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Abstract

Most of linear time-varying(LTV) systems except spe-
cial cases have no general solution for the dynamic
equations. Thus, it is difficult to design time-varying
controllers in analytic ways, and other control design
approaches such as robust control and gain-scheduling
have been applied to control design for the LTV sys-
tems. A robust control method such as quantitative
feedback theory(QFT) has an advantage of guarantee-
ing the stability and the performance specification in
frozen time sense. However, if these methods are ap-
plied to the approximated linear time-invariant(LTT)
plants with large uncertainty, the designed control will
be constructed in complicated forms and usually not
suitable for fast dynamic performance. In this paper, as
a method to enhance the fast dynamic performance, the
approximated uncertainty of time-varying parameters
are reduced by the proposed gain-scheduling control
design based on QFT for LTV systems with bounded
time-varying parameters. To generate a continuous
and smooth gain-scheduling function, multi-layer neu-
ral network is used.

1 Introduction

To design controllers for LTV systems, robust control
for uncertain LTI systems that are the approximation
of LTV systems have been generally used because the
analytic control design for LTV systems does not ex-
ist. However, these methods are not sufficient to reflect
the fast dynamics of the original time-varying systems
such as missiles and supersonic aircrafts because the
approximated uncertainty region of time-varying pa-
rameters is too large. To solve this problem, the large
uncertainty region is reduced by using finite number
of LTI sub-models that have smaller uncertainties of
each scheduling interval instead of largely time-varying
model. Then, control parameter sets are constructed

I Assistant professor,
2Qraduate student,
3 Associate professor.

r— F(s) —(©—1{ G(s) | P(s) -y

Figure 1: Block diagram of general QFT control system.

by using QFT design. QFT[1-3] is a frequency do-
main control design proposed by Isaac Horowitz. It
is a design technique utilizing the Nichols chart(NC)
to achieve a desired stability and performance tol-
erances over the specified region of plant parameter
uncertainties[4]. As depicted in Figure 1, QFT control
system uses 2DOF control design that includes a pre-
filter block F'(s) and a compensator block G(s). QFT
design transforms the specified parameter uncertain-
ties into NC template and all the given specifications
into NC bounds. Then, a control design that satisfies
the specifications can be found by loop-shaping[5-7].
Because a general QFT design is used as it is, QFT
design will not mentioned any more in this paper. The
detailed contents about QFT can be found in several

references, [3],[8],[9].

In this paper, to extend the performance and the stabi-
lizing properties of QFT to the control design of LTV
systems, QFT control parameter scheduling is per-
formed. As the result, all the designed sub-systems will
cover relatively small varying portion of time-varying
parameters and the designed gain-scheduling control
will guarantee the stability and the performance spec-
ifications in frozen time sense. The proposed design
method is illustrated by a numerical example.

2 Gain-Scheduling Control Design Based on
QFT for LTV Systems

2.1 Generalization of Scheduling Errors and
Uncertainties

In this section, generalized scheduling error and corre-
sponding uncertainty region evaluation of a bounded
time-varying parameter is introduced. Using this re-
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sult, the number of LTI sub-models that are the ap-
proximation of time-varying model can be determined.

General time-varying systems considered as a nominal
plant in this paper are of the form :

2(t) = A« (t) + B(t)u(?)
y(t) = C()x(t) + D(t)ul(t) (1)
Assume that all the time-varying system parameters in

Eq.(1) and the derivatives are continuous and bounded
as

(@) i < @55 (1) < (@4) oy
(bij)min S bl](t) S (bij)max
(€5) min < €35 (1) < (€4) max
(dij)min S dl](t) S (dij)max
(C:lij)min S al] (t) S (C:lij)max
(bij)mm < bl](t) < <bij>max
(Ejj)min S cl] (t) S (Ejj)max
(i )i < (1) < (ig), (2)
where a; (t), by (1),

¢ (t), and dj; (t) are the time-varying
elements of A( ), B(t), C(t), and D(t) respectively.

Since the values and the derivatives of parameters in
general system that works properly in the real world
must have values within the finite regions, Fq.(2) can
be applied without loss of generality.

For instance, if an arbitrary time-varying parameter
v(t) depicted by a solid line in Figure 2 is given, it
satisfies YUmin S U(t) S Umax,( )mln S U(t) S (é)max‘
Therefore LTV system parameters in Fq.(2) can be con-
sidered in the same way.

If the gain-scheduling interval is set as T' = 0.5, nominal
values of v(t) in each scheduling interval can be deter-
mined as v(t) — vy, = vk xT) (k=1,2,---) and
are depicted in Figure 2 with ‘x’. For the first schedul-
ing interval, 0.25 < ¢ < 0.75, the upper and the lower
scheduling errors of vy due to the time-varying property
can be determined as positive values dvyy, 0017, respec-
tively. The dashed-circles r; (k =1, 2, --+) in Figure 2
mean the sufficient range to contain the time-varying
ranges of the kth scheduling interval. Figure 3 shows
the detailed relation between the scheduling error and
the radius of circle for kth interval.

w(?)

Figure 2: Scheduling errors of a time-varying parameter.
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Figure 3: Radius of circle to contain the error bound.

From this relation, the maximum error (dvg),,,, and

radius of the circle r; of kth scheduling interval can be
determined as

(00k) 1oy = MAK [0Vky, VL] (3)

() = max [[0(t) ] (k—0.5)T<t < (k-+0.5)T) (4)
Pe= X (e 6)

The relation between (dvg) and r; can be repre-

sented as

max

T > (60%) pax (6)

As depicted in Figure 2, the values of (dvg),,,, and rx
are varying with time. Thus, for constructing design
specifications that is independent of time, the general-
ization of (vy),,., and rx are needed using the larger
value than the maximum value of the entire time.

The real maximum scheduling error (§v), .. and the
larger value F, can be determined as Fq.(7) and Fq.(8)

using maximum gradient of the parameter.

(80) e = MX (0080 (7
By =% X 05D inl s (7) s (5
() e < B )

Because the maximum gradient is a fixed value, F, can
be used instead of (§v),,.. as the generalized value of

scheduling error (dvy )., regardless of time.

In the same manner, R,, the generalized value of r,
can be determined as

1+ {max [[(2) min| () a1} | 7 (10)
R, > E, (11)

From Fq.(9) and FEq.(11), for any scheduling interval,
FE, can be regarded as a maximum scheduling error and
R, as an uncertainty bound that sufficiently represents
FE, in frozen time sense. Thus, the scheduling error
and the uncertainty bound of any time-varying param-
eter can be determined by using Fg.(8) and Fgq.(10),
respectively.
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2.2 LTV System Approximation Using Finite
Number of LTI Sub-Models

In this section, the approximation of LTV system is
performed by using finite number of LTI sub-models
that have smaller uncertainties determined by the

method of Fq.(10).

By applying to each scheduling interval, system matrix
A(t) in Fq.(1) can be represented as

A(l) = Ax = Ak xT) (k=1,2,---)  (12)

Other matrices B(t), C(t), and D(t) can be represented
in the same manner.

Then, by taking the Laplace transformation, the sys-
tem that have nominal parameter values of kth interval
can be transformed into the transfer matrix

Pi(s) = Cy [sI — A]™" By + Dy, (13)

For example, in case of SISO plant or an element of
Py (s), a general nth order transfer function is as fol-
lowing form:

(b )y, 8™ 4 (bm—1) 877"+ -+ + (bo),,

s" + (an-1), s" 1+ -+ + (ao),,
(m'<n) (14)

pr(s) =

Since the frequency domain parameters in Fq.(14) such
as (@n1)gs -5 (@o)gs (bm)gy - -+ (bo), are determined by
using the time domain parameters in Ag, By, C, and
Dy, uncertainty bounds of both domain also have the
same relation. Correspondingly, if the finite number of
time domain LTI sub-models that have smaller uncer-
tainties are able to cover the entire variation of original
model, the sub-models are also able to cover the varia-
tion of the original model in the frequency domain.

In Figure 4, how to select finite number of LTI sub-
systems as the approximation of LTV system is pre-
sented. For example, a system that have two time-
varying system parameters, v1(t) and vz (¢), is consid-
ered. The parameter varying ranges of given LTV sys-
tem is depicted by the area filled with gray color and
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Figure 4: Selection of finite number of LTI sub-models.
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Figure 5: Selection of LTI sub-models for periodic LTV

systems.

the selected LTI sub-systems, sp; (ni = 1,2, -+, N),
are depicted with ‘®’. FEach dashed-box represents
the uncertainty region that should be covered by sub-
system located at the center. To determine the number
and the parameter values of LTI sub-models, the pa-
rameter varying range is divided into smaller ranges
using generalized scheduling errors, F,, and F,,, of
the system parameters. Then the frozen time parame-
ters of time-varying parameters located at the center of
the smaller range will construct a sub-system depicted
with ‘@’. In this manner, the largely varying parame-
ter range of LTV system can be sufficiently covered by
the finite number of sub-systems having smaller region
of uncertainty in the frozen time sense. The number of
the selected sub-systems is determined as

N :p]i[l [int <("”)ma’2‘éf””)mi“> + 1] (15)

where g denotes a total number of time-varying system
parameter(¢ = 2 in case of Figure 4), v, denotes the
pth time-varying parameter of the system, F,, denotes
the generalized scheduling error of v,, and (vp)

max(min)
denotes the maximum(minimum) value of v,,.

Because the generalized scheduling error that is used
in dividing parameter varying range and selecting sub-
models is a maximum value, the selected number N
in Fq.(15) is a minimum value. Thus, the minimum
number of LTT sub-models can be constructed for the
approximation of LTV system.

For a special case, time-varying systems that have peri-
odically varying parameters can be approximated with
smaller number of sub-systems than that of general
LTV systems. For example, the approximation of LTV
systems with time-varying parameters, v1(¢) = sin(?)
and vy (t) = m;cﬂﬂ, is considered in Figure 5.
2.3 QFT Control Parameter-Scheduling by Us-
ing Neural Networks

The construction of QFT control parameter set of the
selected LTI sub-models and gain-scheduling by an
neural network are considered in this section.
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An indispensable specification of QFT control design
is the region of plant parameter uncertainty. As pre-
sented in previous sections, the generalized uncertainty
such as R, in Eq.(10) can be used as an parameter un-
certainty of plants selected as LTI sub-models. Then,
the uncertainty specification for the parameter ()
that should be covered by the nith selected sub-model
can be represented as

—R, <Avy; <R, (ni=1,---, N) (16)
where ni denotes selected sub-model number of Figure
4 and Figure 5.

The more general time-varying systems that have spec-
ified region of time-invariant parameter uncertainty are
as following form:

B(t)+ AB)u(t)
(D) +AD)u(t) (17)

(Aagj) e < Aaiy < (Aaij) o,
(Abij) in < Abjj < (Abjj) o
(ACi;) min < Acij < (ACij) ax
(Adij) pin < Adij < (Adij) 1 ax

In this case, all the contents described in previous sec-
tions can be applied without changes by modifying
the uncertainty specification of selected sub-models for
QFT design. For the time-varying parameter v(¢) that
have additional time-invariant uncertainty (Av), ., <
Av < (Av),, .y the uncertainty specification for QFT
design can be modified as
_RU + (AU) S Avni S RU + (Av)max
(ni=1,---, N) (18)

min

Pre-filter transfer matrices F(s),; and compensator
transfer matrices G(s),; that are guaranteeing the
frozen time stability and performance specifications can
be constructed by QFT control design for the sub-
models. In this paper, it is assumed that all the el-
ements of F(s),; and G(s),; can be represented as
proper rational transfer function that have fixed form
such as Fq.(14) for all the sub-models(ni =1, ---, N).
Design of the fixed form controller can be performed
manually by using the MATLAB QFT Toolbox[6] and
the MIMO QFT CADJ[3]. The MIMO QFT CAD devel-
oped by Sating is good for general MIMO plants. Also,
the automatic loop-shaping of QFT design can be per-
formed by the methods[10],[11] based on evolutionary
algorithms, convex optimization, and so on.

Then, QFT gain scheduling can be performed by a
control parameter scheduling of the fixed form transfer
functions. There are several scheduling methods such
as simple switching algorithm, multi-dimensional curve
fitting, and intelligent method. In this case, neural
networks(NN) are adopted to reduce the effect of the
non-smooth change of the control gain and get more
smooth controlled performance by generating simple
mapping of the control parameter relation and more
smooth real-time scheduling[12].

Control Sys. Control Sys. Param. Control Sys. Control Sys.  Control Sys. Param. ~ Control Sys.
2. (1) 2 (1) Param. i

Param. 1 Param. 1 Param. 1

Plant Plant Param. Plant Plant Plant Param. Plant
Param. 1 2 -+ (m-1)  Param. m Param. 1 2 (1) Param. m
(@ ®

Figure 6: Neural network structures for control parameter
mapping and scheduling.
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Figure 7: Block diagram of the whole control system.

The structure of the neural network used in this work
is presented in Figure 6. Type (a) is a general form
of multi-layer neural network. However, type (b) is
more efficient for realizing fine mapping of control pa-
rameter, decoupling of parameter, and smaller num-
ber of connections that enables calculation time reduc-
tion. For mapping the control parameters into neural
network by supervised learning, the selected nominal
values of time-varying plant parameter sets of selected
sub-models are used as input patterns and the designed
control parameter sets as output patterns.

By using properly learned neural network as a con-
trol parameter scheduler, the whole QFT based gain-
scheduling control system can be represented as Figure
7. Assuming the properly mapped relation of parame-
ters, the continuous gain-scheduler enables us to apply
the control system in Figure 7 to the reduced schedul-
ing time interval. The available value of scheduling
interval is represented as T, in Fq.(19).

Tw <To<T (19)

where Tyy denotes the calculation time of neural net-
work block and T is a scheduling time interval that is
used in previous sections, respectively.

3 A Numerical Example

In this section, the proposed gain-scheduling control
design is illustrated by a numerical example. The
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Figure 8: Time-varying MSD model.
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plant for this example is the time-varying mass-spring-
damper(MSD) model represented in Figure 8.

The dynamic equation of MSD model is as follows.

i) = - 2ot - L) 4 i
= —4a(t) — a(®)i(t) + a()k()u(t)  (20)

where the time-varying parameters, a(t) and k(¢), are
given as

a(t) =bsint 4+ 8 (3 <a(t) < 13)
k(t) =b5cost+ 8 (3 < k(t) <13) (21)

If the scheduling interval is set as T' = 0.4, by Fq.(8)
and Fq.(10), the generalized scheduling error and un-
certainty can be determined as

Ea:Ek:—éx5:1

04  —
Ra:Rk:Tx\/1+52:1 (22)

By using the generalized scheduling errors, F, and Fjy,
the nominal point sets as a,,; € {3, 5,7, 9, 11, 13} and
kni € {3,5,7,9, 11, 13} can be determined within the
time-varying range of each parameter in Fg.(21). Since
all the time-varying parameters given in this exam-
ple are periodic functions, the number N of LTI sub-
models can be determined as a smaller number than
Eq.(15). Thus, by the generalized uncertainties R, and
Ry, the number of sub-models can be set as N = 20
and the parameter uncertainty specifications for QFT
design of each sub-model can be determined as

—1§Aam'§1
1< Akpi <1 (ni=1,2,---,20) (23)

And, for the performance specification, the maximum
overshoot of unit step response is set to 1.1 for each of
the sub-models.

The nith selected sub-model can be represented as

s+ (ani + Aay;) s+ 4
(ni=1,2,---,20) (24)

snil(s) =

Then, the proper form of pre-filter and compensator
transfer functions are fixed as

bpas? 4+ bpis + bpo
$3 4+ apys? + ap1s + apo

Foils) = (25)
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Figure 9: Neural network structure used in example.

bg1s + bgo
s? +agis + aco

Glil(s) = (26)

By using the transfer function forms presented above,
QFT control design for each of the selected sub-
models can be performed and the control parame-
ter set for nith sub-model can be constructed as

{arpo, api, apz, bpo, bp1, bra, ago, agi, bao, bat tni
(ni=1,2,---,20).

For the last step, the neural network as depicted in Fig-
ure 9 is constructed for control parameter-scheduling
and perform the parameter relation mapping. The
plant parameter set, ¢ and &, of each sub-model is used
as each input pattern and the designed QFT control
parameter set in Fq.(25) and Fq.(26) is used as corre-
sponding output pattern. In Figure 10, the mapping
result of parameter relation between bpy and the time-
varying plant parameters is depicted.

The simulation of the numerical example is performed
by applying the designed control system and the per-
formance is compared with the existing QFT control in
Figure 11 and Figure 12. The first simulation result, in
case of the step input that have smaller time-varying
property, shows that the two responses have similar
tracking performance except the abnormal response of
existing QFT control in 0 < ¢ < 0.25. However, in
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Figure 10: Mapping result of parameter bpg.
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Figure 11: Step input response.

case of a sinusoidal input that have larger time-varying
property, the results shows more improved tracking
performance of QFT gain-scheduling control than that
of the existing QFT control.

4 Conclusions

In this paper, we proposed a gain-scheduling control
design method based on QFT for LTV systems and
the design procedures are illustrated by a numerical
example. Further, the proposed method can be ap-
plied to LTV systems that have time-invariant param-
eter uncertainties, and the method guarantees the en-
hanced performance and the stability specification in
frozen time sense. As confirmed by the simulation re-
sults, the QFT gain-scheduling control shows the more
enhanced control performance in case of plants that
have fast dynamics and highly time-varying command
inputs. Thus, this control design will make more con-
tributions to the control design of largely time-varying
systems.

In this work, two points are considered as future works.
One is an addition of on-line learning neural network
because off-line learning neural network needs some
trial and error for a performance guaranteeing param-
eter relation mapping with small number of pattern
pairs. The other is the stability analysis of the whole
control system including neural network using several
methods such as an extension of stability for neural net-
work control systems, hybrid system approaches, and
S0 on.
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