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Abstract

This paperaddresseshe designof linear controllerswith
specialstructureimposedon the gain matrix. This problem
is calleda SLC (StructuredLinear Control) problem. The
SLC problemincludesfixed orderoutputfeedbackcontrol,
decentralizedcontrol, joint plant and control design,and
mary other linear control problems. A theoreticalframe-
work thatallows oneto pursuethesolutionof SLC problems
is provided. Although the obtainedconditionsare noncon-
vex, it is shovn thatsolvinga SLC probleminvolving stan-
dardcontrolobjectvessuchasstability, boundsontheH; or
H. norms,andrealpositivenesss not harderthansolvinga
standardunstructuredtaticoutputfeedbackproblem.

A corvexifying algorithm that might be usedto solve the
SLC problemis alsodeveloped. At eachiterationa certain
functionis addedto the constraintsn orderto make them
convex. At convergencethe artificially introducedcorvex-
ifying functionsreduceto zero,guaranteeinghe feasibility

of theoriginal problem.Local optimality canbeguaranteed.

Someexamplesillustrate how the SLC frameawork andthe
convexifying algorithmcanimprove the solutionsof control
problemwith suboptimakolutionsavailable.

1 Intr oduction

Control problemsare typically formulatedas optimization
problems.A few of themcanbe statedascorvex optimiza-
tion problems,in which casepowerful algorithmscan be
usedto find solutions.Recently a classof cornvex optimiza-
tion problemsknown assemidefinitgprogramshasreceved
alot of attention,becomingan invaluabletool for the for-
mulation of control problems. Part of this framework is
known by the namelinear matrixinequalities(LMI), which
hasbeenextensiely usedto provide suitableformulation
for severalsystemandcontrolproblemg1]. Thesolutionto
theseproblemscan be calculatedwith the help of efficient
interior-point polynomialalgorithms with mary implemen-
tationsavailable.
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In the LMI framawork, a linear control synthesisproblem

is usually solved with the help of auxiliary parametriza-
tions[1]. Thatis, thecontrollerparametersrenotavailable

for optimization,beingobtainedvia somenonlinearone-to-
one transformationof the optimizationvariables. Calling

H(s) thetransferfunctionfrom agiveninputto agivenout-

put, onecan,roughly speaking solve several linear control

problemin theform

rr|1<inf(H(s)), 1)

wheref (-) is someappropriatelydefinedcostfunction. No-
tice that the controllergain K in problem(1) is an uncon-
strainedvariable. The structureof the controlleris imposed
by the propertiesf theproblemsolution. As aconsequence
of this fact, fundamentalproblemssuch as the designof
controllerswith arbitraryorder[2] or with particularstruc-
tures,suchasdecentralizatiofi3], remainunsohed. In other
words,linearcontrol problemsof theform

min f(H(s), )
wherethe controllerK is subjectto constraintsare hardto
handle. Even corvexity of W provideslittle or no helpin
solving problem(2).

In this paper we referto the noncorvex problem(2), where
thesetW is acorvex set,asan SLC (Structured_inearCon-
trol) problem. The SLC framework is ableto dealwith all
sortsof corvex controllerconstraintsincluding fixed order
outputfeedbackcontrol design[2], decentralizatiorj3] or
norm boundson the controllergains. It is alsoappropriate
for thesimultaneouslesignof plantandcontroller[4] where
somematricesof theplantdependffinely onasetof param-
eters.Multiobjective linearcontrolproblemg5] whereser-
eral specificationamust be feasibleor minimized canalso
be treatedasan SLC problem(mathematicallya multiob-
jective linear control problemcan be formulatedwith the
help of multiple plantsand multiple controllers,by impos-
ing a corvex constrainton all controllersthatforcethemto
coincide). The SOF(Static OutputFeedbackproblem[2],
which hasbeenstudiedby mary authorsjs alsoanSLC.

The first purposeof this paperis to describea framework
to dealwith the SLC problem. We shaw that for standard
control objectvessuchas stabilization,H, andH. perfor
mance andpositive realnessSLC problemscanbe formu-
latedasoptimizationproblemsnvolving LMI with anaddi-
tionalnoncorvex equalityconstraint While we donotclaim



acompletesolutionto the SLC problem,we shav thatsolv-
ing an SLC problemis not harderthansolvinga SOF prob-
lem. Moreover, thenoncorvex constrainthatappearsn the
SLC problemis of the samenatureasthe onethatappears
in the SOFproblem,which meanghatalmostall algorithms
availablefor the SOF problem[6] canbe modifiedto work
with SLC problemformulationgivenin this paperwith little
or no effort.

Thesecondbjectiveis to developa convexifying algorithm
thatmight be ableto solve the SLC problem.We introduce
theconcepbf acorvexifying potentialfunctional Thesepo-
tentialsareaddedto noncorvex constraintsn orderto ren-
der a noncormvex optimizationproblemcorvex. The algo-
rithm works by iteratingon a sequencef corvex problems
andthedriving forcethatensuresonvergenceo this mech-
anismis the ability to zerothe potentialat eachiteration.
Cornvergenceo alocal optimumto the SLC problemcanbe
guaranteed.Examplesillustrate how available suboptimal
solutionsto controlproblemscanbesignificantlyimproved.

2 A framework for the designof SLC

Letalinearsystembedescribedy thestatespacesquations

X = Ax+ Byw+ Byu, 3)
Z= CZX + Dzw\N+ Dzuu, (4)
y = CyX+ Dywi (5)

where & representsthe time-dervative operator for

continuous-timesystemsor the unitary time-shift operator
for discrete-timesystems.We assumehat the statevector
hasdimensionn andthat all matriceshave beenappropri-
ately defined. In this model,u representshe controlinput

vector w is a vector of exogenousperturbationsy is the
measureautputandzis the controlledoutput. Consideithe
following controllerstructure

U= CcXc+ Dyy, (7)

wherethe controller statehasdimensionn;. Defining the
controllermatricesin thecompactform

K= [gz i] )

and the augmentedstate vector as £ := [X* xI]', one

canshawv [1] that the closedloop connectionof the con-
troller (6—7) with (3-5) providesthelinearsystem

oX = A(K)X+ B(K)w, 9)
z= C(K)X+ D(K)w, (10)
where

A(K) := A+BKB,
C(K) := C+HKM,

B(K):=D+BKE,  (11)
D(K) :=F+HKE, (12)

areall affinemappingsonthevariableK andmatricesA, B,
C, D, E, F, andH areconstanimatricesthatdependon the
open-loopdynamics(3-5).

Whenn; = 0 andK is unconstrainedthe above problem
reducesto the standardSOF problem. Two particularun-

constrainecconfigurationsare of importance:a) full-order

dynamicoutputfeedba&: whenthe orderof the controller
is equalto theorderof theplant(nc. = n); andb) staticstate
feedbak: whenn; = 0 andthe systemoutputis afull rank
lineartransformatiorof the statevector For these stabiliza-
tion, somenorm minimizationandrobust control problems
have beensolvedusingLMI [1].

In the SLC context oneis ableto pursuethe designof com-
plex controlproblemsby appropriatelyconstraininghecon-
troller matrix K. For instance decentralizedontrollersof
arbitraryorderfor the augmenteaystem(9-10) canbe ob-
tainedif K is constrainedo thefollowing structure

 [diaglD] diaglC,
K= dligg[[sc]] d;gg{Aj (13)

wherediag[] indicatesthat (-) hasa block-diagonalstruc-
ture. A lessobvious SLC problemappearsn the simultane-
ousplant/controldesignproblem[4]. Assumingthat matri-
cesA(p), Bw(p), Cz(p) andD,w(p) dependaffinely onsome
plant parameters, the augmentectontroller K := (K,p)

still providesaffine mappingsa(K), B(K), C(K) andD(K)

to be usedin system(9-10). Evenif the augmentedton-
troller K is unstructured the joint problemis structured
sinceK is nota singleunstructuredlock matrix.

2.1 Discrete-timesystems

A realandsquarematrix is saidto be Schurif all its eigen-
valueslie inside the unitary circle. The following lemma
providesthe basicalgebraicool.

Lemmal Assumehat Q(K) is a symmetrianatrix. Thee
existsa symmetrianatrix P > 0 such that
S(K)TPS(K)—UTPU + Q(K) + R(K) TR (K) <0 (14)

if, andonly if, there existssymmetrianatricesX andY sud
that

UTXU - Q(K) S(K)T R(K)T
S(K) Y 0 | >0 X=Y1
R (K) 0 |

(15)

Proof: Using Schurcomplementjnequalities(14) canbe
putin the equivalentform

UTPU - Q(K) S(K)T R(K)T
S(K) p-1 0 |>0
R (K) 0 |

from where(15) comeswith X :=Y~1:=P. m



Startingfrom inequality (14), which hasa productbetween
themapping$(K) andtheinstrumentalariableP, theabove

lemmashaownshow to build amatrixinequalitywith largerdi-

mension(15) wherethis productis nolongerpresentMore-

over, if S(K), R(K) and Q(K) areaffine on K, sois the
transformednequality(15).

Theorem 2 Thefollowing statementare true:

i) Matrix 4(K) is Scurif, andonlyif, thereexistK € W,
andsymmetrianatricesX andY sud that

X aK)T _y-1

[E(K) Y ] >0, X=Y"" (16)

i) Matrix A(K) is Sdr and
IC(K)[2 —A(K)] " B(K)||3 < p if, and only if,
there exist K € W, and symmetricmatricesX andY

sud that
X ak’" oK)
akK) Y 0 ]>o, X=Y"1 (17)
C(K) 0 |
T
[QE\?I/() Q;(YK ) ] >0, tracgW]<p (18)

i) Matrix A(K) is Schur and
IC(K) [2 = A(K)] T B(K) + D)1 < p if, and
only if, there exist K € W, and symmetricmatricesX
andY sud that

X 0 Ak’ cK)T

0 W BK)T DEK)T o

a4(K) BK) Y o | >0 X=Y 1 @19
C(K) DK) 0 |

iv) Matrix A(K) is Scwur and the transfer function
C(K)[2 —A(K)] "t B(K) + D(K) is ESPRExtended
Strictly PositiveReal)if, andonlyif, thereexistK € W,
andsymmetrianatricesX andY sud that

X c(K)" a(K)T
C(K) DK)+DK)T B(K)T|>0 X=Y"1 (20
A(K) B(K) Y

Proof: The proof of this theoremfollows from Lemmal
by replacingU andthe functionals$(K), Q(K) and % (K)
accordingto Table1. Thesecondnequalityin (17) andthe
firstinequalityin (18) comefrom

> trace[B(K)Y1B(K)] > || C(K) [2 — A(K)] "t B(K)|[3

by a Schurcomplemenargument. ]

Thistheoremshawsthatit is possibleto rewrite four largely
usedcontrolobjectivesin aform thatpreseretheaffine de-
pendencen the controllermatrices. As the controllerma-
tricesareavailablefor optimization theseconstraintsanbe
usedto provide solutionsto the SLC problem.

Thecharacterizationgivenin Theorem?2 arenecessarand

sufficient. Howevertheprice paidfor thatis theintroduction

of thenoncomwex constraintX = Y~1. It canbeshavn by a

Schurcomplemenargumentthatthis noncorvex constraint
canbeequvalentlycastasarankconstraininvolving X and

Y. In ary case the noncorvexity is restrictedto theinstru-

mentalvariablesX andY anddoesnot directly involve the

controllerparameteK. Thiskind of constraintalsoappears
in severalformulationsof the SOFproblem[2]. Theconclu-

sionis that solvingthe SLC problemfor the control objec-

tivesstatedin Theorem?2 is not more difficult thansolving

anunconstraine@®OFproblem.

2.2 Continuous-time systems

While for discrete-timesystemsthe quadratic character
istic of Lyapunw basedinequalitiesseemsto provide in
Lemmal and Theorem2 an almost“natural” guidanceto
the developmentof the new conditions. A slightly more
involved manipulationis requiredfor continuous-timesys-
tems. Indeed,morethanonestratgy could be usedto pre-
sene the affine dependencen the controller parameters.
The one describedbelow tries to mimic the behaior of
Lemmal.

Lemma 3 Assumehat Q (K) is a symmetrianatrix. Thele
existsa symmetrianatrix P > 0 such that

S(K)TPU +UTPS(K) + Q(K) + R(K)TR(K) <0 (21)

if, andonly if, there existssymmetrianatricesX andY, and
ascalara > 0 sudthatX = a?Y~! and

UTXU - Q(K) S(K)T+aUT R (K)T
S(K)+au Y 0
R (K) 0 |

>0 (22)

The proof of this lemmais omitted for brevity. Using

Lemma 3 the sameTable 1 provides the continuous-time
analogof theconditionsdiscussedh Theorem?2. Thereader
is referredto thefull versionof this paper{7] for a detailed
treatmenbf the continuous-timease.

3 The convexifying algorithm

In this sectionwe describea new classof algorithm. While
mostalgorithmsin the literatureare aimedat the feasibil-
ity problem,this new algorithmenableusto pursuetheim-
provementof solutionsfor suboptimalcontrol optimization
problemsthatareavailable.

Definition 1 (Potential matrix functional) A first-oder
differentiablematrix functionalG(x, §) definedfor all x and
¢ in a corvex set® is calleda potentialfunctionalif

i) G(x,§) >0forall x,& € O,



¥ 5K Q(K) R (K)

|) | A(K) 0 ;

i) I A(K) 0 <)

i) [1 0] [AK) B(K)] [8 —C:ll et el
- T

W 19 A0 0] [ S0 opbir]

Table 1: Substitutiontable

i) G(x,x) =0forall xe &,
i) 0OG(x,x) =0forall xe ®.

Notice that conditioniii) just statesthat the differentiable
functional G(+) attainsits minimum at every point G(x, X).

We areespeciallyinterestedn potentialfunctionalswith the
following property

Definition 2 (Convexifying potential matrix functional)
A first-order differentiable potential matrix functional
G(x,§) is saidto be a corvexifying potentialmatrix func-
tional if, givena first order differentiablenoncowvex matrix
functional F(x) definedfor all x € @, F(x) + G(x,§) is a
convex matrix functionalfor all x,§ € ®.

We will belooking for potentialsthatare ableto “convex-
ify” agivenfunctional,for instance by addingto the Hes-
sian of the original functional somepositve amount. For
a given noncorvex functional F (-), theremight exist mary
candidatesor corvexifying potentials. Independentlyof a
particularchoiceandusingonly the propertiesn the defini-
tions,we arein positionto statea very simplealgorithmthat
convergesto asolutionthatsatisfieghenecessargptimality
conditionsto the noncorvex optimizationproblem

migr;f(x), Q:={xed: F(x)<0}. (23)
Xe
Whereit is assumedhat f (x) is a scalarandfirst orderdif-

ferentiablecornvex functionboundedrom below onthecon-
vex setQ, andthatF (x) is anoncowvex matrix functional.

Algorithm 1 Lete > 0, X € Q anda corvexifying potential
matrix functionalG(x, &) begiven.Setk + 0 anditerate:

1. Solvethecorvex optimizationproblem
X1 ;= amgmin{ f(x) : x € Qx},
X (24)
Qu:= {x : F(X)+G(%x() < 0}

2. If [[Xe+1 — X4/ | < €, stop.Otherwisesetk + k+ 1 and
gobadto Stepl.

The corvex problem(24) is significantlysimplerthan(23),
and we assumethat its solution can be obtainedby some

available corvex programmingtechnique. Furthermore,
thereis no needto performary sort of line search,which
simplifies implementationof Algorithm 1. The next the-
orem proves that the stationarysolution generatedy Al-
gorithm 1 satisfiesthe necessarpptimality conditionsfor
problem(23). For aproof see[7].

Theorem4 Given a scalar and first order differentiable
corvex function f(x) and a corvexifying potential matrix
functional G(x,§) definedfor all x,& in the corvex set ®,
Algorithm 1 genemtesa sequenceof feasible points that
convergesto a solution satisfyingthe necessarnpptimality
conditionsfor problem(23).

Noticethatat anstationarysolutionxy 1 = xx andthevalue
of the corvexifying potentialfunctional G(xi+1,%) in (24)
reducego zero,guaranteeinghe feasibility of the original
problem.

WhenF (x) is a concare matrix functional,andusingtools
that are similar to the onesin [8], it is possibleto show
thatthe previousalgorithmindeedcorvergesto alocal min-
imum.

Corollary 5 If the first order differentiable matrix func-
tional F (x) is concavefor all x in @, thenAlgorithm1 con-
vergesto a local optimumof problem(23).

3.1 Potential functionals for the structur ed linear con-
trol problem

For mary control problems, feasible solutions might be
availableby usingsomesuboptimalmethod. The objective
of this sectionis to developpotentialfunctionalssothat Al-
gorithm 1 might be usedto improve the availablesolutions.

Accordingto thediscussiorin Section2, the solutionof an
SLC problemcanbe obtainedf we areableto solve anop-
timization problemthatis entirely corvex, but for the pres-
enceof anequalityconstraintn oneof theforms

X =a%Y71, X =a~tyy. (25)
Thesetwo constraintsaresimilar enoughsothatthey canbe
uniformly describedy a noncotvex equalityof theform

X=2zv~lz. (26)



In fact,by replacing(Z,V) by

(Z,V) :=(al,Y) or (Z,V):=(Y,al) (27)
thefirst andthe secondequalitiesin (25) arerecovered. In
this sectionwe describehow to develop potentialfunctions
sothat Algorithm 1 canbe usedto solve problemswith the
noncorvex constraints(25). If we substitutetheseequal-
ity constraintsin the affine matrix inequalities,we obtain
an equialentproblemwherethe matrix inequalitiesareno
longer affine. For instance the relationsin (16) reduceto
thenonafineinequality

Y-t aK)T

[ a(K) Y > 0. (28)
Indeed,using (27) it canbe showvn that all constraintsde-
finedin Section2 reduceto matrix inequalitiesof the form

F(K,ZV):=F(K,ZV)-UTzv-1zZU<0  (29)

whereF (K,Z,V) is an affine functionalandU is a given
constantmatrix. Moreover, as F(Y,K) is affine andU is
constant,the functional F(K,Z,V) is concae. In expres-

sion(28), thesevaluesaredefinedas

FK, 1Y) = — [ﬂo A’

o S ] G=[ 0. (30)

Onecorvexifying potentialfor (29) is givenby

G(K,Z,V,&k,&z,8v) =

_ 31
UT (£287 -2V )V (828 —zv )T U, (1)

One can seethat the combinationof the above potential
with (31) providestheaffine functional

F(K,Z,V)+G(K,Z\V,&,&z,&v) = F(K,Z,V)
+UT (828y1VE e — 828,12 — 28, %E7) u

Thispotentialcanbeusedwith Algorithm 1 totry to solvean
SLC problem.Furthermoreas(32) is affine, the constraints
in problem(24) becomd_MI. Since(29)is aconcae func-
tion, Corollary 5 guaranteethatthe obtainedsolutionswill
belocal optima.If afeasibleinitial solutionfor alinearcon-
trol problemis notavailable, it is alsopossibleto introduce
auxiliary slackvariablesanduseAlgorithm 1 to find one.

(32

4 lllustrati ve examples

In thefollowing examplesthe proposedrameawork for lin-
ear control synthesisand Algorithm 1 will be usedto im-
prove availablesuboptimalkolutionsto a decentralize@don-
trol problem[9] anda mixedH/H.. problem[5].

4.1 H, decentralizedcontrol
The plantgivenin [9] have beendiscretizedwith sampling
period h = 0.1 and zero order hold on the inputs. The

discrete-timesystemmatricesare

0.8189 0.0863 0.0900 0.0813
A 0.2524 1.0033 0.0313 0.2004
~ |-0.0545 0.0102 0.7901 -0.2580| "’
—0.1918 —-0.1034 0.1602 0.8604
[ 00953 0 O [ 0.0045 0.0044
B,_ | 00145 0 0 g _ | 0.1001  0.0100
~ |1 0082 0 0]’ Y~ | 0.0003 -0.0136|°
|—0.0011 0 O |—0.0051 0.0936
[1 0 -1 0O [0 O
CZ: O O O O 5 Dzu: 1 O 5
00 0 0 0 1
[1 0 0 O 0 1 0O
“=lo 0 1 o}’ Prw=1o 0 1}'

Theproblemdiscussedhereis to stabilizethe plantandmin-

imize theH, normof thetransferfunctionHy(z) usingtwo

decentralizedand strictly properdynamicoutputfeedback
controllers. Thefirst controllerfeedbackghefirst outputto

thefirstinputandthe secondeedbackshe secondutputto

the secondnput. As a guidelinefor the quality of the opti-

mizationwe have calculatedhe optimalcentralizecdH, con-

troller which providesthe lowerboundH; costa* = 0.36.

Thealgorithm[9] hasbeenusedto provide thefeasiblesub-
optimaldecentralizedontrollers

72— 0.68

KOz = —2.23, 2 ~2°

1(2) 212621044
K(2) = —0.06— 201

(z+0.84)(z—0.78)
Thevalueof ||HS,(2)||2 of this controlleris 3.19.

Usingthatcontrollerasa startingpoint, we have run Algo-
rithm 1 with the potentialfunctional (31) to solve the min-
imization of p subjectto the constraint§17-18). The pre-
cision € hasbeensetto 103, After 16 iterationswe have
obtainedthedecentralizeaontrollers

z—0.37
(z—0.37)(z—0.90)°

z+0.23
(z+0.23)(z—0.86)’

K18(z) = —0.068

K35(z) = —0.044

with cost ||H8(2)||. = 0.40. Notice that this level of per

formanceis only 11% worst than the optimal centralized
performanceandrepresentanimprovementof about800%
with respectto the available suboptimal solution. Fig-

ure 1(a) shavs the costsobtainedby the algorithm versus
thenumberof iterations.

4.2 Mixed Hz/H., control

In this secondexamplewe will try to improve the subop-
timal solutionto a mixed Hz/H« control problem. In this
problem,we look for a uniquecontrollerthat minimizesan
H, performancecostwhile satisfyingsomeH. constraint.
Suboptimalsolutionsto this problem are available using
the LSP (Lyapunw ShapingParadigm)or the extendedap-
proachintroducedin [5]. In the first, a unique Lyapunw



IHwz(2)|I2,

iterations ~

(a) Decentralizedcontrol: H perfor
mancex iterations

matrix is usedto provide upperboundgo the H, and He

constraints. In the second,additional variablesare intro-

ducedproviding extendedH; andH. characterizationthat
allow the presencef one Lyapuna matrix per constraint.
Someof theseadditionalvariablesareconstrainedn a con-
senative way sothatwe canobtaina uniquecontroller Our
objectivein this exampleis to usethe SLC synthesigrame-
work andAlgorithm 1 to improve the solutionsgivenby the
LSPandby [5]. So,let usintroducethefollowing discrete-
time unstableplant

K+ 1) = |2 1?2] x(k)+-é] u(k)+[2 8] w(k),
a00=g g0+ [3] uto,
2= |5 of 0+ 1] u.
y(k)=[1 O]x(k)+[0 1]w(k).

Theobjectiveis to designastrictly properandfull-order dy-
namicoutputfeedbaclcontrollerthatminimizes||Hw, (2)||2
while keeping||Hwz (2)|| below a certainlevel p. By cal-
culating the optimal H, and H., controllerswe obtain the
minimum achievablevaluesfor thesenorms

az = min||Hwz (2|2 = 7.87,
Heo 1= MiN||Hwz(2)||c = 10.94.

We have alsocalculatedyy := ||Hwz(2)|| = 19.16 associ-
atedwith theoptimalH; controllerandd, := ||Hwz (2)||2 =
10.22 associateavith the optimalH., controller

Thenwe have solvedthe suboptimalproblemsgiven by the
LSPand[5] for valuesof p rangingfrom p, to 3.5k,. The
valuesof ||Hwz (2)||]2 and ||Hwz(2)||. for thesecontrollers
areshown in Figure1(b) as,respectiely, dottedanddashed
lines. For eachvalueof p, usingthesolutionprovidedby [5]
asastartingpoint, we have run Algorithm 1 with the poten-
tial functional(31) to solve the mixed problem. Theresults
areshown in Figurel(a)asasolidline.

Figure 1(b) shaws that the proposedalgorithm provided a
controller that satisfiesthe optimality conditionsfor this

i

Ow = 12
18] g
&
~
N
g
=
T
=
| a, | e
in R ﬂ E o s %

(b) Multiobjective problem:H, andH., performances

mixedproblem thatis, thevalueof |Hwz(2) || matcheghe
upperboundu. In this example,the algorithmwasnot sen-
sitive to a changein the startingpoint. The differencesn
performancebetweenthe controllersshovn in Figure 1(b)
andthe controllersobtainedusingthe solutionsprovided by
theLSPasainitial solutionwerebelow the specifiedpreci-
siong = 1073,
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