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Abstract

In this paper we investigate the problem of finding up-
per and lower bounds of a real valued function of several
variables, on the base of a set of noise corrupted val-
ues of the function evaluated at a given set of variables
and on some assumptions on function regularity and
on noise bounds. Several set membership linear and
nonlinear identification problems can be recast into the
above problem. Two solutions are proposed. The first
one is quite straightforward and leads to the definition
of bounds that are the tightest ones but, in high dimen-
sional spaces, computationally expensive. The second
solution, relying on approximation properties of neural
networks, leads to the evaluation of somewhat more
conservative bounds, whose computational complexity
is significantly lower than for the optimal bounds. A nu-
merical example, related to the identification and pre-
diction of a Lorenz chaotic system, is presented to show
the effectiveness of the proposed approach.

1 Introduction

Consider a nonlinear dynamical systems of the form:
y(t+1) = flw®)],

where w(t) is a regression vector consisting of lagged
input and output y and wu :

w(t) = y®yt-1)..ylt-mn)
w(t) w(t—1)..u(t—m7,)]",

where t, T, T, are positive integers.

Consider that the function f is not known, but a set of
output noise corrupted measurements are available:

2(t) =y(t) +e(t), t=1,..,N,

where e(t) is measurement noise.

The problem of identifying a nonlinear model, i.e. find-
ing from measured data a function that approximates
f, has been widely studied in the literature, (see e.g.
Ll, 2, 3, 4] and the references therein). In this paper,
ollowing the set membership identification philosophy
[5, 6, 7], we investigate the problem of finding not a sin-
gle model but a set of models, described by (possibly
tight) upper and lower bounds of f:

fw) < f(w) < f(w),Vw.

The problem investigated here can indeed be viewed
as a multidimensional interpolation problem from noise
corrupted data. Interpolation has been widely studied

in the numerical analysis literature, in the case of scalar
real or complex function with given regularity condition
on the derivative (see e.g. [8, 9, 10] and many references
in [11]). In most of this literature exact data are consid-
ered, but some few papers considered corrupted data,
see e.g. [12].

Model set described by such bounds can be used for ro-
bust prediction and robust control design, see e.g. [13].
Robustness had become in past two decades a central
issue of system and control theory. This need is moti-
vated by the fact that any model may be only an ap-
proximation of the system to be analyzed or controlled.
Then the system is not supposed exactly described by
the model, but only belonging to a set of models ob-
tained by perturbations of the model, whose size mea-
sures the model uncertainty. Such a set, often indicated
as uncertainty model set or model set for short, has to
be identified from available information and data in a
suitable way to be used for analysis and design pur-
poses. There is now a large literature on such topics.
Most of the literature on model set identification, see
e.g. [5, 14, 15, 6, 16, 17, 7, 18, 19, 20] and the references
therein, is related to linear systems, while very few pa-
pers consider the model set identification of nonlinear
systems, see e.g. [21, 22, 23].

In this paper we show how to derive a nonlinear model
set. described by upper and lower bounds of the un-
known function f, on the base of available noise cor-
rupted measurements and on some assumptions on
function regularity and on noise bounds. Two solutions
are proposed. The first one is quite straightforward
and leads to the definition of bounds that are the tight-
est ones but, in high dimensional spaces, computation-
ally expensive. The second solution, relying on strong
approximation properties of neural networks, leads to
the evaluation of somewhat more conservative bounds,
whose computational complexity is significantly lower
than for the optimal bounds. A numerical example, re-
lated to the identification and prediction of the Lorenz
model, is presented to show the effectiveness of the pro-
posed approach.

The proofs of all Propositions are not reported here and
can be found in [24].

2 Problem formulation

Consider an unknown function:
f:WCR" > R,

and suppose that a set of noise corrupted values of f is
given:

Z, = {z=1[f(wp+ep) te,k=12.,N},
en € Rl € R VE,



evaluated at the set of points
Wy, ={wp, e W,k=1,2,...,N}.

In the paper, we investigate the following problem:

Problem
Find upper and lower bounds f and f of f:

flw) < f(w) < f(w),Yw € W.

It is clear that if no information is available on function
f regularity and on noise size, no finite bounds can be
derived. In this paper, the following assumptions are
considered:

Assumptions on f:

fekK = {f:W-o=x:
foe C'W),IVf(w) <v,Ywe W}

Assumptions on noise:

Sk k=1,2,...,N,
er,k=1,2,...,N.

ek

<
lex] <

Here, Vf denotes the gradient of f and |-]| is the
Euclidean norm.

A key role in set membership identification is played by
the Feasible Solutions Set, often indicated as “unfalsi-
fied functions set”, i.e. the set of all functions consistent
with prior information and measured data, defined as

FSS={feK:z, = f(wg+e)+ex, (e}, ex) € B, Vk}.

where:
B® = {(e},er) : |lekll < Ok, lex| <ew,k=1,2,...,N}.

If prior assumptions on unknown function f and on
noise are “true”, this set includes f, an important prop-
erty in view of subsequent use for robustness analysis
and design. As required in any identification theory, the
problem of checking the “truth” of priors arises. Indeed,
the only thing that can be actually done is to check if
measured data falsify the priors. Being the F'SS the set
of unfalsified systems, this is equivalent to check if F'SS
is empty. Then, the F'SS is assumed to be non-empty.
If empty, the prior assumptions on the system and the
noise are invalidated by data and have to be suitably
modified to give a non-empty F'SS.

Clearly, the tightest possible bounds, based on such as-
sumptions and on the information provided by available
measurements, are of interest. Indeed, the knowledge of
the F'SS allows to define the following optimal bounds:

ffw) = feirl;fssf(w),
Fw = swp f(w).
feFSS

Such bounds are called optimal being the tightest pos-
sible bounds on f, based on the available information
about this function.

3 Evaluation of optimal bounds

At first, we give necessary and sufficient conditions for
validating the prior assumptions on f and noise. As
just discussed in the problem formulation section, we
say that the assumptions are validated if are not falsi-
fied by data, i.e. if the measured data can be generated
by some function and noise sequence satisfying the as-
sumptions. Thus, to validate the prior assumptions is
equivalent to check if F'SS # ().

Let

hy =
by, =

2k + &k + YOk,
2k — €k — YOr,

be the upper and lower bound on f values in wj, and
define the functions:

fm (w) =
fu(w) =

max (hy, — 7 [Jw = well), (1)

min (hi + v [lw — wi]) (2)

The following proposition gives necessary and sufficient
conditions to check if F.SS # .

Proposition 1

o (wi) > by, Yk, is necessary condition for FSS # ()
o (wi) > by, Yk, is sufficient condition for FSS # ().
|

Note that there is a gap between necessary and suffi-
cient conditions only in case that fas (w;) = h; for some

j. In practice, such cases appear to be quite "rare”.
The next result shows that if the prior assumptions are
validated, then f,, and fp; are the optimal lower and

upper bounds f* and 7.

Proposition 2

If FSS # (), then, the functions fn, and fu are:
(i) lower and upper bounds of unknown function f,
(i) continuous for Vw € W,

(iii) optimal, i.e. fn(w)=f"(w), fu(w)=f (w), Vw..

The computational complexity of evaluating I (w) or
f* (w) for given w is

Ny; =0 (nN).

In fact, the computational complexity of |Jw — wg]| is
O (n), while the computational complexity of min (or
max) is O (N). Unfortunately N, to ensure a good ex-
ploration of a region W C R", has often to be exponen-
tial in n and so, the complexity becomes

Ns =0 (nexpn).

This exponential growth, can be avoided adding some
further regularity condition on f and using neural net-
works as approximators. In order to find two neural
networks that are lower and upper bound of f, let us
introduce the hyperbolic Voronoi diagrams.



4 Hyperbolic Voronoi diagrams

The hyperbolic Voronoi diagrams are a generalization
of standard Voronoi diagrams (see e.g. [25, 26]). Given
the points set

W, = {w, € R", k=1,2,..,N},

they can be defined as follows.

Let Ahjk € R,y € %,’U}k,w]' e R, 4,k =1,2,..,N;
Then we define:

- the (n — 1)-dimensional hyperbola Hy;:

. n Ahk
Hpj ={w e R" : [lw — wi||—||w — w;|| = —2

k7).

- the n-dimensional regions Si; containing Wt

S k£ )

Skj = {w € R ¢ fJw — wy[| = [lw —wj]| <

- the hyperbolic cell C} containing wy:

Cr = ) Skj-
ik
The intersections between the surfaces Hy; generate

other cells of dimension 0 < d < n — 1 that we call
d-faces. The cells C}, are called n-faces.

We define the hyperbolic Voronoi diagram V as the set
of all d-faces, 0 < d < n. Since it depends on set Wy,

on matrix Ah and on v, the notation V (W,, Ah,~) is
used when necessary.

Properties

(i) If Ahjp = 0,VYj,k, all hyperboles Hy; degenerate
into hyperplanes and the definitions become the ones
of standard Voronoi diagrams;

() Ch # 0 = 7 > i, Vs

(iii) Cr. N C; = 0,k # j;

(iv) UkN:1 [Ck] = R™; where [C}] is the closure of Cf,.
|

The following result shows the connection between

functions f* and f defined in (2) and (1), and hy-

perbolic Voronoi diagrams.

Proposition 3

f* and 7* individuate two hyperbolic Voronoi diagrams
V (Wp, Ah,7) and V (W, Ah,~) defined by:

Sjx = {w € R+ flw — wj| — flw - WL||< ‘”k#J},
S ={w € R : fJw — wj| - [lw - wil| < = ’“’k#J}

where Ahy; = hj, — h; and Ahy; = by — hy.-
|

With the help of hyperbolic Voronoi diagram it is easy
to show the following regularity conditions of the opti-
mal bounds.

Proposition 4

f* and 7* are Lipschitz-continuous on
{w e W : Jw|| < co}.

5 Nominal function and function bounds with
neural networks

As previously noted, the computation of f* and f - may
be cumbersome for large values of n and N. In this
section it is shown how, using neural network approxi-
mation properties, it is possible to derive bounds which
are somewhat more conservative than the optimal ones,
but require lower computational burden.

We consider the one hidden layer perceptron
¥ : W CR™ — R defined as

¥ (W, D) = o (Bi-w—\i) + G (3)

i=1

where I' = {a;, A\i,( € R, 8; e R",i =1,2,...,7} is a set
of parameters and the activation function o : ® — R is
a sigmoidal function like tanh (z) or 1/(1 + exp(—x)).

The one hidden layer perceptron (3) can approximate
functions with an approximation degree that is stated
by the following result (see e.g. [27, 28, 29, 30]).

Theorem 5 (Barron, 1993)
If a function f: W CR"™ — R satisfies the condition

Cr = [ Ill | )] o < o (4

where ||-|| is the euclidean norm and f is the Fourier
transform of f, then a set of parameters I' exists such
that:

2072
DCI"

r

/ [f () — 4 (w, D)) o (de) <

where u is an arbitrary probability measure defined on
the n-dimensional sphere of diameter D in which f is
approximated
. |

Remarks
(i) Condition (4) implies that ||V f (w)|| < Cf,Yw € W.
(ii) The approxirnation error, defined as

E = \/f (w,T)]? p (dz), doesn’t depend on

dimension n of the space on which f and v are defined.
This implies that calculation of ¢ for given w, with r
fixed, has complexity

N; =0 (rn).

In order to retain such interesting approximation pro-
priety, from now it is assumed that f satisfies (4).

Now consider a neural network
) = Z@'U (Bi-w—Xi) +¢,
=1

trained on the set: {(wg,zr +c(w)),k=1,2,..,N},
where the correction function ¢ : W — Ry satisfies
hypothesis (4) and is chosen large enough to ensure
that f (w) < ¢ (w),Yw € W.

In the following we give a criterion to check if ¢ is large
enough. This criterion needs the computation of all



0-faces of a hyperbolic Voronoi diagram suitably de-
fined on the base of the hyperbolic Voronoi diagram

V (Wp, Ah, 7) and some hyperplanes associated to the
terms of (3).
Let

Y (w) = Zaﬁi (B w—=X)+ ¢,
i=1

be the function with the same parameters of ¢ but with
a different activation function o; :

-1, 1/a;,

if a; > 0, Ez(h) = h, —1/&,» <h<0,
o(h), h>0;
o(h), h <0,

if a; <0, Ei(h)i h, OShS—l/aZ’,
1 h>-1/a;.

The furE:tion 1), is a lower bound of i and is concave for
Bi-w—)\i < —l/ai, Bi-w—)\i = —l/ai and Bi-w—)\i >
—1/a,.

Now consider the hyperbolic Voronoi diagram T indi-

viduated
by the d-faces, 0 < d < n, generated by intersection

between the hyperbola Hk], k,j =1,2,...,N, and the
hyperplanes {w: B;-w—X; = =1/@;,i =1,...,r} and
consider the set

Q' =T nw,,

where TO is the collection of all O-faces of T.

Defining W, =conv(W,) as the convex hull of W, it
is possible to check if ¢ is large enough by checking if
the hypothesis of following proposition is verified. In

order to simplify some definitions and notations, it is
assumed W, C W.

Proposition 6

If 7*(11)) < Ec(w),Vw € @0, then:
fw) < (w),Yw € We.

In a similar way, given a neural networks

= zr:gia (él "w _ll) +£)
i=1

trained on the set {(wg,zr —c(wg)),k=1,2,..,N},
a function ¥ (w) > ¥ (w),w € R", that is convex for
B, w— <1/al,6 ‘w—y,; =1/a; and B,-w—7y, > 1/a;,
is deﬁned

= Y ai, (8, -2,) +6
i=1
where:

o(h), h<O0,
h>1

<1

Qa;

-1, h
ifa; <0, o;(h)={ h, 1/
h

. . —0
A set of points Q° is constructed analogously to @ .

Then it’s possible to check if ¢ is large enough to en-
sure f(w) > (w),Yw € W, by using the following

proposition.

Proposition 7

If f*(w) > yc(w),Vw € Qo, then:
fw) > p(w),Yw € We.

Remarks
(i) Simple choices for ¢ (w) can be:

(wk) C,Zk,
c(wg) = Cey,
¢ (wr) C.

With such choices it is possible to obtain verification of
proposition (6) and (7) only tuning the single quantity
CeR.

(ii) Once the optimal or neural bounds are found, a
nominal function can be defined as the mean of the two
bounds. If the nominal function is defined as the mean
of the optimal bounds it is called central function.

6 Example

Using the Lorenz model demo of Matlab Differential
Equation Editor, a time series of 600 data has been
generated. The Lorenz model (see e.g. [31]) is defined
by the following set of differential equations:

ry = —o0x1+ox3,

Ty = —T1T3+ pr1 — T2,

T3 = 3122 — Pr3 + 21,
Yy = T,

We used the parameters values § = 2.6667, p = 28,
o = 10 and a sampling time of 0.025. Note that for such
parameters the system displays a chaotic behavior.

The corrupted data have been obtained as z(t) =
y(t) + e(t), where e(t) is a 1.i.d. random uniform noise

such that |e (¢)| < 0.05y (t),Vt. The data set has been
divided into an estimation set, composed of the first 460
data, and a validation set, composed of the remaining
ones.

A nonlinear autoregressive model (NAR) of 3-th order

y(+1) = [flw®)],
w(t) = [y yE-1) y@t-2]",

has been considered.

The following values has been assumed for noise bounds
and function f regularity: e(¢t) = 0.05|y (¢)|, 0 (t) =
0.05]||w (t)]], v = 2.5. Note that the assumed value of
v is quite ”cautious”. In fact, the minimum value of
~ for which the sufficient condition of Proposition 1 is
verified, has been estimated and is 1.8.

Then, using Proposition 2, the optimal bounds
*

f (w), f*(w) and the central function ]?(w) =
[7* (w) + £~ (w)] /2 have been identified on the estima-

tion data set. Note that in this example, when n = 3



and N = 460, the computational complexity of evalu-
ating the optimal bounds is quite acceptable. In fact

the computing time of f (w) and £ (w) for given w is
0.06 sec. on a 650 Mhz PC. The central function ]?(w)
has been used as 1-step ahead predictor for y (¢t + 1) :

git+1) = Flo@)],
Gty = [2(t) 2(t-1) 2(t-2)]",

and f (w) and " (w) provides the uncertainty range

for such predictor. The results on the validation data
set are reported in figure 1. Moreover, a t, steps ahead
predictor for y (¢ + t,) has been obtained as

~

?/J\(t+ta) = f[ﬁ}\(t+ta_1)]:
@(t'f‘ta_].) [://J\(t'f‘ta_].)
gt+t,—2) g(t+t,—3)7%.

The results on the validation data for t, = 3 and ¢, =
10 are reported in figures 2 and 3, respectively. The
Root Mean Squares Error (RMSE) resulted to be 0.9847
and 1.2587 respectively.
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Figure 1: Lorenz model (bold line), 1 steps ahead pre-

diction of central NAR model (thin line) and
uncertainty bounds (dashed line).
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Figure 2: Lorenz model (bold line), 3 steps ahead
prediction of central NAR model (thin line);
RMSE=0.9847.
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Figure 3: Lorenz model (bold line), 10 steps ahead

prediction of central NAR model (thin line);
RMSE=1.2587.

For comparison, linear AR models
yt+)=ay@t)+..+a;y(t—1),

with 7 = 2,3,4,6,8,10,12,15, 20, have been identified.
The 4-th order model (7 = 3) showed to have the best 3
and 10 steps ahead prediction, with a RMSE of 6.3049
and 8.0757, respectively. The results on the validation
set are reported in figures 4 and 5, respectively.
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Figure 4: Lorenz model (bold line), 3 steps ahead pre-
diction of 4-th order AR model (thin line);
RMSE=6.3049.

7 Conclusions

In this paper, the problem of identifying nonlinear re-
gression systems is considered. Following the Set Mem-
bership Identification paradigm, the problem of find-
ing not only a model but also evaluating its accuracy
is solved by evaluating upper and lower bounds of the
unknown regression function under some regularity con-
ditions. Two solutions are proposed. The first one
is quite straightforward and leads to the definition of
bounds that are the tightest ones but, in high dimen-
sional spaces, computationally expensive. The second
solution, relying on strong approximation properties
of neural networks, leads to the evaluation of some-
what more conservative bounds, whose computational
complexity is significantly lower than for the optimal
bounds.
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Figure 5: Lorenz model (bold line), 10 steps ahead pre-
diction of 4-th order AR model (thin line);
RMSE=8.0757.

Model set described by the defined upper and lower
bounds can be used for robust prediction and are also in
the suitable form required by the robust control design
techniques for nonlinear systems described in [13].

It can be observed that a global bound on the gradi-
ent of the unknown regression function to be identified
is used here. Following similar lines of reasoning of
the gain scheduling (see e.g. [32]) or the Just-in-Time
modeling approaches (see e.g. [33, 34]), local bounds
on the gradient could be considered, possibly leading
to significant improvements in terms of computational
complexity and model set accuracy. It can be also ob-
served that, in this paper, identification of nonlinear
regressive systems is considered, but several other lin-
ear and nonlinear system identification problems, such
as H° identification of linear systems, identification of
the nonlinear part of Wiener and Hammerstein models
can be approached in a similar way. These problems
are currently under investigation.
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