
Approximate Nonlinear Filtering and Its Applications

for GPS

B. Azimi-Sadjadi and P.S. Krishnaprasad

Institute for Systems Research

University of Maryland at College Park

College Park, MD 20742

Abstract

In this paper we address the problem of nonlinear �lter-
ing in the presence of integer uncertainty. This setup
is specially important for the case of di�erential GPS
with carrier phase measurements. In simulation results
we show that Particle Filtering is capable of resolving
integer ambiguity in the given nonlinear setup. Mo-
tivated by these results we introduce a new Particle
Filtering algorithm that can reduce the computational
complexity for a certain class of problems. In this class,
it is assumed that the conditional density of the state
of the system given the observations is close to a known
exponential family of densities.

1 Introduction

GPS provides world wide positioning with acceptable
accuracy, if four or more satellites are in view.Using
Di�erential GPS (DGPS) in conjunction with the car-
rier measurement, allows users to reach centimeter, or
in the static case, millimeter level accuracy. This can
happen only if one is able to estimate the number of full
cycles of the carrier phase. This estimation problem is
called integer ambiguity resolution [1][2] [3].

Although Carrier Phase DGPS (CPDGPS) allows for
very accurate positioning, it is very sensitive to obsta-
cles that can block satellite signals and cycle slips. A
good estimation algorithm should be able to quickly es-
timate the integer ambiguity on the 
y. Most of the al-
gorithms use integer least square methods for this [3][1].
In [1] a Kalman �lter setup is used to estimate the in-
teger ambiguity.

In most of the applications, integrated INS/GPS [4],
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dead reckoning/GPS [5], or vehicle dynamics/GPS [6],
linearization of the dynamics and the GPS observation
is the main tool for estimation [3][1]. It can be shown
[7] that when the number of satellites is below a cer-
tain level linearization degrades the position estimation
signi�cantly. In this case, it is important to use a non-
linear setup for the estimation problem. In [7] this case
is studied by using an approximation for nonlinear �l-
tering [8][9].

Except for very special cases in nonlinear settings, esti-
mating the state given the observations results in an in-
�nite dimensional �lter [10]. The most widely used ap-
proximation �ltering method is the Extended Kalman
Filter (EKF)[10]. EKF is computationally simple but,
often fails to track the conditional distribution. Projec-
tion Filtering (PrF) is another approximation method
[11][12][13]. In PrF it is assumed that the conditional
density of the state of the system can be approximated
by a member of a parametric family of densities. In this
case, estimating the conditional density is equivalent to
estimating the parameter of the family. In [11][12] the
exponential family of densities is chosen as the para-
metric family. In [13] the approach is di�erent; there a
Galerkin approximation is used for solving the Fokker-
Planck equation [10]. An entirely di�erent approach to
approximate the conditional density was proposed in
[14][8][9]. This method is based on the Monte Carlo
method and is called Particle Filtering (PaF). In [8]
it is proved that with su�ciently many particles, one
can get an approximate conditional distribution that is
arbitrarily close to the true conditional distribution.

In cases where some prior information about the dis-
tribution is available, reduction in the computational
cost and increase in the convergence rate might be pos-
sible. Here, we assume that the conditional density lies
in an exponential family of densities, or at least stays
close to it in a sense that will be de�ned. Using this
assumption, we replace the empirical distribution in [8]
with the Maximum Likelihood Estimate (MLE) of the
distribution.

To use nonlinear �ltering methods for CPDGPS, one



should be able to include the integer ambiguity res-
olution in these methods. In this paper we present
some simulation results which show that PaF, with mi-
nor modi�cations, is capable of resolving integer un-
certainties present in a problem similar to CPDGPS.
One problem of PaF is the need for large number of
particles. This problem is even more important for the
cases where integer uncertainty is present. The writers
consider PaF for exponential families of distributions
to be more suitable for nonlinear �ltering with integer
ambiguity.

In this paper, in Section 2 we explain particle �ltering
and we state the results in [8][9]. In Sections 3 and 4 we
introduce a new PaF algorithm and we state the main
results of this paper. In Section 5 we apply the PaF
method to a nonlinear system with integer uncertainty
and we present the simulation results. In Section 6 we
discuss future directions for research.

2 Particle Filtering

Consider the continuous time state dynamics and dis-
crete time observation

dxt = ft(xt)dt+Gt(xt)dwt; x0
yn� = hn(xn� ) + vn;

(1)

where xt 2 Rn, yn� 2 Rd, wt 2 Rq is a vector from an
independent Brownian motion process, and vn 2 Rd is
a white Gaussian noise process. ft(�), hn(xn� ), and the
matrix Gt(�) are assumed to have the proper sizes. The
noise processes fwt; t � 0g, and fvn; n = 0; 1; � � �g,
and the initial condition x0 are assumed independent.
We use Qt and Rn for the covariance matrices of the
processes wt and vn, respectively. We assume that Rn

is invertible for all n's. We have the following additional
assumptions [12]:

(A1) local Lipschitz continuity: 8 x; x0 2 Br

and t 2 [0; T ], where Br is a ball of radius r, we have
kft(x)� ft(x0)k � krkx� x0k, and
kGt(x)QtG

T
t (x)�Gt(x

0)QtG
T
t (x

0)k � krkx� x0k.

(A2) non-explosion: 8 t 2 [0; T ] and 8 x 2 Rn there
exists k > 0 such that, xT ft(x) � k(1 + kxk2); and
trace(Gt(x)QtG

T
t (x)) � k(1 + kxk2).

Under assumptions (A1) and (A2), there exists a
unique solution fxt; t 2 [0; T ]g to the state equation,
and xt has �nite moment of any order [12].

One can also consider discrete dynamics and discrete
observation

xn+1 = fn(xn) +Gn(xn)wn; x0
yn = hn(xn) + vn:

(2)

where wn 2 Rq is a white Gaussian noise process, and
other vectors and functions are similar to the ones in(1).

We assume that in both cases, the initial density for x0
is given. Hereafter, the index n for continuous time
processes should be read as the time instant n� . The
propagation of the conditional density, at least concep-
tually, can be expressed as follows [10]:

� Step 1 . Initialization:
p
0j0
(x0jy0) = p(x0):

� Step 2 . Di�usion:

p
n+1jn

(xn+1jYn) =
Z

p(xn+1jxn)pnjn(xnjYn)dxn;

where Yn = fy1;y2; � � � ;yng.
� Step 3 . Bayes' rule update:

p
n+1jn+1

(xn+1jYn+1) =
p(yn+1jxn+1)pn+1jn

(xn+1jYn)R
p(yn+1jxn+1)pn+1jn

(xn+1jYn)dxn+1
.

� Step 4 . n n+ 1; go to Step 2.

The density given by the above steps is exact, but in
general it is an in�nite dimensional �lter, thus, not im-
plementable. PaF, in brief, is an approximation method
that mimics the above calculations with a �nite num-
ber of operations using the Monte Carlo method. The
procedure for PaF is as follows [14][8]:

Algorithm 1 Particle Filtering

� Step 1 . Initialization

Sample x10; � � � ; xN0 , N i.i.d. random vectors
with the distribution P0(x).

� Step 2 . Di�usion
Find x̂1n+1; � � � ; x̂Nn+1 from the given

x1n; � � � ; xNn , using the dynamics in (1) or (2).

� Step 3 . Find the empirical distribution

PN
n+1jn(x) =

1
N

PN

j=1
�
x̂
j
n+1

(x)

� Step 4 . Use Bayes' Rule

PN
n+1jn+1(x) =

1
N

NP
j=1

�
x̂

j
n+1

(x)�	n+1(x)

1
N

NP
j=1

�
x̂

j
n+1

(x̂
j
n+1

)�	n+1(x̂
j
n+1

)

� Step 5 . Resample
Sample x1n+1; � � � ; xNn+1 according to

PN
n+1jn+1(x)

� Step 6 . n n + 1; go to Step (2).

where �v(w) = 1 if w = v and 0 otherwise, and
	n+1(x) is the conditional density of the observation
given the state at time n+ 1.

It is customary to call x1n; � � � ; xNn particles. In the
next few lines, we try to explain in words the evolution
of these particles using the above algorithm.



Let x̂1n; � � � ; x̂Nn be the distinct particles at time n be-
fore incorporating the observations at time n. The
probability of each particle is 1

N
. After incorporat-

ing the observations, the conditional probability of each
particle changes. Some will have small, and some large
probabilities. Therefore, in the process of resampling,
it is very likely that some particles will never be used
and instead some other particles (with high probabili-
ties) will be sampled more than once. Therefore, after
resampling, some particles have repeated versions, but
in the di�usion phase they go through di�erent paths
and at the end of the di�usion phase, it is very likely,
we would have N distinct particles. This automatically
makes the approximation one of better resolution in the
areas where the probability is higher.

In [8] for every bounded Borel test function f(�) it is
proved under some conditions that Ek 1

N

PN

i=1
f(x̂in)�

EPn(f(x))k �! 0 as N goes to 0.

One problem in using the PaF method is the computa-
tional cost. Specially for high dimensional systems, get-
ting reasonable accuracy means using a large N , which
generates heavy computational cost. In the next sec-
tion, we propose a method that can reduce the number
of particles for a certain class of problems.

3 PaF for Exponential Families of Densities

In the PaF method, we saw that the conditional distri-
bution is approximated by the empirical distribution.
In most cases, the actual conditional distribution is
smooth, unlike the empirical distribution. It seems that
if, before hand, we know some properties of the distri-
bution, we can do better in performance than just using
the empirical distribution. In the following, we assume
that the conditional density lies in a parametric fam-
ily of densities. We will see that with this assumption,
we can show the convergence of the approximated den-
sity to the actual one. Forcing the density to lie in a
parametric family induces some error in the estimate of
the density, but we hope to �nd the proper family that
results in an acceptable error.

De�nition 1 Let fc1; � � � ; cpg be a�nely indepen-
dent 1 scalar functions de�ned on Rn. Let c(x) =
(c1(x); � � � ; cp(x))T , and assume that the convex set
�0 = f� 2 Rp : �(�) = log

R
exp(�Tc(x))dx < 1g;

has nonempty interior. Then,
S = fp(�; �); � 2 �g; p(x; �): = exp

�
�T c(x)��(�)

�
;

where � � �0 is open, is called an exponential family
of probability densities.

For System (1), we assume that the probability density
of xt, given the observation, is in a family of expo-

1fc1; � � � ; cpg are a�nely independent if for dis-
tinct points x1;x2; � � � ;xp+1,

Pp+1

i=1
�ic(xi) = 0 andPp+1

i=1
�i = 0 implies �1 = �2 = � � � = �p+1 = 0

nential densities S. This assumption is rather strong.
We will drop this assumption later, and we will only
assume that there exists a known family of densities
that approximates the real density well, i.e., with ac-
ceptable accuracy. With this assumption, the proposed
algorithm is as follows:

Algorithm 2 PaF for exponential family of densities.

� Step 1 . Initialization
Sample x10; � � � ; xN0 , N i.i.d. random vectors

with the density, p0(x).

� Step 2 . Di�usion
Find x̂1n+1; � � � ; x̂Nn+1 from the given

x1n; � � � ; xNn , using the dynamics in (1).

� Step 3 . Find the MLE of �̂n+1 given
x̂1n+1; � � � ; x̂Nn+1 [15]

�̂n+1 = argmax�
NQ
i=1

exp(�T c(x̂in+1)��(�))

� Step 4 . Use Bayes' Rule

pn+1jn+1(x; �̂n+1) =
exp(�̂Tn+1c(x)��(�̂n+1))	n+1(x)R
exp(�̂T

n+1
c(x)��(�̂n+1))	n+1(x)dx

� Step 5 . Resample
Sample x1n+1; � � � ; xNn+1 according to

pn+1jn+1(x; �̂n+1).

� Step 6 . n n + 1; go to Step (2).

To generate x1n+1; � � � ; xNn+1, a Gibbs sampler can be
used [16]. This brings an extra computational cost,
which should be taken into account when choosing Al-
gorithm 2 over Algorithm 1.

Let x̂1n; � � � ; x̂Nn be the values of the particles, just be-
fore the measurement at time n. The MLE of �n, �̂n,
satis�es the �rst order necessary condition

1

N

NX
i=1

cj(x̂
i
n) = E�̂n

(cj(x)); for j = 1; � � � ; p (3)

where from now on, by E�(u(x)) we mean the expec-
tation of u(x) under the probability density p(x; �).
Equation (3) suggests that the sample average of cj(x)
and its probabilistic average, evaluated at �̂n, should
be equal.

In each iteration, Algorithm 2 starts from the den-
sity p�̂t

�
xtjyt

�
, t = �n, where �̂t is the best estimate

�t according to the algorithm. After a full iteration
the algorithm yields �̂t+1 which is the best estimate of
�t+1. The error in �̂t+1 is a combination of a series
of possible errors for which we want to �nd an up-
per bound. The �rst source of error is the error in
�̂t which will propagate even if no other error is con-
sidered. The other source comes from the fact that
in each iteration new particles are resampled based on



the estimated density which is di�erent from the ac-
tual density. Finally, the last source of error comes
from the discretization of the stochastic dynamics of
the system. We want to emphasize that here, we as-
sume that the density of vn is stationary and Gaussian,
and exp(� 1

2
(yn� �h(xn� ))TR�1(yn� �h(xn� ))) lies in

the family of the densities. Therefore, no other error is
added to the estimate because of the Bayes' correction.
We recall the following fact [15]:

Fact 1 For the family of densities S with probability
density p(x; �) = exp(�T c(x)��(�)), assume that the
Fisher information matrix, g(�) = (E(ci(x)cj(x)) �
E(ci(x))E(cj(x)))i;j, is positive de�nite. This implies
that the likelihood function l(�) = �TC(x) � �(�), is
strictly concave. Also if c1(x); � � � ; cp(x), the compo-
nents of c(x), are a�nely independent almost every-
where, then for the system of equations

cj(x) = E�[cj(x)]; j = 1; � � � ; p;

if a solution exists2, it is unique. In addition, if
x1; � � � ; xN are N i.i.d. random variables distributed
according to f�(x) = exp(�T c(x)��(�)), then the MLE
of �, �̂N , has the following property:

p
N(�̂N � �) � N (0; g�1(�)):

Using this fact, it is easy to see that E(k�̂N � �k2) '
1
N

trace(g�1(�)); therefore, when N �! 1, �̂N �! �

in the m.s. sense. On the other hand, �̂N is the solution
to (3). Using the strong law of large numbers, when
N !1 the LHS in (3) goes to E�(cj(x)); j = 1; � � � ; p;
with probability one. In other words, the solution to
(3) when the LHS is the exact E�(cj(x)); j = 1; � � � ; p;
gives the exact solution for �. Using this argument, one
can expect that by �nding a good estimate of the left
hand side of (3), a good estimate of � is accessible. In
each iteration of the algorithm presented in this section
the estimate of the LHS of (3) is found by using the
Monte Carlo method and the approximate solution for
the stochastic di�erential equation (1)proposed in [18].

De�nition 2 We say that a function u(�) belongs to
the class F, written as u 2 F, if we can �nd constants,
k > 0, and �, such that for all x 2 Rn, the following
inequality holds:

ku(x)k � k (1 + kxk�) :
The next lemma relates the approximate solution to the
stochastic di�erential equation and the estimate of the
parameter �. This lemma is the main building block
for our result in this section.

2In [17] it is shown that if N > p, the solution exists
almost surely.

Lemma 1 For the stochastic di�erential equation

dxt = ft(xt)dt+Gt(xt)dwt; x0; t 2 [0; tf ];

assume that ft(�); Gt(�) are such that for the Brownian
motion, wt, the probability density of the state xt lies
in the family S for � bounded, with g(�) positive de�-
nite and bounded away from zero. We also assume the
conditions in Fact 1 and in Theorem 2 of [19] with
c(x) replacing u(x). Then, there exist k1 and k2 such
that

E[k�t � �̂tk] � k1h
2 +

k2

N1=2
; t 2 [0; tf ]

where �̂t is the estimate of �t, and N and h are the
number of particles and the time step, respectively.
Proof: [19].

Now we are ready to present the main result of this
section.

Theorem 1 For System (1), assume that ft(�), Gt(�),
and h(�) are such that for Brownian motion wt, and
the Gaussian noise vn, the conditional probability den-
sity of the state xt, conditioned on the observations,
lies in the family S for � bounded and for t 2 [0; T ].
We also assume the conditions in Fact 1 and in
Theorem 2 of [19] with c(x) replacing u(x). Then,
if g�1 (�)E�t (Ltc (x)) is Lipschitz with the Lipschitz
constant L and g(�) is positive de�nite and bounded
away from zero, there exist l1 and l2 such that

Ek�n���̂n�k �
n�1X
i=0

exp(Li�)(l1h
2+

l2

N1=2
); n� 2 [0; T ];

where �̂n� is the estimate of �n� , and N and h are the
number of particles and the time step, respectively.
Proof: [19].

4 Projection Particle Filtering for Exponential

Families of Densities

In this section, we drop the assumption that the con-
ditional density of the state given the observation lies
in an exponential family of densities. Instead we have
the following assumptions:

(A3) The conditional density stays close to the given
exponential family S in a weak sense, i.e. 8t 2 [0; T ],
8u 2 F 9��t 2 �� s.t. kEpt(u(x)) � E��

t
(u(x))k � �,

where �� is closed and bounded.

(A4) 8�1; �2 2 �� and 8u 2 F 9K1; K2 such that
kE�1u(x) � E�2u(x)k � K1k�1 � �2k and k�1 � �2k �
K2kE�1u(x)�E�2u(x)k.

Assume �̂n is calculated according to Algorithm 2 and
assume pnjn(x; �̂n) is such that 8u 2 F

EkE�̂njn
u(x)�E��

njn
u(x)k � �: (4)



where ��njn satis�es

kEpnjnu(x)�E��
njn

u(x)k � �: (5)

We de�ne the function r(x) as follows:

r(x) = Ec(x̂n;x((n+ 1)�))

where x̂n;x((n+1)�) is the approximate solution of the
stochastic di�erential equation at time (n+1)� with the
given initial condition x at time n� . Since according to
our assumption c 2 F , then by using lemma 9.1 in [18],
we have

kr(x)k � K3(1 + kxk�)
where K3 and � only depend on the function c(�) and
the dimension of x.

Theorem 2 For the system (1) assume (A1), (A2),
and (A3). We also assume (A4) and the conditions in
Fact 1 and in Theorem 2 of [19] with c(x) replacing
u(x), and we assume r 2 F. Then in Algorithm 2 if

EkE�̂njn
u(x)�E��

njn
u(x)k � �

we get

EkE��
n+1jn+1

u(x((n+ 1)�))�E�̂n+1jn+1
u(x((n+ 1)�))k

� K6K1K2(� + 2�+K4h
2 + K5

N1=2 );

for some K1; � � � ; K6, and N and h are the number of
particles and the time step, respectively.
Proof:[19].

Using the estimate in Theorem 2 repeatedly for the
time interval [0; T ], with T = M� , and kE�̂0j0

u(x) �
E��

0j0
u(x)k � �0, 9�1; �2; �3; and �4 we have

EkE��
njn

u(x((n)� ))�E�̂n1jn
u(x((n)�))k �

�n1 �0 +
Pn�1

i=0
�i1(�2�+ �3h

2 + �4N
�1=2);

for 0 � n �M .

5 Particle Filtering for Nonlinear Systems

with Constant Integer Uncertainty

Consider the following nonlinear dynamics and obser-
vation

xn+1 = fn(xn) +Gn(xn)wn

yn = hn(xn) + Jnz+ vn

where the assumptions and the dimensions for xn, yn� ,
wn, and vn are the same as in the previous sections. We
assume that z is a random integer vector, i.e. z 2 Zm

and Jn has the proper dimension. Vector z is assumed
to be constant in time. This problem can be set up in
continuous time as well. In both setups we assume that
the integer uncertainty a�ects only some components of
the observation, and other components are una�ected

by z. The a�ected components have associated noise
components in vn that have considerably lower energy.
This suggests that an accurate estimation of z can in-
crease the accuracy of the estimate of the state of the
system signi�cantly. The INS/CPDGPS, dead reckon-
ing/CPDGPS, or vehicle dynamics/CPDGPS problem
can be formulated using this treatment.

To incorporate the integer uncertainty into the dynam-
ics, we can augment the state xt with the integer ambi-
guity z. We assume that the initial distribution of the
augmented state, (xT0 ; z

T
0 )

T , is known. With this as-
sumption, the state dynamics and the observation have
the same form that was studied in Section 2. There-
fore, we can apply particle �ltering to �nd the condi-
tional probability distribution of the augmented state.
Since zt does not change, due to resampling, the part
of the particles associated to zt tends to cover smaller
and smaller portions of the state space. This problem
should be addressed properly otherwise the particle �l-
tering fails to �nd a proper estimate of the conditional
distribution [19].

In a two dimensional space, three transmitters are
mounted at three known points. The moving object can
measure its distance from these transmitters. For each
pseudo satellite, two types of measurement are possi-
ble, one with high measurement noise and the other
with low measurement noise. For the low measurement
noise, though, there is an integer ambiguity. The dy-
namics of the moving object for this example is con-
sidered to be in discrete time and linear time invari-
ant (this problem can be thought of as vehicle dynam-
ics/CPDGPS in two dimensions). In the simulation, it
is assumed that the initial condition for the position
is distributed in a square of size 200 � 200 units, sym-
metric with respect to the origin. The results of the
simulation are shown in Figure 1 and 2. To display the
estimated integers, we simply used the mean value. In
this simulation we forced one of the integers to have a
jump. Although our algorithm is not designed for these
kinds of changes, we see that it can estimate the new
integer values. In future, we use special treatment for
the times when these kinds of jumps happen. As can
be seen, the estimates for the integers are reasonably
good. The reliability of the estimates for the integers
depends on the energy of the noise.

6 Conclusions and Future Work

The simulation results show that our method is capable
of estimating the integer ambiguity and the position.
There are certain issues that need further investigation.
In the following, we itemize these issues:

� What are the proper criteria to stop the integer
ambiguity estimation? What happens when a
cycle slip occurs, i.e. one or more of the integers
have a jump?
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Fig 1: Estimated integer ambiguity versus the actual in-
teger ambiguity of pseudo satellite (1).
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Fig 2: Estimated trajectory versus the actual trajectory
of the moving object.

� How much improvement does the method of Sec-
tion 3 for integer ambiguity and position estima-
tion have over PaF?

These questions are to be answered in future work. In
addition to these, we shall be more speci�c in our sim-
ulations, and use real GPS data for our results.
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