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Abstract

Backlash in elastic systems is one of the most impor-
tant non-linearities that limits the performance of speed
control in industrial drives. In this work a new robust
non-linear speed controller for such system is proposed.
Two linear controllers are designed, one globally sta-
ble with reduced performance, and one with high per-
formance exhibiting limit cycles around the backlash.
The two controllers are combined into one high perfor-
mance, stable non-linear controller with soft switching.
The advantage of the new controller is shown with sim-
ulations and measurements on a large real life drive
system.

1 Introduction

Many industrial drive systems can reasonably well be
modeled as a two-mass system with backlash, see �g-
ure 1, together with the non-minimum phase dynamics
of the actuator.
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Figure 1: Feedback from motor speed. C denotes the
actuator dynamics, and G the feedback control.

In this paper we study the motor speed regulation prob-
lem for two-mass systems with backlash, subject to
torque disturbances on the driven load. Robust linear
and non-linear controllers are designed, that minimize
the impact drop, de�ned as the maximum integrated
speed error of the system, subject to a load torque step.
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2 A Model of a Two-mass System with

Backlash

A two-mass system with backlash, as shown in �gure 1
can be modeled as8<

:
Jm _!m = �cm!m � Ts + Tm
Jl _!l = �cl!l + Ts � Td
!d = !m � !l

(1)

with
Ts = ks�s + cs!s (2)

_�m = !m; _�l = !l; _�d = !d;

and where Jm [kgm2] is the motor moment of inertia,
cm [Nm/(rad/s)] is the viscous motor friction, Ts [Nm]
is the transmitted shaft torque, Tm [Nm] is the mo-
tor torque, Jl [kgm

2] is the load moment of inertia, cl
[Nm/(rad/s)] is the viscous motor friction, Td [Nm] is
the load torque disturbance, ks [Nm/rad] is the shaft
elasticity, and cs [Nm/(rad/s)] is the inner damping co-
eÆcient of the shaft. The angles �m, �l, �d = �m � �l
are the motor angle, load angle, and di�erence angle
[rad], respectively, while !m, !l, !d = !m�!l are their
respective time derivatives; the motor angular velocity
the load angular velocity, and the di�erence angular
velocity [rad/s].

The backlash can be described by how the shaft twist
angle �s depends on the motor and load speeds and
angles !m, !l, �m, �l respectively. In [5, 6] a thorough
analysis is presented. In this paper we will use the linear
model without backlash, Plinear for which �s = �d, or
the describing function of the exact model Pexact, with

�s = �d � �b (3)

where �b, representing the backlash angle, follows the
non-linear dynamic equation

_�b =8><
>:

max(0; _�d +
ks
cs
(�d � �b)) if �b = �� (Ts � 0)

_�d +
ks
cs
(�d � �b) if j�bj < � (Ts = 0)

min(0; _�d +
ks
cs
(�d � �b)) if �b = � (Ts � 0)

(4)
where � [rad] equals the backlash gap. For full realism,
the non-minimum phase actuator dynamics of the elec-
trical drive system from motor torque reference Tr to
motor torque Tm is assumed to be:

Tm(s) =
e�s�d

(1 + s�e)
Tr (5)



The designs in the paper will use the numerical values8>>>>>>>>>>>><
>>>>>>>>>>>>:

Jm = 0:4 kgm2

cm 2 [0; 0:1] Nm=(rad=s)

Jl 2 [5:5; 6:0] kgm2

cl 2 [0; 1] Nm=(rad=s)
ks 2 [3000; 4000] Nm=rad
cs 2 [1; 20] Nm=(rad=s)
�d = 0:006 s
�e = 0:008 s
� = 0:05 rad

(6)

The nominal case is de�ned by the parameter combi-
nation cm = 0:1, Jl = 5:6, cl = 1, ks = 3300, and
cs = 1.

3 Linear Design for the Plant without Backlash

It can be shown, see e.g. [6], that the plant with the
backlash gap closed, e.g. due to a suÆciently large load
torque Td, behaves similarly to a linear plant without
backlash. Without backlash, the design problem is re-
duced to a linear elastic SISO system with parametric
uncertainty for which QFT achieves good design results
[3]. From (1),(2) and �s = �d (see Plinear above) we ob-
tain the parameter dependent transfer function Pl(s; q)
from motor torque reference Tr to motor speed !m:

Pl =
e�s�d

(1 + s�e)
�
Jls

2 + (cl + cs)s+ ks
d(s)

(7)

where

d(s) = JmJls
3 + (Jl(cm + cs) + Jm(cm + cs))s

2+

+((Jl + Jm)ks + cmcl + cmcs + clcs)s+ (cm + cl)ks

and q = (Jm; cm; Jl; cl; ks; cs; �d; �e) is the parameter
vector with q 2 Q with Q de�ned by (6). In QFT, the
plant uncertainty is represented by frequency depen-
dent templates or value sets, V (!) = fP (j!; q)g8q 2 Q.
The templates are shown in �gure 2.

The closed loop speci�cations are as follows: 1) Global
stability; 2) Minimal impact drop which is approxi-
mately equivalent to maximizing the open loop low fre-
quency gain 3) Shaft torque overshoot <80% for load
torque steps; and 4) Sensitivity modulus < 6 dB. In
QFT, frequency dependent, complex valued Horowitz
bounds are calculated. For each frequency and speci-
�cation the Horowitz bound is a constraint such that
if the compensated nominal open loop satis�es it, then
the speci�cation is ful�lled for all plant cases.

PI-controller GPI . We �rst design a PI controller in
order to have a standard industrial design to compare
our other designs with. Manual loop shaping gives the
PI-compensator

GPI = kp

�
sTi + 1

sTi

�
;

�
kp = 26
Ti = 0:2

(8)
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Nichols plot of nominal plant and templates

Figure 2: Templates, parameterized by frequency [rad/s]
of the transfer function Pl in a Nichols chart.
The rings denote the nominal plant case.

that makes the nominal compensated open loop satisfy
the Horowitz bounds. With Ti = 1 initially, kp was
tuned �rst by increasing its value as long as the sensi-
tivity speci�cations was satis�ed for high frequencies.
Then Ti was reduced as much as possible, while still
ful�lling the speci�cations. Thus kp=Ti was maximized,
and hence the impact drop is minimized. An analysis
of the design [6] reveals that the limiting factor is the
sensitivity speci�cation. Step response simulations [6]
show that the biggest torque overshoot is 55%, way be-
low the speci�cation, and the biggest impact drop on
the load side is 2.5 rad.

High Gain Controller Ghigh . To achieve a better
result more design freedom is needed. That is obtained
by adding two complex links, i.e. using the controller
structure

G(g) = kp

�
sTi + 1

sTi

�
�

�

�
s2=!2

1 + 2�1=!1 + 1

s2=!2
2 + 2�2=!2 + 1

�
�

�
s2=!2

3 + 2�1=!3 + 1

s2=!2
4 + 2�4=!4 + 1

�

(9)
where

g = fkp; Ti; !1; �1; !2; �2; !3; �3; !4; �4g

de�nes the controller parameters. The �rst link is used
as a complex lag link for the frequency interval be-
tween the resonance and anti-resononce. The second
link is then used as a complex lead link for the sec-
ond cross-over frequency. It is then possible to raise
kp=Ti from 26=0:09 � 289 to 160=0:09 � 1780. The

�nal design is chosen to be Ghigh
def
= G(ghigh) with

ghigh = fkp = 160;Ti = 0:2;!1 = 80; �1 = 0:25;!2 =
80; �2 = 0:55;!3 = 85; �3 = 0:2;!4 = 45; �4 = 0:25g. In
�gure 3 the compensated nominal open loop is shown
together with some of the critical bounds.

The step response torque overshoots are found, see [6],
to be much higher for this design than for the PI design.
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Figure 3: Sensitivity bounds for some frequencies (rad/s)
together with the compensated nominal loop of
the Ghigh design.

A simulation [6] for the nominal case shows that the
biggest torque overshoot is 75% and the biggest impact
drop on the load side is only 0.38 rad.

3.1 Linear Design for the Plant with Backlash

However, with backlash, the controller Ghigh causes
large limit cycles for an operating point with the load
torque Td = 0, while a simulation with the PI con-
troller exhibits no limit cycles, see �gure 7. The high
performance of the Ghigh controller is hence not practi-
cally useful if the plant includes backlash. The e�ect of
backlash needs to be included in the design. Therefore
an additional controller, Glow is designed, which avoids
the limit cycle, and has better performance than the
PI-controller.

Let Nb(A; T0; w) denote the describing function of the
shaft with backlash, equation (3)-(4), where A denotes
the input amplitude, and T0 the operating point, as
de�ned by a constant load torque Td = T0. See [6].
Replacing equation (2) with Ts = Nb�d the equivalent
plant transfer function from motor torque reference to
motor speed becomes

Pb =

�
e�s�d

(1 + s�e)

��
Jls

2 + cls+Nb

db(s)

�
(10)

where

db(s) = JmJls
3 + (Jlcm + Jmcl)s

2+

+((Jl + Jm)Nb + cmcl)s+ (cm + cl)Nb

Consider Nb as an uncertain complex parameter, de-
pendent on ks, cs, A and, T0. By letting A 2 (0;1)
and T0 2 [0;1), Pb de�nes larger templates than the
the linear plant.

An analysis using the exact backlash model [5] shows
that the system controlled by Ghigh would exhibit no

limit cycles when T0 becomes large. In �gure 7 this
is veri�ed; the limit cycle does not start until the load
torque Td goes to zero. Hence, following [7], limit cycle
avoidance can be analyzed as a stabilization problem
for the uncertain plant Pb, by the following additional
speci�cation: 5) DF stability speci�cation: jSb(j!)j <
12 dB, where Sb denotes the sensitivity function with
the plant equal to Pb.

It turns out that the DF stability speci�cation is ful-
�lled when the open loop is GPIPb, but not when it

is GhighPb. A new controller, Glow
def
= G(glow) with

glow = fkp = 80;Ti = 0:2;!1 = 100; �1 = 0:15;!2 =
100 �2 = 0:35;!3 = 45; �3 = 0:45;!4 = 35; �4 = 0:5g
was designed to ful�ll also the DF stability speci�ca-
tion. This controller has kp=Ti = 80=0:09 � 890.

A Nichols plots of the open loop GlowPb for a repre-
sentative set of plant cases is shown in 4 See [6] for
Nichols plots of GPIPb and GhighPb. In �gure 7 closed
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Figure 4: Nichols plots of the open loop GlowPb for a
representative set of plants. All cases are stable,
ful�lling jSb(w)j < 12 dB.

loop simulations of the plant with backlash are shown
when using the three controllers GPI, Ghigh, and Glow,
respectively. Exactly as indicated by the Describing
Function analysis, the simulation shows that the high
gain controller gives rise to limit cycles, whereas the
two other controllers yield stable closed loop systems.

4 Design of Non-linear Controller

In this section the two controllers Ghigh and Glow are
combined into one controller Gswitched, by soft switch-
ing. The performance of Gswitched will be shown to be
almost as good as the performance of Ghigh, without
causing limit cycles.

One novel idea in this work is that the switching is
based on the controller output i.e. the motor torque



reference, and not, as in [1, 2] on the current backlash
angle which is usually diÆcult to measure or estimate.
A high motor torque keeps the backlash gap closed, and
then Ghigh can be used. For low or zero motor torque,
the backlash gap may be open and then Glow is used.
For intermediate torque levels an interpolation or soft
switching is utilized.

The idea to switch or gain schedule between two control
strategies is not new. The novel idea here is to add
correction terms to the controller states, that reduce
the transient response of the switching.

4.1 DF Stability of the Switched Controller

It is proposed that all parameters of the linear controller
are gain scheduled with respect to the scheduling pa-
rameter v 2 [0; 1]. Assume for the moment that v is
constant. Then a switched scheduled controller follows
naturally as

Gswitched(v)
def
= G(glow + v(ghigh � glow)) (11)

For each constant v, one may calculate the minimum
value of the operating point T0, for which the describing
function stability test holds. See �gure 5. To check the
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Figure 5: Stability test for di�erent constant values of v in
equation (11) as a function of T0=(ks�). Above
the solid line, the describing functions predicts
limit cycles. The points A-D show no limit cy-
cles in simulation, as opposed to the points E-H
which do.

result, the closed loop system for some pairs (T0; v) were
simulated, indicating that the describing function limit
is conservative.

Based on �gure 5, a function was chosen:

v(T ) =

8<
:

0 jT j � Tmin
jT j�Tmin

Tmax�Tmin

Tmin < jT j < Tmax

1 Tmax � jT j

(12)

where Tmin and Tmax are the tuning parameters with
0 < Tmin < Tmax. Choosing Tmin = 0, and Tmax =
165 Nm = ks� we are well below the simulated limit
cycles in �gure 5.

4.2 Controller Design

In this section the �nal non-linear controller is designed.
First, not knowing the operating point, the switching
parameter v is instead based on the controller output
Tr, i.e. let v = v(Tr). Then the pseudo linear controller
Gswitched from (11) needs to be modi�ed to cope with
a time varying v.

The backlash gap can be open only if the shaft torque
is zero [6]. Ideally the gain scheduling should be based
on the shaft torque. Here only the motor speed !m
is measured. If the motor inertia is small relative to
the load inertia, it holds that the motor torque and
shaft torque are approximately equal, and the motor
torque reference, i.e. the control input, can be used as
scheduling parameter. If the motor inertia is large with
respect to the load inertia a linear controller is almost
as good as a switched one [6].

The controller in chosen to be implemented in real fac-
tored form, as in �gure 6. For each block the e�ects of
the scheduling is compensated and analyzed separately.
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Figure 6: Block diagram of the switched controller
Gswitched.

4.2.1 Softly Switched Second Order Filter:

Consider a second order transfer function. Its low fre-
quency gain can be chosen to one without loss of gen-
erality.

G(s; !1(v); �1(v); !2(v); �2(v)) =
s2=!2

1 + 2�1=!1 + 1

s2=!2
2 + 2�2=!2 + 1

(13)
where v = v(Tr) is the now time varying switching pa-
rameter, and Tr is the motor torque reference. (13) is
implemented in state space form as

_�
x1
x2

�
= A(v)

�
x1
x2

�
+B(v)u+

�
x1c(x; _v)
x2c(x; _v)

�

A(v) =

�
��2(v)!2(v) 1
�!2

2(v) 0

�

B(v) =

�
�1(v)!1(v)� �2(v)!2(v)

!2
1(v)� !2

2(v)

�

C =
�
1 0

�



D(v) = (!2(v)=!1(v))
2

y = Cx+D(v)u (14)

where u is the input, y is the output, and

xc(x; _v) =

�
x1c(x; _v)
x2c(x; _v)

�

is introduced as a correction term which must ful�ll
xc(x; _v = 0) = 0. For v constant, i.e. for _v = 0,
the system (14) behaves as a second order LTI transfer
function (13).

Preferably the time variations of v should not a�ect
the dynamics of the system (14). Computing the time
derivative of the output y, noting that _C = 0 we obtain

_y = CAx+ CBU +D _u+ (Cxc + _Du) (15)

In order not to let (15) depend directly on _v it must
hold that

Cxc = � _Du (16)

from which it follows that

_y = CAx+ CBU +D _u (17)

The time derivative of (17) is

�y = CA(Ax +Bu) + CB _u+

+D�u+ (CAxc + C _Ax+ C _Bu+ _D _u) (18)

To avoid that �y depends on _v it must hold that

CAxc = �C _Ax� C _Bu� _D _u (19)

From equations (16) and (19) xc(x; _v) can be calculated
to

xc(x; _v) =

�
C

CA(v)

��1 �
�Dvu

�CAvx� CBvu�Du _u

�
_v

(20)
where we used the notation Av = @A=@v. Since
this second order system is observable by construction,
equation (20) can always be solved, uniquely de�ning
the state compensation xc.

By using the correction term xc, the switching can now
be very fast, without causing unwanted transients in the
controller output. A similar non-linear state equation
can be obtained for the PI-controller in �gure 6, into
which the overall low frequency gain can be included.

5 Experiments on an Industrial Drive System

Simulations with the switched controller are found in
�gure 7 and in [6]. The switched controller was also
implemented and tested in discretized form on a mod-
ern drive system of PWM type, consisting of a 1.5 MW
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Figure 7: Closed loop simulations of load step responses
for the four designed controllers GPI (dashed),
Ghigh (dotted), Glow (solid) and Gswitched

(solid bold) controlling the nominal plant with
backlash. It can be seen that Gswitched com-
bines the best properties of Glow and Ghigh.

synchronous motor, delivering a maximum of 20 kNm,
connected to a load torque producing DC motor of 1
MW, via a 
exible coupling �lled with oil. From an
open loop motor torque step response, it was estimated
that the resonance frequency was 8.0 Hz. The ratio
between the motor and load moments of inertia were
guessed to Jl=Jm � 2, by inspection of the rotor sizes.

First a low gain controller Gl = G(gl) was manually
tuned to be a PI controller, in the form of (9) with gl =
fkp = 5;Ti = 0:2;!1 = 2�7; �1 = 0:5;!2 = 2�7; �2 =
0:5g.

The tuning was carried out as follows: With Ti = 1,
kp was increased to the closed loop stability limit, and
then detuned by a factor 2. Ti was then decreased until
an overshoot appeared in the speed response to a load
torque step and then Ti was slightly increased.

Then a high gain controller Gh = G(gh) was tuned, us-
ing a non-zero load torque, with gl = fkp = 15;Ti =
0:2;!1 = 2�7; �1 = 0:1;!2 = 2� � 5:5; �2 = 0:35g to
include an asymmetric notch �lter. The low high fre-
quency gain of the notch �lter made it possible to in-
crease the gain kp to 15. Then a switching controller
Gs with Tmin=200 Nm and Tmax=500 Nm, was tested.



In �gures 8-9 measurements of load torque step re-
sponses are shown for all three controllers Gl, Gh and
Gs. The results are strikingly similar to the simulations
in this paper and in [6], and show that the proposed
non-linear control strategy might work in practice.
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Figure 8: Measurements of a load torque step response on
the industrial sized two-mass drive system, for
the three designs. Note the large impact drop
area with the low gain linear controller Gl (dot-
ted), and the limit cycle oscillations with the
high gain controller Gh (solid), after the load
torque is set to zero for t > 0. It can be clearly
seen that the non-linear controller Gs (bold)
combines high performance with stability, i.e.
low impact drop area, and no limit cycles.

6 Conclusions

The control design in this paper follows the paradigm
\weak action in the backlash gap". This paradigm has
been more successful than the opposing \strong action
in the backlash gap", see [6].

The design method is easily extended to multi-mass sys-
tems, with several backlashes, and can simultaneously
be modi�ed to cope with non-linear actuator character-
istics.

Further research in this area also include proofs of sta-
bility for the non-linear and linear control strategies,
e.g. with piece-wise quadratic Lyapunov functions [4]
which are currently being prepared for publication.
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