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Abstract

We consider the problem of optimal H» design of
semi-decentralized controllers for a special class of
spatially distributed systems. This class includes
spatially invariant and distributed discrete-time
systems with an inherent temporal delay in the in-
teraction of neighbouring sites. Such a structure
arises naturally from spatio-temporal discretiza-
tions of many physical systems described by par-
tial differential equations. We consider the prob-
lem of optimal design of distributed controllers that
have the same information passing delay structure
as the plant. We show how the YJBK parametriza-
tion of such stabilizing controllers yields a convex
parametrization for this class. We then show how
the optimal H2 problem can be solved exactly.

1 Introduction

We consider spatially distributed systems where all
signals are functions of discrete spatial and tempo-
ral indeces, e.g. {u(i,k)}, where both ¢ and k are
integers and we interpret each as the spatial and
temporal index respectively. The theory of such
spatio-temporal systems has been worked out in
some detail. We consider only spatially distributed
systems with the additional property that the dy-
namics are spatially invariant. For recent work
on this class and some of the background for the
present work, we refer the reader to [1, 2] and the
references therein.
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2 Problem Definition

Congsider the standard configuration for distur-
bance attenuation in Figure 1 where the plant G
and the controller K are spatially and temporally
invariant systems. The particular structure of in-
terest is when in the spatial and temporal trans-
form domain G5 is of the form

z w

L

Figure 1: The Standard Problem

GQQ(Z, )\) =

with
ai(x) = XNig»

where A\ corresponds to the temporal one-sided
transform variable, z corresponds to the spatial
two-sided transform variable, and §;(X) is a transfer
funtion corresponding to a temporally causal sys-
tem. The interpretation of this structure is that
the input u; to the ith system g; affects the out-
put y; of the jth system g; which is |j — i| spatial
locations away with a (time) delay proportional to
their spatial distance |j — i|, i.e., with a delay of
|7 — 4| time steps.

Given such a G2 we are looking for stabilizing con-
trollers with the same structure as G22. Namely, we
want K as

Z ki(V)z* (2)

i=—00

K(z,\) =



with
k() = Mg

Thus we are imposing an implicit decentralized
structure on K since now the measurements of the
jth location will be made available at the ith sta-
tion after |j — 4| time steps.

The problem of interest is to design such a K which
is stabilizing and minimizes the Hs norm of the
closed loop.

3 Problem Solution

We consider here only the case where G2; is stable.
The following proposition shows that by employ-
ing the Youla parametrization the decentralization
constraints on K transform to convex constraints
on the Youla parameter Q).

Proposition 3.1 All stabilizing K with the de-
sired structure are given by

K = -QUI-G»Q)',

with @) stable given by

oo

DR 1OVER

i=—00

Q(z,A) =

and with q; of the form
a() = NGO

where §; is stable.

Proof: That all stabilizing, possibly without the
structure, K are given as K = —Q(I — G22Q)™!
follows the same arguments as in the finite dimen-
stional case [3]. We will thus prove the structural
property of @) only. We view G245 as the following

mapping

Yo wy
Yo = g g0 g-1 - Uo
. . . . (751

Grouping together the outputs at each time step
0,1,2,... as

yo1 0) y-1(1)

1( (
y0) =1 %O |, yv@O)=[ %@ |,
(0) y1(1)

and similarly for u we can view y = Ga2u as a
standard matrix

y(0) Go u(0)
y(1) Gi Go u(1)

y(2) = G2 Gi1 Go u(2)

where G; are band operators. In particular, we
have

i.e., diagonal,
Gi=| ... 0 §(0) (1) §(0) 0

i.e., 3-diagonal, and generalizing, G; is (2i+1)-
diagonal, where §; = {§:(¢)};2, denotes the pulse
response of the system associated with g;(\). Rep-
resenting similarly K

Ky
K = Kl KO

it is easy to verify that K is required to have K
diagonal, K; 3-diagonal,...,K; (2i+1)-diagonal, etc.
By considering the parametrization K = —Q(I —
G22Q)~ ! it is now clear that K has the required
structure if and only if () has precisely the same
structure, namely,

Qo
Q = Q1 Qo

with @); 2i + 1-diagonal which completes the proof.
|



With the above parametrizatiofproblem of interest
becomes

inf |H -UQV
inf |~ UQV|

with
Q(z,N) = Qo(2)+Qu()A+...

where

Qo(2) = qo,0
Q1(z)=q—12" +qo+ @z

Q2(2) = q2,72z72 + 112,71271 + @20+ 212 + g222”

with g; ; scalars and with H, U, V are stable maps
that depend only on G. For simplicity, let us fur-
ther assume that V' = I; this does not change the
main idea of our approach.

Do a inner-outer for U(z, A) fixing z
U(z,A) = Uin(z, \)Uous(2,A)
Let

R:=Uput@ = RO(Z) + R (z))\ +---

then
inf [H - UQIl = inf [UiH — UouiQ||
— inf|U,H - R||.
R
Let
Uout(za )‘) = Uo(Z) + Ul(z))‘ + -

It thus becomes a problem of characterizing the
decentralization constraint on R. Clearly the prob-
lem is convex but not finite dimensional. Instead of
solving this problem we look at a relaxation of it.
Namely, we require that only the first N coefficients
in Q(A,2) = Qo(z) + Q1(2)A + ... are constrained
to correspond to band-operators @); with (2i + 1)-
diagonal for 7 = 0,1,..., N — 1, where N is arbi-
trary. This equivalently amounts to relaxing the
controller structure in exactly the same manner.
The interpretation is that if the spatial distance
|i — j| between location i and j is greater or equal
than N the time delay in obtaining measurement
y; for the use in control decision u; at location i is
N (i-e., it does not grow indefinetly.) Of course, if
|i — j| < N the delay is |i — j| time-steps.

To further clarify the ideas, let us first look at the
one-step delay problem, i.e., N = 1. The only con-
straint there is that

Qo(z) = go,0 = scalar independent of z
The following shows how R is affected.
Proposition 3.2 With the constraint Qo(z) =
go,0 as above,
R = Uoth < Ro(z) = qO,(]Uo(Z), 40,0 is a scalar

Proof: (=) obvious («) Let R be s.t. Ry(z) =
40,0U0(2), qo,0 scalar. Consider

Q@ = o0+ Usut(R— Usutgoo)

Note that R — Usutqo,o is of the form )\R(z, A) and
hence

Q (Z, 0) = 4{o,0-
Moreover,
Ut@ = R.

|
Hence, only R(z,0) = Ro(z) is affected. Denoting

X =UpH = X_1(2)A ' + Xo(2) + Xi(2)A + - -

by applying a standard projection thorem we get
that the optimal value of R is given by

R* = Tyyys,[X]
= H(SA)[XO(Z)]+X1(2)A+X2(Z))\2 + ...
where
Sa = {r(z) :7r(2) = qo,0Uo(z) for some scalar qo,0} ,

Ha(Sa) = {--- X_1(2)A™" + Xo(2) + X1 (2)A+---:
Xo(2) = qo,0Uo(2), for some scalar go,0}

To find IIs, [Xo(2)] amounts to finding g5, such
that

< Xo(2) = q50U0(2),90,0U0(2) > = 0 for any go,o-
Therefore
qS’O = < Xo(z),Uo(z) > / < Uo(z),Uo(Z) >

For N-step delay the same albeit more complicated
procedure holds. The key again is that only the
the N-coefficients of R are affected as the following
shows



Proposition 3.3 With the constraint @); corre-
sponding to 2i+1 diagonal operator for i =
0,1,...,N — 1 it holds that

R= Uoth

if and only if

Ro(2) 528 Uo(2)
=] 2@ @
N-1(2 N;l(z) Uo('z
where L(z) is given as
see appendix
and the vector q is of the form
¢ = (% @ - av-1) (4)
with
4 = (i - Go --- Gis) (5)
Proof: (=) obvious («) Let R be s.t. it sat-

isfies the condition of the above proposition for
some scalar vector g. For i = 0,...,N — 1 define
Qi(z) := Y 1=" , gi,;2’ and consider

i=N-1

On(z,N) = Y Qi(z)X

1=0
Define
Q = Qn+Upi(R—Usw@Qn)

Note that R— Uyt Q. is of the form AN R(z, \) and
hence @ is of the required form and moreover,

Uoth = R
[ |

According to the parameterization (3) of R, com-
puting the optimal solution in this case amounts to
calculating

R* = Tly5,)[X] =

Xo(2) + X1 (A + .o+ xv_1 ()AL + ..

where
Xo (z) Xo (Z)
x1(2) X1(2)
: = s, :
xv-1(2) Xn1(2)

with
Sa =

r(z):r(z) = Z

i=0,N—1
i=—ii

gi,; Vi ;(2) for some ¢

where the vector of scalars ¢ is of the form (4),(5)

and
0
0
X!
0 )
ViJ (z) = Us(z 2!

(2)
Ul(z) + Uo(Z)

Un-i—i+...+ U

Then, by a standard projection result, the vector
¢* can be obtained as the solution of a set of linear
equations

Ag*=p (6)

where the components of the matrix A and the vec-
tor p are shown in the appendix.

4 Example

Consider the one dimensional ”damped” heat equa-
tion on an infinite spatial domain

Oy(z,t)  O%y(z,t
yfat ): 1(19;2 )—6y(x,t)+u(x,t)

and its finite difference approximation with time
and space discretization steps equal to T and L,
respectively.

y(i, k+1) —y(i, k)

T L
—ey(i, k) + u(i, k).

Taking the appropriate transforms one obtains the
transfer function

_ylz,A) TX
Gz ) = u(z,\)  1—=2(z"'+2a+2)A

where

y=2T/L? ; a=L%/(2T)—cL?/2 -1

2



It can be easily checked that the dynamics of such and

a system are asymptotically stable under the fol- Uout (2, A) = Up(2) + Ur ()N + Us(2)A2 + ... =
lowing conditions: ’
v <1/(14a) =T +T(r(2) + p(2)A + T (r*(2) + r(2)p(2) + p*(2)X* + ...
a>1-1/y ie.
i
which in turn correspond to Ui(2) =T Z riI(2) Pl (2).
e>0 =0
T 1 Let us compute the decentralized controller assum-
< 2/L2 +¢/2 ing a two-step delay, i.e. N = 2. We get
Moreover, G(z, A) is of the form (1), Voo(2) = T[L r(z)+p(2)]" 5 Va,i(z) =T[0 1]72" 5 i=-1,0,1
o0 1 ) hence, by computing the inner products,
G(Z,)\):ZT(g) (Z_1+2Oé+2) A" 1+2(%+%)2+(a7+a0)2 :2L+% ay + ac :21+§
n=1 A= T2 3+5 1 0 0
We want to compute a decentralized controller for ay+ ac 0 1 0
optimal H, attenuation of an additive disturbance 345 0 0 1
2
WO)\ p = T ac
W(z,\) = 2(a® +1/2
(z,2) I1-S(z'+2a+2)A c(aa02 /2)
which is of the same structure as the plant itself. Solving (6) we have
Weuagsume W(z, ) to be asymptotically stable as ac
well, i.e. v o1 | ac?/2 —acy/2
c<1/(1+a) ¢ =T /2 — avyac
a>1-1/c ac®/2 —acy/2
With the stabilizing controller parameterization We note that the optimal Hs solution to this
problem, computed without invoking the consid-
Q(z,}) &
K(z,A) = 1= Gl VOGN ered structure for the controller, is given by
* _ 77—1 —17 _
with K(z,)) and Q(z,A) of the prescribed form, Q" = UpuiTlrpo) [HU; ] =
the problem can be stated as r(2)
=T'(1- A)(1 - A) | ————
min (1 - GQ)W| = min [ ~ UQ| a=rm = (55)
where =T 'r(z)(1 - p(2)) =
H(z /\)—# ; Uz, \) = X 1€/, 167, -1 1
J 1—r(2)A ) (1= p()N (1 =r(z)N) T i(z +2a+4+2)-T Z(z +2a+2)(z7" + 20+ 2)A
and which doesn’t happen to have the prescribed de-
tralized structure.
o(2) = % (zfl 904 z) () = % (zfl + 2a+z) _ centralized structure
An inner-outer factorization of U(z, \) yields
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5 Appendix

1
1 (271 12)
L(z) = 1 (z7'12) (2722711222
1 (z7112) (2722711222 (z~NH1 27112t N1

<Vo,0,Vo0> <Vi,1,Vo0> <Vipo,Voo> <Vi,1,V00> <Vo, 2,V00>
A= <V, V1i,,1> <V, 1,V 10> <Vig,Vi, 1> <Vi,Vi, 10> <Vo 2,V1, 1>

< (Xo...Xn_1)" Voo >
< (Xo...Xn_1)" Va1 >
p= <(X0...XN,1)T,‘/1,0>
< (Xo...Xn_1)" ,Viq >



