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Abstract

Under some observability assumptions (uniform
observability), a high gain observer for a class of
implicit dynamical systems is given in this pa-
per. Numerically, the computation of trajectories
of such implicit systems usually necessitates the
use of an optimization algorithm together with
an ODE numerical method. This complicates the
synthesis of an observer. The observer design pro-
posed here leads to a classical dynamical system
defined on some RN , with N ≥ n, n being the di-
mension of the state space of the implicit system.
Keywords : Observer, Nonlinear Systems, Im-
plicit Systems.

1 Problem statement

In this paper, the class of implicit systems of the
following form will be considered: ẋ = f0(x, ρ) +

∑p
i=1 uifi(x, ρ)

ϕ(x, ρ) = 0
y = h(x, ρ)

(1)

where (x, ρ) ∈ Rn × Rd, the fi’s and ϕ are as-
sumed to be sufficiently smooth and:

∂ϕ

∂ρ

∣∣∣∣
x,ρ

is full rank ∀(x, ρ) ∈M (2)

where M is the set of zeros of ϕ:

M :=
{

(x, ρ) ∈ Rn × Rd, s.t. ϕ(x, ρ) = 0
}

(3)

Clearly, from condition (2), M becomes a smooth
manifold.
The computation of trajectories of such systems
usually needs the use of optimization techniques
either to explicit ϕ, or to make sure that ϕ(x, ρ)
effectively vanishes. This can for instance take
the form of an ODE routine to integrate the first
part of the system together with a optimization

routine to solve the second part of the problem.
These systems are often encountered in various
fields such as the control of nonholonomic me-
chanical systems or of chemical reactors. As-
sumption (2) is known to be a characterization
of the implicity called Hessenberg index one [1]
(see also the implicit function theorem).
Now, set z :=

(
x
ρ

)
, system (1) becomes equivalent

to: 
ż = F0(z) +

p∑
i=1

uiFi(z)

y = h(z)
z ∈M

(4)

with, for 0 ≤ i ≤ p:

Fi(z) :=

 fi(x, ρ)

−
(
∂ϕ
∂ρ

∣∣∣
x,ρ

)−1(
∂ϕ
∂x

∣∣∣
x,ρ

)
fi(x, ρ)

 (5)

System (4) is called uniformly observable (ob-
servable independently on the input) if for any
input u defined on any interval [0, T ] and for
every initial states x 6= x̄, there exists a time
t ∈ [0, T ], such that h(x(t;x, u)) 6= h(x(t; x̄, u))
where x(t;x, u) and x(t; x̄, u) are respectively the
trajectories of system (4) with input u and ini-
tial conditions x and x̄. For such systems, it
has been shown [2, 3, 4] that the map Φ : z →
(h(z), LF0(h)(z), . . . , Ln−1

F0
(h)(z)) is a local diffeo-

morphism (almost everywhere) which transforms
system (4) in the following canonical form: ζ̇ = Aζ + f̃0(ζ) +

p∑
i=1

uif̃i(ζ)

y = Cζ

(6)

with:

A =


0 1 . . . 0
...

. . . . . .
...

...
. . . 1

0 . . . . . . 0





C =
(

1 0 . . . 0
)

f̃0 = (0, . . . , 0, f̃0n)T

f̃ij(ζ) = f̃ij(ζ1, . . . , ζj)

It is proved in [3], that the following system:

˙̂
ζ = Aζ̂ +f̃0(ζ̂)+

p∑
i=1

uif̃i(ζ̂)− S−1
θ CT (Cζ̂ − y)

is an exponential observer for system (6) as soon
as the fields Fi are global lipschitz with a lipschitz
constant depending only upon the upper bound
‖u‖∞.
From a purely mathematical point of view, the
observer for system (4) can be obtained as follows:
let Tφ be the tangent map from the tangent space
TM into TRn ∼= R

n × Rn, the observer for (4)
takes the form:

˙̂z=F0(ẑ)+

n∑
i=1

uiFi(ẑ)−(Tẑφ)−1S−1
θ CT(h(ẑ)−y)

ẑ(0) ∈ M
(7)

In practice, this observer may work only if:

i) ẑ(0) ∈M (that is ϕ(x̂(0), ρ(0)) = 0)

ii) there is no parameter uncertainty

iii) the measurements are not noisy

The aim here consists in robustify the above ob-
server so that the initialisation of ẑ can be taken
in some tubular neighbourhood of the manifold
M.
This paper is organized as follows. In section
2, some assumptions and preliminary results are
given required by the observer’s construction.
Section 3 is dedicated to the main result of this
paper.

2 Assumptions and preliminary results

Some notations and preliminary results used in
the following to state the main result are given
here.

Assumptions 1 One shall assume that the fol-
lowing assumptions hold for system (1):

i) There exists two compact sets K ⊂ K ′ ⊂M
and a bounded subset U ⊂ L∞(R+,Rp) such
that for every u ∈ U and every associated
trajectory zu(.) of system (1) issued from
K, one has:

zu(t) ∈ K ′ ∀t ≥ 0

ii) The map:

φ : z →
(
h(z), LF0(h)(z), . . . , Ln−1

F0
(h)(z)

)T
is a diffeomorphism from a bounded open

set Ω ⊂M containing K ′ into its range.

iii) For j = 0, . . . , n− 1, i = 1, . . . , p, one has on
M:

dLFiL
j
F0

(h)∧dLjF0
(h)∧dLj−1

F0
(h)∧. . .∧dh = 0

where ∧ denotes the exterior product of dif-
ferential forms.

Remark 2.1 Conditions 1.ii) and 1.iii) express
the uniform observability of system (4). More
precisely, ii) and iii) imply that system (4) re-
stricted to Ω can be steered into the canonical
form (6). Hence, the restriction of system (4) to
Ω becomes observable independently of the input
(see [2, 3]).

The candidate observer proposed here is based on
the following construction.
First, remark that Assumption 1.ii) together with
condition (2) imply the existence of a tubular
neighbourhood TM of the manifold M such that
the map φ̆ : Rn+d → R

n+d defined for all z =
(x, ρ) by:

φ̆(z) =
(
h(z), LF0(h)(z), . . . , Ln−1

F0
(h)(z), ϕT (z)

)T
is a diffeomorphism from TM into its range.
For all j ∈ {1, . . . , n}, consider the following con-
struction:

• Ωj and Kj are subsets of Rn defined by:

Ωj :=
{(
h(z), LF0(h)(z), . . . , Lj−1

F0
(h)(z)

)
, z ∈ Ω

}
Kj :=

{(
h(z), LF0(h)(z), . . . , Lj−1

F0
(h)(z)

)
, z ∈ K

}
• let χj : Rj → [0, 1] be C∞ functions such

that:

i) Supp(χj) ⊂ Ωj (where Supp(χj) de-
notes the closure of {x; χj(x) 6= 0})

ii) χj(ξ1, . . . , ξj) = 1 for (ξ1, . . . , ξj) ∈ Kj

• For i = 0, . . . , p, let the fields Fei be defined
by:

∂φ̆

∂z

∣∣∣∣∣
z

Fe0(z)=



LF0(h)(z)
...

Ln−1
F0

(h)(z)

χn(h(z), ..., Ln−1
F0

(h)(z))LnF0(h)(z)

0
...
0





and for 1 ≤ i ≤ p:

∂φ̆

∂z

∣∣∣∣∣
z

Fei(z)=



χ1(h(z))LFi(h)(z)
χ2(h(z), LF0(h)(z))LFi(LF0(h))(z)

...
χn(h(z), ..., Ln−1

F0
(h)(z))LFi(L

n−1
F0

(h))(z)

0
...
0


Clearly, Fei is uniquely defined and coincide
with Fi on K ′.

The extended system is then defined by:
ż = Fe0(z) +

p∑
i=1

uiFei(z)

y = h(z)
z ∈M

(8)

Remarks 2.2

i) Let u ∈ U and zu(.) be a trajectory of sys-
tem (4) issued from K, then zu(.) is also a
trajectory of (8) and conversely.

ii) The Fei’s are global lipschitz fields of Rn+d.

Now, consider the following change of coordi-
nates ς =

(
ξ
η

)
:= φ̆(z) = (h(z), LF0(h)(z), . . . ,

Ln−1
F0

(h)(z), ϕT (z))T defined on TM; then system
(8) takes the following form:

ξ̇ = Aξ + f̃e0(ξ, η) +
p∑
i=1

uif̃ei(ξ, η)

η̇ = 0
y = Cξ

(9)

where

• A and C are defined by:

A =


0 1 . . . 0
...

. . . . . .
...

...
. . . 1

0 . . . . . . 0


C =

(
1 0 . . . 0

)
• fe0 is defined by:

f̃e0(ς) :=


0
...
0

LnF0
(h)(φ−1(ς))


• from Assumption 1.ii) and the above con-

struction, the fei’s are such that ∀i ∈
{1, . . . , p}, ∀j ∈ {1, . . . , n}, ∀ς ∈ φ̆(M), one
has:

f̃eij (ς) = f̃eij (ς1, . . . , ςj) (10)

3 Main result

With the above notations and definitions, our
main result can be stated:

Theorem 3.1 Assume that system (1) fulfills
Assumptions 1, then:

i) for every compact K̂ of Rn+d, there exists a
real positive number θ and a positive definite
matrix Ω so that for any initialisation ς̂0 =
(ξ̂0, η̂0) in K̂

⋂
TM, the following system:

˙̂
ξ = Aξ̂ + f̃e0(ξ̂, η̂) +

p∑
i=1

uif̃ei(ξ̂, η̂)

−S−1
θ CT (Cξ̂ − y)

˙̂η = −Ωη̂

(11)

is an exponential observer for system (4),
where Sθ is defined by:

θSθ +ATSθ + SθA = CTC (12)

ii) In the original set of coordinates, observer
(11) takes the form:

˙̂x = fe0(x̂, ρ̂) +
p∑
i=1

uifei(x̂, ρ̂)

−
(
∂φ
∂x

∣∣∣
x̂,ρ̂

)−1

S−1
θ CT (h(x̂, ρ̂)− y)

˙̂ρ = −
(
∂ϕ
∂ρ

∣∣∣
x̂,ρ̂

)−1
[

Ωϕ(x̂, ρ̂)

+
(
∂ϕ
∂x

∣∣∣
x̂,ρ̂

)[
fe0(x̂, ρ̂)+

p∑
i=1

uifei(x̂, ρ̂)

−
(
∂φ
∂x

∣∣∣
x̂,ρ̂

)−1

S−1
θ CT (h(x̂, ρ̂)− y)

]]
(13)

Remarks 3.1

i) Observer (13) only requires the jacobian of
diffeomorphism φ. Consequently, the above
scheme does not require to explicit the solu-
tion ρ of ϕ(x, ρ) = 0.

ii) The dynamic of η̂ of equation (11) can be
seen as a continuous time transcription of
an optimization Newtown’s algorithm. The
above scheme mixes a classical high gain ob-
server with an optimization routine. Hence,
such an approach can be successfully used
with any other exponential observer.



Proof :
Here, the trajectories of the system (4) are as-
sumed to be into K ′ (Assumption 1.i)). This in
particular implies that ξ(t) belongs to a bounded
subset of Rn.
Let ε := ∆θ(ξ̂−ξ), where ∆θ is the n×n diagonal
matrix diag( 1

θ , . . . ,
1
θn ). Let V := V1 + V2 be a

candidate Lyapunov function with:

V1 := εTS1ε and V2 := η̂T η̂

By posing Λe(ξ, η, u) := f̃e0(ξ, η)+
p∑
i=1

uif̃ei(ξ, η),

similar calculations as in [3] yields:

V̇ = V̇1 + V̇2

= 2εTS1

[
θ(A− S−1

1 CTC)ε (14)

+∆θ

(
Λe(ξ̂, η̂, u)− Λe(ξ, 0, u)

) ]
− 2η̂TΩη̂

Using (12):

V̇ = −θV1 − εCTCε− 2η̂TΩη̂ (15)

+2εTS1∆θ

(
Λe(ξ̂, η̂, u)− Λe(ξ, 0, u)

)
The main difficulty that occurs here is that, con-
trary to the usual high gain observer’s proof [3],
Λe does not have any triangular structure else-
where that on the manifold M. Indeed, the es-
timate

(
ξ̂
η̂

)
can not be assumed to remain on the

manifold though
(
ξ
0

)
does. Writing

Λe(ξ̂, η̂, u)− Λe(ξ, 0, u) =

Λe(ξ̂, η̂, u)−Λe(ξ̂, 0, u)−Λe(ξ, 0, u)+Λe(ξ̂, 0, u)

equality (15) becomes:

V̇ = −θV1 − εCTCε
+2εTS1∆θ

(
Λe(ξ̂, 0, u)− Λe(ξ, 0, u)

)
−2η̂TΩη̂ + 2εTS1∆θ

(
Λe(ξ̂, η̂, u)− Λe(ξ̂, 0, u)

)
Using Schwarz inequality and noting by λmin(Ω)
the smallest eigenvalue of Ω, it gives:

V̇ ≤ −θV1 − 2λmin(Ω)V2 + 2
√
V1

[
(16)√

[∆θ(Λe(ξ̂,0,u)−Λe(ξ,0,u))]T S1[∆θ(Λe(ξ̂,0,u)−Λe(ξ,0,u))] +√
[∆θ(Λe(ξ̂,η̂,u)−Λe(ξ̂,0,u))]T S1[∆θ(Λe(ξ̂,η̂,u)−Λe(ξ̂,0,u))]

]
Similarly as in [3], using:

• the triangular form (10) (the ith com-
ponent of Λe(ξ, 0, u)depends only upon
(ξ1, . . . , ξi)),

• the uniform bound on the controls (As-
sumption 1.i)),

• the global lipschitz property with of the
fields Fei ,

one deduces:√
[∆θ(Λe(ξ̂,0,u)−Λe(ξ,0,u))]TS1[∆θ(Λe(ξ̂,0,u)−Λe(ξ,0,u))]

≤ k ‖ε‖

≤ k

λmin(S1)

√
V1 (17)

where k is a positive constant which does not de-
pend on θ.
Using the mean value theorem and noticing that
V2 = ‖η̂‖2, there exists a continuous function
k′(θ, ξ̂, η̂, u) such that:√

[∆θ(Λe(ξ̂,η̂,u)−Λe(ξ̂,0,u))]TS1[∆θ(Λe(ξ̂,η̂,u)−Λe(ξ̂,0,u))]

≤ k′(θ, ξ̂, η̂, u)
√
V2 (18)

Using inequalities (17) and (18) in (16) gives:

V̇ ≤ −
(
θ − 2k

λmin(S1)

)
V1 − 2λmin(Ω)V2

+k′(θ, ξ̂, η̂, u)
√
V1

√
V2 (19)

For any compact set K̂, let:

α := sup
{
V (ξ, η, ξ̂, η̂); (ξ, η) ∈ K, (ξ̂, η̂) ∈ K̂

}
K̂′ :=

{
(ξ̂, η̂) ∈ Rn×Rd;V (ξ, η, ξ̂, η̂) ≤ α, (ξ, η) ∈ K

}
k̄′(θ) := sup

(ξ̂,η̂)∈K̂′
u∈U
t≥0

k′(θ, ξ̂, η̂, u(t))

Then, for any initialisation ς̂0 =
(
ξ̂0
η̂0

)
∈ K̂, it is

sufficient to chose θ and Ω such that:

θ >
2k

λmin(S1)

λmin(Ω) ≥ k̄′(θ)2

8
(
θ − 2k

λmin(S1)

)
Indeed, with the above choices, one has:

V̇ ≤ −

(√(
θ − 2k

λmin(S1)

)
V1 +

√
2λmin(Ω)V2

)2

≤ −min

(
θ − 2k

λmin(S1)
, 2λmin(Ω)

)
V

This last inequality proves the exponential de-
crease of V .
Finally, the form (13) can simply be obtained
using φ̆−1 and noticing that η̂ = ϕ(x̂, ρ̂), which
gives:

˙̂ρ = −

(
∂ϕ

∂ρ

∣∣∣∣
x̂,ρ̂

)−1
∂ϕ

∂x

∣∣∣∣
x̂,ρ̂

˙̂x−

(
∂ϕ

∂ρ

∣∣∣∣
x̂,ρ̂

)−1

Ωϕ(x̂, ρ̂)



4 Conclusion

In this paper, a high gain observer for a class of im-
plicit systems moving onto a manifold M is proposed.
The observer is proved to be exponentially conver-
gent in a tubular neighbourhood of the manifold. The
proposed scheme does not require to explicit the im-
plicit relation defining M or even to use optimization
techniques as it is usually needed. It would be inter-
esting for further investigations to see if the proposed
scheme can be generalized to higher implicity degrees
as it can be done for some numerical methods [1].
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