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Abstract

In this paper, a simpli�ed algorithm for constructing
an internally balanced realization of a Laguerre net-
work model is presented. Both continuous-time and
discrete-time cases are treated in a uni�ed framework.
The algorithm does not require the computation of con-
trollability and observability grammians, which makes
it highly eÆcient, compared to existing procedures. An
example is given to illustrate the method.

1 Introduction

Laguerre networks have been used in system synthe-
sis and modeling since the early work of Lee [1] and
Wiener [2]. Recently, there has been renewed interest
in using Laguerre networks to approximate dynamical
systems (see, e.g., [3], [4] and [5]). In comparison with
conventional methods, Laguerre network modeling of-
fers some appealing advantages. For instance, it natu-
rally leads to a linear-in-the-parameters model, which
considerably simpli�es the algorithm for parameter es-
timation. Moreover, Laguerre modeling falls into the
category of output error methods, and thanks to the
orthonormal properties of the Laguerre basis functions,
unbiased and consistent estimates of the model param-
eters can be obtained under fairly practical conditions
[3]. Laguerre network models, however, are not as con-
venient for control design as more conventional models,
such as state variable models. Furthermore, it is known
that Laguerre modeling can result in a high order model
for moderately damped systems. Thus, reduction of the
Laguerre model may be necessary, for instance, by us-
ing a balanced truncation method [6]. In this case, an
eÆcient algorithm for balanced realization of Laguerre
models is desirable.

While standard procedures for balanced realization may
be applied to Laguerre models, the computation is in-
volved. A standard procedure, for instance, would in-

clude �rst constructing a minimal realization of the La-
guerre model and then solving a pair of Lyapunov equa-
tions for the controllability and observability grammi-
ans [6]. However, owing to the special structure of La-
guerre models, simple schemes may be found to solve
the problem more eÆciently. In [7], the problem was
considered for a multivariable continuous-time system,
and an algorithm was given without requiring the so-
lution of Lyapunov equations. While it is more eÆ-
cient than standard procedures, the algorithm still re-
quires the computation of controllability and observ-
ability grammians.

In this paper, we shall present a simple and straightfor-
ward solution to the problem of balanced realization
of Laguerre models for multivariable systems. Both
continuous-time and discrete-time cases will be consid-
ered in a uni�ed framework by using bilinear transfor-
mations. The resultant algorithm obtained does not re-
quire the computation of controllability and observabil-
ity grammians, which makes it computationally highly
eÆcient, compared to existing procedures.

2 An EÆcient Algorithm

Consider a multivariable, linear, time-invariant, �nite-
dimensional, stable and strictly proper system with r

inputs and q outputs, whose transfer function matrix is
given in the form of a Laguerre network model, i.,e.,
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for the discrete-time case, where N is the model order,
Ck, k = 0; 1; � � � ; N�1, are the Laguerre coeÆcient ma-
trices, and � is the Laguerre parameter which speci�es



the poles of the Laguerre model, either continuous-time
or discrete-time. We shall give an eÆcient algorithm for
constructing a balanced realization of the system by ex-
ploiting the special structures of the Laguerre models.

First, we shall use bilinear transformations to con-
vert the Laguerre models, both continuous-time and
discrete-time, to the form of an FIR model. For the
continuous-time case, let us introduce the operator,
p = Tc(s), where Tc(s) is the bilinear transformation
de�ned by

Tc(s) =
s+ �

s� �

and also de�ne

Hc(p) = Gc(T
�1
c (p))

where T�1c (p) is the inverse transformation of Tc(s),
given by

T�1c (p) = �
p+ 1

p� 1

Then, from (1),
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For the discrete-time case, we use w = Td(z), with Td(z)
de�ned by

Td(z) =
z � �

1� �z

and similarly de�ne

Hd(w) = Gd(T
�1
d (w))

where T�1d (w) is the inverse transformation of Td(z),
given by

T�1d (w) =
w + �

1 + �w

Then, from (2),
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The Laguerre models, (1) and (2), are now transformed
into the same form of an FIR model, which also gives

a Laurent series expansion at the origin for the trans-
formed transfer function matrices, Hc(p) and Hd(w),
respectively. Note that the bilinear transformation
Tc(s) maps the open left half s-plane into the open unit
disc in the p-plane, and the transformation Td(z) maps
the open unit disc in the z-plane into the open unit disc
in the w-plane. We shall therefore de�ne stability of the
transformed transfer function matrices as correspond-
ing to all their poles lying inside the open unit disc, and
also, accordingly, de�ne the controllability and observ-
ability grammians of their realizations in the same way
as for discrete-time models.

In [8], the generalized Markov parameters of a trans-
fer function matrix are de�ned as the coeÆcients of
the Laurent series expansion, at the origin, of its bilin-
early transformed counterpart. It can then be seen from
(3) and (4) that these parameters of Gc(s) and Gd(z),
with respect to the bilinear transformations, Tc(s) and
Td(z), respectively, are completely given by the �nite
number of coeÆcients of the transformed FIR models,
or the N Laguerre coeÆcient matrices of Gc(s) and
Gd(z), respectively. Let fHkg denote the sequence of
these parameters of the system, either continuous-time
or discrete-time. The parameters can be found from (3)
and (4) as follows:
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for the continuous-time case, and
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for the discrete-time case. Noting that the least com-
mon denominator of Hc(p) or Hd(w) is of degreeN , the
following generalized Hankel matrix can be formed:

H =

2
6664

H1 H2 � � � HN

H2 H3 � � � 0
...

...
...

HN 0 � � � 0

3
7775 (7)

which has an upper triangular structure. The method
in [8] may then be used to �nd a minimal realization of
the system. Note, however, that the resultant realiza-
tion obtained in general will not be internally balanced.
To obtain a balanced realization of the system, we need
to make modi�cations to the general algorithm which
was given in [8]. Speci�cally, we shall use a singular
value decomposition procedure based on [9]. In addi-
tion, the matrices of the resultant realization of the
system will be adjusted so as to allow preservation of



the controllability and observability grammians. We
summarize the procedures in the following algorithm.

Algorithm 1 (Balanced Realization)

1. Obtain the generalized Markov parameters of
Gc(s) or Gd(z) according to (5) or (6).

2. Form the generalized Hankel matrix, H, as de-
�ned by (7).

3. Find orthogonal matrices, K and L, such that

H = K

�
� 0
0 0

�
L = [Hi+j�1]

where � = diagf�1; �2; � � � ; �ng.
4. Construct a minimal realization of Hc(p) or

Hd(w) according to
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where ~H is formed by shifting H to the left by r
columns, i.e., ~H = [Hi+j ]; L1 is de�ned by the
�rst n rows of L, and K1 by the �rst n columns
of K; Er is de�ned to be the 1�N block matrix
[Ir 0 0 � � � 0], and Eq is de�ned similarly.

5. Determine a balanced realization of the system by

Ac = ��c(Ah + In)

Bc =
p
2��cBh

Cc = �
p
2�Ch�c

Dc = 0

where �c = (Ah � In)
�1, for the continuous-time

case, or

Ad = �d(Ah + �In)

Bd =
p
1� �2�dBh

Cd =
p
1� �2Ch�d

Dd = 0

where �d = (In + �Ah)
�1, for the discrete-time

case.

Note that, due to the properness of the system, the
existence of the matrices, �c and �d, is always guar-
anteed. Also note that the formula for computing Dc

or Dd, as de�ned by the bilinear transformation, Tc(s)
or Td(z), is in conformity with the assumption of strict
properness of the system, which can be seen as follows.

In the continuous-time case, from the general formula
(see, e.g., [8]),

Dc = Dh � Ch�cBh (8)

On the other hand, by de�nition,

Hc(p) = Ch(pIn �Ah)
�1Bh +Dh

Thus,
Hc(1) = Ch(In �Ah)

�1Bh +Dh (9)

However, from the Laurent series expansion of Hc(p)
and also (5),

Hc(1) =

1X
k=0

Hk = 0 (10)

Substituting (9) and (10) into (8) then gives

Dc = 0

Similarly, in the discrete-time case, from the general
formula,

Dd = Dh � �Ch�dBh (11)

whereas, by de�nition,

Hd(w) = Ch(wIn �Ah)
�1Bh +Dh

and so,

Hd(� 1

�
) = ��Ch(In + �Ah)

�1Bh +Dh (12)

But, now from the Laurent series expansion of Hd(w)
and (6),

Hd(� 1

�
) =

1X
k=0

(�1)k�kHk = 0 (13)

It then follows from (11), (12) and (13) that

Dd = 0

By following [8], it can be shown that the realization as
given by the algorithm is a minimal realization of the
system. In fact, as we shall see in the next section, the
realization is internally balanced as well.

It may be seen that the main computation of the al-
gorithm is only a singular value decomposition for con-
structing the quadruple, (Ah; Bh; Ch; Dh), which can
easily be carried out by using standard algorithms (see,
e.g., [10]). Thus, it is computationally highly eÆcient,
in comparison with other methods.

3 Property of Balance

We now proceed to examine the realization of the sys-
tem as given by Algorithm 1, and it turns out that the
realization is indeed internally balanced.



We shall begin with a brief discussion on bilinear trans-
formations. It is well known that special types of bilin-
ear transformations do not change the Hankel singular
values. In [11], a class of so-called \unit circle" bilin-
ear transformations were introduced, and it was shown
that \unit circle" transformations preserve the Hankel
singular values. By following the results in [11], it can
further be shown that, for a pair of specially calibrated
realizations which are related by a \unit circle" trans-
formation, the controllability and observability gram-
mians are also preserved. Now, on returning back to
our problem, it is a simple matter to verify that the
bilinear transformation, Tc(s), is a \unit circle" trans-
formation, and for the pair of realizations of Hc(p) and
Gc(s), as given by Algorithm 1, the transformation pre-
serves the controllability and observability grammians.
With respect to the transformation, Td(z), it can be
shown that, while it is not a \unit circle" transforma-
tion, the transformation does preserve the controllabil-
ity and observability grammians for the pair of realiza-
tions of Hd(w) and Gd(z), as given by Algorithm 1. We
put together these facts in the following lemma.

Lemma 1 For the pair of realizations of Hc(p) and
Gc(s) (Hd(w) and Gd(z)), as de�ned by Algorithm 1,
the bilinear transformation, Tc(s) (Td(z)), preserves the
controllability and observability grammians.

Proof As noted above, the �rst part of the claims re
Hc(p) and Gc(s) follows from the properties of \unit
circle" transformations. Therefore, we only need to deal
with the second part re Hd(w) and Gd(z). Let Pd and
Qd be the controllability and observability grammians,
respectively, of the realization of Gd(z), as given by
Algorithm 1. Then, by de�nition, the grammians, Pd
and Qd, must satisfy the following Lyapunov equations:

Pd �AdPdA
T
d = BdB

T
d (14)

and

Qd �AT
dQdAd = CT

d Cd (15)

We �rst show that the controllability grammian, Pd,
is preserved under the bilinear transformation, Td(z).
Multiplying (14) by 1p

1��2 (In+�Ah) from the left, and

by 1p
1��2 (In+�AT

h ) from the right, and also substitut-

ing the formulae for Ad and Bd, as given by Algorithm
1, into the equation, yields
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Rearranging the equation then gives

Pd �AhPdA
T
h = BhB

T
h

Note that the controllability and observability grammi-
ans of a realization of Hd(w) are de�ned in the same
way as for discrete-time systems. Thus, the above equa-
tion is actually the Lyapunov equation for the control-
lability grammian of the realization of Hd(w), as given
by Algorithm 1. This shows that Pd as de�ned by the
equation is preserved under the transformation, Td(z).

With regards to the observability grammian, Qd, note
that the matrix, Ad, as given by Algorithm 1, can be
rewritten as

Ad = (Ah + �In)(In + �Ah)
�1 (16)

Then, by using the same procedures as above, it can
be shown that the bilinear transformation Td(z) also
preserves the observability grammian.

Recall that a realization is called internally balanced
if its controllability and observability grammians are
equal and diagonal [6]. Therefore, by Lemma 1, it is
clear that if the realization of Hc(p) (Hd(w)) is bal-
anced, so will be the realization of Gc(s) (Gd(p)). The
remaining question is then that, will the realization of
Hc(p) (Hd(w)) as given by Algorithm 1 be internally
balanced?

In [12], it was de�ned that, a discrete-time system
quadruple, (A;B;C;D), is �nitely balanced for n steps,
if it satis�es

n�1X
i=0

(AT )iCTCAi =

N�1X
i=0

AiBBT (AT )i = � (17)

where � is a diagonal matrix. It is then interesting to
note that, by its construction, the realization of Hc(p)
(Hd(w)) as given by Algorithm 1 is �nitely balanced
for n steps. Indeed, let Ch be the controllability ma-
trix of the realization of Hc(p) (Hd(w)), and Oh be the
observability matrix. It can be shown [13] that

ChCTh = OT
hOh = � (18)

which immediately implies (17).

In general, a �nitely balanced realization may not nec-
essarily be internally balanced, in the sense as de�ned
by [6]. However, in our case, the generalized Markov pa-
rameters of Gc(s) (Gd(z)) disappear after a �nite num-
ber of steps. By following the same line as in [7], it can
then be shown that the realization of Hc(p) (Hd(w))
as given by Algorithm 1 is indeed internally balanced.
Now, from Lemma 1, the bilinear transformation Tc(s)
(Td(z)) preserves both the controllability and observ-
ability grammians. Therefore, the realization of Gc(s)
(Gd(z)) as given by Algorithm 1 will also be internally
balanced and in fact have the same balanced grammi-
ans as the realization of Hc(p) (Hd(w)). In summary,
we have the following result.



Theorem 1 The realizations of Hc(p) and Gc(s)
(Hd(w) and Gd(z)), as given by Algorithm 1, are both
internally balanced, and in addition, they share the
same balanced grammians.

The algorithm provides an eÆcient solution to the prob-
lem of constructing a balanced realization for Laguerre
models. The most appealing advantage of the algorithm
is that it does not require the computation of control-
lability and observability grammians, which makes it
computationally highly eÆcient.

4 An Example

Consider a 2 � 2, third order Laguerre model, either
continuous-time or discrete-time, where the Laguerre
parameter � = 0:5 and the coeÆcient matrices are given
by

C0 =

�
5 4
3 2

�
; C1 =

�
1 2
1 2

�
; C2 =

�
1 1
1 1

�

Algorithm 1 was used to construct a balanced realiza-
tion of the model, and the resultant system matrices
obtained were as follows:

Ac =

2
4 �0:9844 �0:6146 �0:2213
�0:2421 �0:3192 �0:4007
0:5139 0:5362 �0:1964

3
5 ;

Bc =

2
4 �2:5655 �2:1484
�0:0752 �1:2123
0:6047 0:4816

3
5 ;

Cc =

� �2:8242 �0:9787 �0:5277
�1:7947 �0:7194 0:5649

�
; Dc = 0

for the continuous-time case, and

Ad =

2
4 0:7625 0:1880 �0:1149
�0:0439 0:4619 0:5651
�0:1870 �0:1302 0:2756

3
5 ;

Bd =

2
4 1:7036 1:5114
�0:5084 0:8104
0:8601 0:2753

3
5 ;

Cd =

�
1:9329 �0:3796 0:7299
1:2161 �0:8782 �0:1590

�
; Dd = 0

for the discrete-time case.

It may be veri�ed that the resultant realizations ob-
tained are indeed internally balanced.

5 Conclusions

In this paper, a simpli�ed algorithm for constructing
a balanced realization of a Laguerre model has been
presented. The algorithm does not require the compu-
tation of controllability and observability grammians,
nor the solution of Lyapunov equations. Thus, it is
computationally highly eÆcient, compared to existing
procedures. As a matter of fact, the only major com-
putation in the algorithm is a singular value decompo-
sition procedure.
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