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Abstract

This paperaddressesthe designof linear controllerswith
specialstructureimposedon thegainmatrix. This problem
is calleda SLC (StructuredLinear Control) problem. The
SLC problemincludesfixedorderoutputfeedbackcontrol,
decentralizedcontrol, joint plant and control design,and
many other linear control problems. A theoreticalframe-
work thatallowsoneto pursuethesolutionof SLCproblems
is provided. Although the obtainedconditionsarenoncon-
vex, it is shown thatsolvinga SLC probleminvolving stan-
dardcontrolobjectivessuchasstability, boundsontheH2 or
H∞ norms,andrealpositivenessis not harderthansolvinga
standardunstructuredstaticoutputfeedbackproblem.

A convexifying algorithm that might be usedto solve the
SLC problemis alsodeveloped.At eachiterationa certain
function is addedto the constraintsin order to make them
convex. At convergence,theartificially introducedconvex-
ifying functionsreduceto zero,guaranteeingthefeasibility
of theoriginalproblem.Localoptimalitycanbeguaranteed.

Someexamplesillustratehow the SLC framework andthe
convexifying algorithmcanimprovethesolutionsof control
problemwith suboptimalsolutionsavailable.

1 Intr oduction

Control problemsare typically formulatedasoptimization
problems.A few of themcanbestatedasconvex optimiza-
tion problems,in which casepowerful algorithmscan be
usedto find solutions.Recently, aclassof convex optimiza-
tion problemsknown assemidefiniteprogramshasreceived
a lot of attention,becomingan invaluabletool for the for-
mulation of control problems. Part of this framework is
known by thenamelinear matrix inequalities(LMI), which
hasbeenextensively usedto provide suitableformulation
for severalsystemandcontrolproblems[1]. Thesolutionto
theseproblemscanbe calculatedwith the help of efficient
interior-pointpolynomialalgorithms,with many implemen-
tationsavailable.

1This work hasbeensupportedin part by grantsfrom “Fundaç̃ao de
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In the LMI framework, a linear control synthesisproblem
is usually solved with the help of auxiliary parametriza-
tions[1]. Thatis, thecontrollerparametersarenotavailable
for optimization,beingobtainedvia somenonlinearone-to-
one transformationof the optimizationvariables. Calling
H
�
s� thetransferfunctionfrom agiveninput to agivenout-

put, onecan,roughlyspeaking,solve several linearcontrol
problemin theform

min
K

f
�
H
�
s����� (1)

where f
�� � is someappropriatelydefinedcostfunction.No-

tice that the controllergain K in problem(1) is an uncon-
strainedvariable.Thestructureof thecontrolleris imposed
by thepropertiesof theproblemsolution.As aconsequence
of this fact, fundamentalproblemssuch as the designof
controllerswith arbitraryorder[2] or with particularstruc-
tures,suchasdecentralization[3], remainunsolved.In other
words,linearcontrolproblemsof theform

min
K ! Ψ

f
�
H
�
s����� (2)

wherethe controllerK is subjectto constraintsarehardto
handle. Even convexity of Ψ provides little or no help in
solvingproblem(2).

In this paper, we referto thenonconvex problem(2), where
thesetΨ is aconvex set,asanSLC(StructuredLinearCon-
trol) problem. The SLC framework is ableto dealwith all
sortsof convex controllerconstraints,includingfixedorder
output feedbackcontrol design[2], decentralization[3] or
norm boundson the controllergains. It is alsoappropriate
for thesimultaneousdesignof plantandcontroller[4] where
somematricesof theplantdependaffinelyonasetof param-
eters.Multiobjective linearcontrolproblems[5] wheresev-
eral specificationsmustbe feasibleor minimizedcanalso
be treatedasan SLC problem(mathematically, a multiob-
jective linear control problemcan be formulatedwith the
help of multiple plantsandmultiple controllers,by impos-
ing a convex constrainton all controllersthat forcethemto
coincide). TheSOF(StaticOutputFeedback)problem[2],
which hasbeenstudiedby many authors,is alsoanSLC.

The first purposeof this paperis to describea framework
to dealwith the SLC problem. We show that for standard
control objectivessuchasstabilization,H2 andH∞ perfor-
mance,andpositive realness,SLC problemscanbeformu-
latedasoptimizationproblemsinvolving LMI with anaddi-
tionalnonconvex equalityconstraint.While wedonotclaim



acompletesolutionto theSLCproblem,weshow thatsolv-
ing anSLC problemis not harderthansolvinga SOFprob-
lem. Moreover, thenonconvex constraintthatappearsin the
SLC problemis of the samenatureasthe onethat appears
in theSOFproblem,whichmeansthatalmostall algorithms
availablefor theSOFproblem[6] canbemodifiedto work
with SLCproblemformulationgivenin thispaperwith little
or no effort.

Thesecondobjective is to developaconvexifyingalgorithm
thatmight beableto solve theSLC problem.We introduce
theconceptof aconvexifyingpotentialfunctional. Thesepo-
tentialsareaddedto nonconvex constraintsin orderto ren-
der a nonconvex optimizationproblemconvex. The algo-
rithm worksby iteratingon a sequenceof convex problems
andthedriving forcethatensuresconvergenceto thismech-
anismis the ability to zero the potentialat eachiteration.
Convergenceto a localoptimumto theSLCproblemcanbe
guaranteed.Examplesillustrate how availablesuboptimal
solutionsto controlproblemscanbesignificantlyimproved.

2 A framework for the designof SLC

Let a linearsystembedescribedby thestatespaceequations

δx " Ax # Bww # Buu � (3)

z " Czx # Dzww # Dzuu � (4)

y " Cyx # Dyww� (5)

where δ represents the time-derivative operator for
continuous-timesystemsor the unitary time-shift operator
for discrete-timesystems.We assumethat the statevector
hasdimensionn andthat all matriceshave beenappropri-
ately defined. In this model,u representsthe control input
vector, w is a vector of exogenousperturbations,y is the
measuredoutputandz is thecontrolledoutput.Considerthe
following controllerstructure

δxc " Acxc # Bcy� (6)

u " Ccxc # Dcy� (7)

wherethe controller statehasdimensionnc. Defining the
controllermatricesin thecompactform

K : " $
Dc Cc

Bc Ac % (8)

and the augmentedstate vector as x̃ : "'& xT xT
c ( T , one

can show [1] that the closedloop connectionof the con-
troller (6–7) with (3–5) providesthelinearsystem

δx̃ "*) � K � x̃ #,+ � K � w� (9)

z ".- � K � x̃ #0/ � K � w� (10)

where) � K � : " A # BKB � + � K � : " D # BKE � (11)- � K � : " C # HKM � / � K � : " F # HKE � (12)

areall affinemappingson thevariableK andmatricesA, B,
C, D, E, F, andH areconstantmatricesthatdependon the
open-loopdynamics(3–5).

When nc " 0 and K is unconstrained,the above problem
reducesto the standardSOFproblem. Two particularun-
constrainedconfigurationsareof importance:a) full-order
dynamicoutputfeedback: whenthe orderof the controller
is equalto theorderof theplant

�
nc " n� ; andb) staticstate

feedback: whennc " 0 andthesystemoutputis a full rank
lineartransformationof thestatevector. For these,stabiliza-
tion, somenormminimizationandrobustcontrolproblems
havebeensolvedusingLMI [1].

In theSLC context oneis ableto pursuethedesignof com-
plex controlproblemsbyappropriatelyconstrainingthecon-
troller matrix K. For instance,decentralizedcontrollersof
arbitraryorderfor theaugmentedsystem(9–10) canbeob-
tainedif K is constrainedto thefollowing structure

K : " $
diag 1Dc 2 diag 1Cc 2
diag 1Bc 2 diag 1Ac 2�% (13)

wherediag 1  2 indicatesthat
�� � hasa block-diagonalstruc-

ture.A lessobviousSLCproblemappearsin thesimultane-
ousplant/controldesignproblem[4]. Assumingthatmatri-
cesA

�
p� , Bw

�
p� , Cz

�
p� andDzw

�
p� dependaffinely onsome

plant parametersp, the augmentedcontroller K̃ : " � K � p�
still providesaffinemappings) � K̃ � , + � K̃ � , - � K̃ � and / � K̃ �
to be usedin system(9–10). Even if the augmentedcon-
troller K̃ is unstructured,the joint problem is structured
sinceK̃ is not a singleunstructuredblockmatrix.

2.1 Discrete-timesystems
A realandsquarematrix is saidto beSchurif all its eigen-
valueslie inside the unitary circle. The following lemma
providesthebasicalgebraictool.

Lemma 1 Assumethat 3 � K � is a symmetricmatrix. There
existsa symmetricmatrix P 4 0 such that5 �

K � TP
5 �

K �76 UTPU #*3 � K �8#:9 � K � T 9 � K �<; 0 (14)

if, andonly if, thereexistssymmetricmatricesX andY such
that=>

UTXU 6?3 � K � 5 �
K � T 9 � K � T5 �

K � Y 09 � K � 0 I

@A 4 0 � X " Y B 1 C
(15)

Proof: UsingSchurcomplement,inequalities(14) canbe
put in theequivalentform=>

UTPU 6D3 � K � 5 �
K � T 9 � K � T5 �

K � PB 1 09 � K � 0 I

@A 4 0

from where(15)comeswith X : " Y B 1 : " P.



Startingfrom inequality(14), which hasa productbetween
themapping

5 �
K � andtheinstrumentalvariableP, theabove

lemmashowshow to build amatrixinequalitywith largerdi-
mension(15)wherethisproductis nolongerpresent.More-
over, if

5 �
K � , 9 � K � and 3 � K � are affine on K, so is the

transformedinequality(15).

Theorem2 Thefollowing statementsare true:

i) Matrix ) � K � is Schur if, andonlyif, thereexistK E Ψ,
andsymmetricmatricesX andY such that$

X ) � K � T) � K � Y % 4 0 � X " Y B 1 C (16)

ii) Matrix ) � K � is Schur andF - � K �81 zI 6G) � K � 2 B 1 + � K � F 22 ; µ if, and only if,
there exist K E Ψ, and symmetricmatricesX andY
such that=>

X ) � K � T - � K � T) � K � Y 0- � K � 0 I

@A 4 0 � X " Y B 1 � (17)$
W + � K � T+ � K � Y % 4 0 � trace1W 2 ; µ C (18)

iii) Matrix ) � K � is Schur andF - � K �81 zI 6G) � K � 2 B 1 + � K �H#I/ � K � F 2∞ ; µ if, and
only if, there exist K E Ψ, andsymmetricmatricesX
andY such that=JJ>

X 0 ) � K � T - � K � T
0 µI + � K � T / � K � T) � K �K+ � K � Y 0- � K �L/ � K � 0 I

@NMMA 4 0 � X " Y B 1 C (19)

iv) Matrix ) � K � is Schur and the transfer function- � K ��1 zI 6G) � K � 2 B 1 + � K �O#D/ � K � is ESPR(Extended
StrictlyPositiveReal)if, andonlyif, thereexistK E Ψ,
andsymmetricmatricesX andY such that=>

X - � K � T ) � K � T- � K �P/ � K �Q#0/ � K � T + � K � T) � K � + � K � Y

@A 4 0 � X " Y B 1 C (20)

Proof: Theproof of this theoremfollows from Lemma1
by replacingU andthe functionals

5 �
K � , 3 � K � and 9 � K �

accordingto Table1. Thesecondinequalityin (17) andthe
first inequalityin (18)comefrom

µ 4 trace & + � K � Y B 1 + � K � ( 4 F - � K ��1 zI 6R) � K � 2 B 1 + � K � F 22
by aSchurcomplementargument.

This theoremshowsthatit is possibleto rewrite four largely
usedcontrolobjectivesin a form thatpreservetheaffinede-
pendenceon the controllermatrices.As the controllerma-
tricesareavailablefor optimization,theseconstraintscanbe
usedto providesolutionsto theSLCproblem.

Thecharacterizationsgivenin Theorem2 arenecessaryand
sufficient. Howeverthepricepaidfor thatis theintroduction
of thenonconvex constraintX " Y B 1. It canbeshown by a
Schurcomplementargumentthat this nonconvex constraint
canbeequivalentlycastasarankconstraintinvolving X and
Y. In any case,thenonconvexity is restrictedto the instru-
mentalvariablesX andY anddoesnot directly involve the
controllerparameterK. Thiskind of constraintalsoappears
in severalformulationsof theSOFproblem[2]. Theconclu-
sion is that solving the SLC problemfor the controlobjec-
tivesstatedin Theorem2 is not moredifficult thansolving
anunconstrainedSOFproblem.

2.2 Continuous-timesystems
While for discrete-timesystemsthe quadraticcharacter-
istic of Lyapunov basedinequalitiesseemsto provide in
Lemma1 andTheorem2 an almost“natural” guidanceto
the developmentof the new conditions. A slightly more
involvedmanipulationis requiredfor continuous-timesys-
tems. Indeed,morethanonestrategy couldbeusedto pre-
serve the affine dependenceon the controller parameters.
The one describedbelow tries to mimic the behavior of
Lemma1.

Lemma 3 Assumethat 3 � K � is a symmetricmatrix. There
existsa symmetricmatrix P 4 0 such that5 �

K � TPU # UTP
5 �

K �8#*3 � K �8#:9 � K � T 9 � K �<; 0 (21)

if, andonly if, thereexistssymmetricmatricesX andY, and
a scalarα 4 0 such thatX " α2Y B 1 and=>

UTXU 6D3 � K � 5 �
K � T # αUT 9 � K � T5 �

K �Q# αU Y 09 � K � 0 I

@A 4 0 (22)

The proof of this lemma is omitted for brevity. Using
Lemma3 the sameTable 1 provides the continuous-time
analogof theconditionsdiscussedin Theorem2. Thereader
is referredto thefull versionof this paper[7] for a detailed
treatmentof thecontinuous-timecase.

3 The convexifying algorithm

In this sectionwe describea new classof algorithm.While
mostalgorithmsin the literatureareaimedat the feasibil-
ity problem,this new algorithmenableusto pursuetheim-
provementof solutionsfor suboptimalcontroloptimization
problemsthatareavailable.

Definition 1 (Potential matrix functional) A first-order
differentiablematrix functionalG

�
x � ξ � definedfor all x and

ξ in a convex setΦ is calleda potentialfunctionalif

i) G
�
x � ξ �TS 0 for all x � ξ E Φ,



U
5 �

K � 3 � K � 9 � K �
i � I A

�
K � 0 0

ii � I A
�
K � 0 C

�
K �

iii � & I 0( & A � K � B
�
K � ( $

0 0
0 6 µI % &C � K � D

�
K � (

iv � & I 0( & A � K � B
�
K � ( $

0 6 C
�
K � T6 C

�
K �U6 D

�
K �76 D

�
K � T % 0

Table 1: Substitutiontable

ii) G
�
x � x�V" 0 for all x E Φ,

iii) ∇G
�
x � x�V" 0 for all x E Φ.

Notice that condition iii � just statesthat the differentiable
functionalG

�� � attainsits minimum at every point G
�
x � x� .

Weareespeciallyinterestedin potentialfunctionalswith the
following property.

Definition 2 (Convexifying potential matrix functional)
A first-order differentiable potential matrix functional
G
�
x � ξ � is said to be a convexifying potentialmatrix func-

tional if, givena first order differentiablenonconvex matrix
functional F

�
x� definedfor all x E Φ, F

�
x�W# G

�
x � ξ � is a

convex matrix functionalfor all x � ξ E Φ.

We will be looking for potentialsthat areableto “convex-
ify” a given functional,for instance,by addingto the Hes-
sian of the original functionalsomepositive amount. For
a givennonconvex functionalF

�� � , theremight exist many
candidatesfor convexifying potentials. Independentlyof a
particularchoiceandusingonly thepropertiesin thedefini-
tions,wearein positionto stateaverysimplealgorithmthat
convergesto asolutionthatsatisfiesthenecessaryoptimality
conditionsto thenonconvex optimizationproblem

min
x ! Ω

f
�
x��� Ω : "YX x E Φ : F

�
x�TZ 0 [ C (23)

Whereit is assumedthat f
�
x� is a scalarandfirst orderdif-

ferentiableconvex functionboundedfrom below onthecon-
vex setΩ, andthatF

�
x� is a nonconvex matrix functional.

Algorithm 1 Letε 4 0, x0 E Ω anda convexifyingpotential
matrix functionalG

�
x � ξ � begiven.Setk \ 0 anditerate:

1. Solvetheconvex optimizationproblem

xk ] 1 : " argmin
x
X f
�
x� : x E Ωk [��

Ωk : "^X x : F
�
x�8# G

�
x � xk �TZ 0 [ (24)

2. If
F
xk] 1 6 xk

F ; ε, stop.Otherwise, setk \ k # 1 and
go back to Step1.

Theconvex problem(24) is significantlysimplerthan(23),
and we assumethat its solution can be obtainedby some

available convex programmingtechnique. Furthermore,
thereis no needto performany sort of line search,which
simplifies implementationof Algorithm 1. The next the-
orem proves that the stationarysolution generatedby Al-
gorithm 1 satisfiesthe necessaryoptimality conditionsfor
problem(23). For a proof see[7].

Theorem4 Given a scalar and first order differentiable
convex function f

�
x� and a convexifying potential matrix

functional G
�
x � ξ � definedfor all x � ξ in the convex set Φ,

Algorithm 1 generatesa sequenceof feasiblepoints that
convergesto a solutionsatisfyingthe necessaryoptimality
conditionsfor problem(23).

Noticethatat anstationarysolutionxk ] 1 " xk andthevalue
of the convexifying potentialfunctionalG

�
xk ] 1 � xk � in (24)

reducesto zero,guaranteeingthe feasibility of the original
problem.

WhenF
�
x� is a concave matrix functional,andusingtools

that are similar to the onesin [8], it is possibleto show
thatthepreviousalgorithmindeedconvergesto a localmin-
imum.

Corollary 5 If the first order differentiable matrix func-
tional F

�
x� is concavefor all x in Φ, thenAlgorithm1 con-

vergesto a local optimumof problem(23).

3.1 Potential functionals for the structur ed linear con-
tr ol problem
For many control problems, feasible solutions might be
availableby usingsomesuboptimalmethod.Theobjective
of this sectionis to developpotentialfunctionalssothatAl-
gorithm1 might beusedto improvetheavailablesolutions.

Accordingto thediscussionin Section2, thesolutionof an
SLC problemcanbeobtainedif we areableto solve anop-
timizationproblemthat is entirelyconvex, but for thepres-
enceof anequalityconstraintin oneof theforms

X " α2Y B 1 � X " α B 1YY C (25)

Thesetwo constraintsaresimilarenoughsothatthey canbe
uniformly describedby anonconvex equalityof theform

X " ZV B 1Z C (26)



In fact,by replacing
�
Z � V � by�

Z � V � : " � αI � Y � or
�
Z � V � : " � Y � αI � (27)

thefirst andthesecondequalitiesin (25) arerecovered. In
this sectionwe describehow to developpotentialfunctions
sothatAlgorithm 1 canbeusedto solve problemswith the
nonconvex constraints(25). If we substitutetheseequal-
ity constraintsin the affine matrix inequalities,we obtain
anequivalentproblemwherethematrix inequalitiesareno
longeraffine. For instance,the relationsin (16) reduceto
thenonaffineinequality$

Y B 1 ) � K � T) � K � Y % 4 0 C (28)

Indeed,using (27) it canbe shown that all constraintsde-
finedin Section2 reduceto matrix inequalitiesof theform

F
�
K � Z � V � : " F̄

�
K � Z � V �76 ŪTZV B 1ZŪ ; 0 (29)

where F̄
�
K � Z � V � is an affine functional andŪ is a given

constantmatrix. Moreover, as F̄
�
Y� K � is affine and Ū is

constant,the functional F
�
K � Z � V � is concave. In expres-

sion(28), thesevaluesaredefinedas

F̄
�
K � I � Y � : "^6 $ 0 ) � K � T) � K � Y % � Ū : "_& I 0( C (30)

Oneconvexifying potentialfor (29) is givenby

G
�
K � Z � V � ξK � ξZ � ξV � : "

ŪT ` ξZξ B 1
V 6 ZV B 1 a V ` ξZξ B 1

V 6 ZV B 1 a T Ū C (31)

One can seethat the combinationof the above potential
with (31)providestheaffine functional

F
�
K � Z � V �8# G

�
K � Z � V � ξK � ξZ � ξV �b" F̄

�
K � Z � V �# ŪT ` ξZξ B 1

V Vξ B 1
V ξZ 6 ξZξ B 1

V Z 6 Zξ B 1
V ξZ

a Ū (32)

Thispotentialcanbeusedwith Algorithm1to try to solvean
SLCproblem.Furthermore,as(32) is affine,theconstraints
in problem(24) becomeLMI. Since(29) is a concave func-
tion, Corollary5 guaranteesthat theobtainedsolutionswill
belocaloptima.If a feasibleinitial solutionfor a linearcon-
trol problemis not available,it is alsopossibleto introduce
auxiliaryslackvariablesanduseAlgorithm 1 to find one.

4 Illustrati veexamples

In thefollowing examples,theproposedframework for lin-
earcontrol synthesisandAlgorithm 1 will be usedto im-
proveavailablesuboptimalsolutionsto adecentralizedcon-
trol problem[9] andamixedH2 c H∞ problem[5].

4.1 H2 decentralizedcontrol
Theplantgiven in [9] have beendiscretizedwith sampling
period h " 0 C 1 and zero order hold on the inputs. The

discrete-timesystemmatricesare

A dfeggh 0 i 8189 0 i 0863 0 i 0900 0 i 0813
0 i 2524 1 i 0033 0 i 0313 0 i 2004j 0 i 0545 0 i 0102 0 i 7901 j 0 i 2580j 0 i 1918 j 0 i 1034 0 i 1602 0 i 8604

k llmon
Bw dfeggh 0 i 0953 0 0

0 i 0145 0 0
0 i 0862 0 0j 0 i 0011 0 0

k llmon Bu dfeggh 0 i 0045 0 i 0044
0 i 1001 0 i 0100
0 i 0003 j 0 i 0136j 0 i 0051 0 i 0936

k llmon
Cz d eh 1 0 j 1 0

0 0 0 0
0 0 0 0

km n Dzu d eh 0 0
1 0
0 1

km n
Cy dqp 1 0 0 0

0 0 1 0r n Dyw dqp 0 1 0
0 0 1r i

Theproblemdiscussedhereis tostabilizetheplantandmin-
imize theH2 normof thetransferfunctionHwz

�
z� usingtwo

decentralizedandstrictly properdynamicoutput feedback
controllers.Thefirst controllerfeedbacksthefirst outputto
thefirst inputandthesecondfeedbacksthesecondoutputto
thesecondinput. As a guidelinefor thequality of theopti-
mizationwehavecalculatedtheoptimalcentralizedH2 con-
troller which providesthe lowerboundH2 costα st" 0 C 36.
Thealgorithm[9] hasbeenusedto providethefeasiblesub-
optimaldecentralizedcontrollers

K0
1
�
z�V"^6 2 C 23

z 6 0 C 68
z2 6 1 C 26z # 0 C 44

�
K0

2
�
z�V"^6 0 C 06

z 6 0 C 76�
z # 0 C 84� � z 6 0 C 78� C

Thevalueof
F
H0

wz
�
z� F 2 of thiscontrolleris 3 C 19.

Usingthatcontrollerasa startingpoint, we have run Algo-
rithm 1 with thepotentialfunctional(31) to solve the min-
imization of µ subjectto the constraints(17–18). The pre-
cision ε hasbeenset to 10B 3. After 16 iterationswe have
obtainedthedecentralizedcontrollers

K16
1
�
z�V"^6 0 C 068

z 6 0 C 37�
z 6 0 C 37� � z 6 0 C 90� �

K16
2
�
z�V"^6 0 C 044

z # 0 C 23�
z # 0 C 23� � z 6 0 C 86� �

with cost
F
H16

wz
�
z� F 2 " 0 C 40. Notice that this level of per-

formanceis only 11% worst than the optimal centralized
performanceandrepresentsanimprovementof about800%
with respectto the available suboptimalsolution. Fig-
ure 1(a) shows the costsobtainedby the algorithm versus
thenumberof iterations.

4.2 Mixed H2 c H∞ control
In this secondexamplewe will try to improve the subop-
timal solution to a mixed H2 c H∞ control problem. In this
problem,we look for a uniquecontrollerthatminimizesan
H2 performancecostwhile satisfyingsomeH∞ constraint.
Suboptimalsolutionsto this problem are available using
theLSP(Lyapunov ShapingParadigm)or theextendedap-
proachintroducedin [5]. In the first, a uniqueLyapunov
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matrix is usedto provide upperboundsto the H2 and H∞
constraints. In the second,additionalvariablesare intro-
ducedproviding extendedH2 andH∞ characterizationsthat
allow the presenceof oneLyapunov matrix per constraint.
Someof theseadditionalvariablesareconstrainedin a con-
servativewaysothatwecanobtainauniquecontroller. Our
objective in this exampleis to usetheSLC synthesisframe-
work andAlgorithm 1 to improvethesolutionsgivenby the
LSPandby [5]. So,let usintroducethefollowing discrete-
timeunstableplant

x
�
k # 1�|" $

2 0
1 1 c 2% x

�
k�8# $

1
0% u

�
k�8# $

0 0
1 0% w

�
k���

z1
�
k�}" $

0 1
0 0% x

�
k �Q# $

0
1% u

�
k ���

z2
�
k�}" $

1 1
0 0% x

�
k �Q# $

0
1% u

�
k ���

y
�
k�}" & 1 0( x � k�8# & 0 1( w � k� C

Theobjectiveis to designastrictly properandfull-orderdy-
namicoutputfeedbackcontrollerthatminimizes

F
Hwz1

�
z� F 2

while keeping
F
Hwz2

�
z� F ∞ below a certainlevel µ. By cal-

culating the optimal H2 and H∞ controllerswe obtain the
minimumachievablevaluesfor thesenorms

α2 : " min
F
Hwz1

�
z� F 2 " 7 C 87�

µ∞ : " min
F
Hwz2

�
z� F ∞ " 10C 94C

We have alsocalculatedµ2 : " F Hwz2

�
z� F ∞ " 19C 16 associ-

atedwith theoptimalH2 controllerandα∞ : " F Hwz1

�
z� F 2 "

10C 22associatedwith theoptimalH∞ controller.

Thenwe have solvedthesuboptimalproblemsgivenby the
LSPand[5] for valuesof µ rangingfrom µ∞ to 3 C 5µ∞. The
valuesof

F
Hwz1

�
z� F 2 and

F
Hwz2

�
z� F ∞ for thesecontrollers

areshown in Figure1(b)as,respectively, dottedanddashed
lines.For eachvalueof µ, usingthesolutionprovidedby [5]
asastartingpoint,we haverun Algorithm 1 with thepoten-
tial functional(31) to solve themixedproblem.Theresults
areshown in Figure1(a)asasolid line.

Figure 1(b) shows that the proposedalgorithmprovided a
controller that satisfiesthe optimality conditions for this

mixedproblem,thatis, thevalueof
F
Hwz2

�
z� F ∞ matchesthe

upperboundµ. In this example,thealgorithmwasnot sen-
sitive to a changein the startingpoint. The differencesin
performancebetweenthe controllersshown in Figure1(b)
andthecontrollersobtainedusingthesolutionsprovidedby
theLSPasa initial solutionwerebelow thespecifiedpreci-
sionε " 10B 3.
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