduction of the H∞ con-
troller
As we have seen in Section 2, the reduced-order H∞
controller obtained in the previous section may further
reduce its order. This section investigates whether the
reduced-order controller which is derived with the ARE
approach can be further reduced in order. We will find
that the further order reduction is related to unstable
zeros of Σ21 and also to the structure of the zeros.

Let Vm ∈ Rr×m be an arbitrary full column rank matrix
which satisfies

AYrVm = VmJ (15)

where J ∈ Rm×m and m is an arbitrary number such
that m ≤ m1, and the number m1 is the dimension of
the disturbance w. If we can select an N ∈ {‖N‖ < γ}
such that N satisfies

C̃K(s)
(
O
Vm

)
= O,

the parameter N further reduces the order of the H∞
controller in (14).

Theorem 3
Suppose that theH∞ control problem is solvable. Then
if we can choose the matrix Vm in (15) such that the
matrix J is represented as

J = −αiIm (16)

where αi > 0 is an unstable invariant zero of Σ21(s),
the H∞ controller can be reduced to the order nk −m
while preserving the closed loop performance γ.

Remark 8
Since αi is an unstable invariant zero of Σ21(s), we can
see that the maximal number m which satisfies (15)
and (16) amounts to the geometric multiplicity [6] of an
unstable invariant zero of Σ21(s). Therefore the order
of the controller given in this theorem coincides with
the result given in Theorem 1 as

nkc = nk −m,
provided that the matrix D21 has full column rank.

The following theorem gives a condition for the H∞
controller reduction in the case where two distinct zero-
modes in positive real number are included in J .

Theorem 4
Suppose that the H∞ control problem is solvable. Fur-
thermore, suppose that we can choose the matrix Vm

in (15) such that the diagonal matrix J is represented
as

J = −
(
αiImi O
O αjImj

)
, (17)

where 0 < αi < αj are unstable invariant zeros of
Σ21(s) and m = mi + mj . Then, the H∞ controller
can be reduced to the order nk − m while preserving
the closed loop performance γ if the following condi-
tion:

αj − αi ∈
{
ε > 0 | 2αiF + εF̃ > O

}
(18)

is satisfied, where F > O is defined as

F = V T
mY

−1
r ẐVm.

By using submatrices of F decomposed as F =(
F1 F2

FT
2 F4

)
, F̃ is defined as F̃ =

(
O F2

FT
2 2F4

)
.

Remark 9
Solving an LMI feasibility problem can easily check the
condition (18). Since F > O, the distance between αi

and αj becomes shorter the condition (18) is satisfied.
This means that if the unstable zeros are located close
each other, we can obtain a lower order H∞ controller.
Compared with the algorithm presented in Section 2,
this result has an advantage that if the system Σ21 has
distinct zeros on the positive real axis, we can further
investigate lower order H∞ controllers.

Next, we consider the case where the system Σ21(s) has
complex zeros on the right half plane and the complex
mode is included in J .

Theorem 5
Suppose that the H∞ control problem is solvable. Fur-
thermore, suppose that we can choose the matrix Vm

in (15) such that the matrix J is represented as

J = −blockdiag
((
αi −βi

βi αi

)
, · · · ,

(
αi −βi

βi αi

))

where αi > 0 and βi ∈ R are respectively the real part
and the imaginary part of an invariant zero of Σ21(s).
Then, the H∞ controller can be reduced to the order
nk −m while preserving the closed loop performance γ
if the following condition:

βi ∈
{
ε > 0 | αiF + εF̃ > O

}
(19)



is satisfied. Here, F is a positive definite Hermitan
matrix and is defined as

F = V̂ ∗
mV

T
mY

−1
r ẐVmV̂m

where V̂m ∈ Cm×m is a nonsingular matrix which sat-
isfies

JV̂m = −V̂m

(
λiIm/2 O
O λ̄iIm/2

)
(20)

λi = αi + jβi.

By using submatrices of F decomposed as F =(
F1 F2

F ∗
2 F4

)
, F̃ is defined as F̃ =

(
O −jF2

jF ∗
2 O

)
.

Remark 10
By solving an LMI feasibility problem we can easily
check the condition (19). Since F > O, we note that
if the imaginary part of the zero is small enough, then
the condition (19) is satisfied. This means that if the
complex unstable zeros are located near the real axis,
we can obtain a lower order H∞ controller. Compared
with the algorithm presented in Section 2, this result
has an advantage that if the system Σ21 has complex
zeros in C+, we can further investigate a lower order
H∞ controller.

4 Conclusion

In this paper we have established the existence of a new
class of reduced-orderH∞ controllers in the continuous-
time case. The reduced-order H∞ controllers are char-
acterized by unstable invariant zeros of the system Σ21.
An algorithm to obtain the reduced-order H∞ con-
trollers is presented on the basis of the LMI approach.
On the other hand, the relation between the unstable
zero and the controller order reduction is analyzed by
using a controller parametrization obtained from the
fundamental two-ARE approach. The mechanism of
the controller order reduction is explained with finite
pole-zero cancellations in the parametrized controller.
Also, in the cases where the unstable zeros are distinct
and are located in R+, or when they are located in C+

we obtain some conditions under which the order of the
H∞ controller is further reduced.
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