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Abstract

This paper considers the robust stability and ro-

bust performance of uncertain delay systems sub-

ject to possibly structured uncertainties using

structured singular values with phase information.

Computationally e�cient su�cient conditions for

robust stability and performance problem are de-

rived.
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1 Introduction

It is well-known that many robust stability and per-

formance problems in control lead to computing the

structured singular values of some closed-loop sys-

tem transfer matrices [4, 5, 17, 20, 21]. The stan-

dard de�nition of structured singular value assumes

that the uncertainties are only norm bounded.

However, in many applications, the uncertainties

involved are constrained, for example, the uncer-

tain parameters are nonnegative or have restricted

phase angles. The structured singular value with

phase information has been considered in a recent

paper [19] where the block structured uncertain-

ties are considered and a computable upper bound
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is derived. In this paper, we generalize the re-

sults in [19] to include repeated scalar blocks. We

then apply these generalized results to the stabil-

ity and performance problem of uncertain delay

systems [10, 11]. The stability of uncertain de-

lay systems has received much attention recently

and many su�cient conditions have been derived,

see e.g., [7, 12, 13, 14, 15, 18]. See also [16] for a

survey and an extended list of references. Unfortu-

nately, most of the existing conditions in the liter-

ature are extremely conservative (see [8] for some

detailed analysis). Notable exceptions are the re-

sults in [3], where a complete solution is given for

delay-independent stability using structured singu-

lar value characterization, and the results in [2],

where a computable necessary and su�cient con-

dition is given for the stability of uncertain delay

systems. Complete solution has not been reported

for testing the robust stability and performance of

uncertain delay systems that are not stable inde-

pendent of delay with structured uncertainties. Al-

though the condition given in [18] is necessary and

su�cient, it is not practically computable. In this

paper, su�cient conditions are given for robust sta-

bility and performance of uncertainty delay systems

with structured uncertainties. These conditions are

derived using the structured singular value with

phase information which are obviously less conser-

vative than the standard structured singular value

test. Numerical examples show that these condi-

tions can be very e�ective. Due to space limitation

some detailed development can be found in [9].
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2 Robust Stability and Performance of

Uncertain Delay Systems

The structured singular value with phase informa-

tion has been considered in [19] for matrices with

block structured uncertainties. However, in many

applications, such as the robust stability problem of

uncertain delay systems considered here, the uncer-

tain parameters appear as repeated scalar blocks.

In order to deal with such problems, we need to

generalize the results in [19] to include the repeated

scalar blocks.

Let r = k1 + � � � + k`+m+n + n1 + � � � + np and

`; m; n; p � 0. De�ne

� :=
�
diag(
1Ik1 ; : : : ; 
`Ik` ; 
`+1Ik`+1 ; : : : ; 
`+mIk`+m ;

�`+m+1Ik`+m+1 ; : : : ; �`+m+nIk`+m+n ;�1; : : : ;

�p) : �i 2 R; 
i 2 C;�i 2 C
ni�ni

	
;

��`
:= f� 2 � : j6 
ij � �i; i = 1; : : : ; `:g ;

where �` = (�1; : : : ; �`) with �i 2 [0; �=2] for i =

1; : : : ; `.

The structured singular value of a matrix M 2

Cr�r with respect to a block structure ��`
is de-

�ned to be ���` (M) = 0 if there is no � 2 ��`

such that det(I � �M) = 0, and

���` (M) =

�
min
�2��`

f��(�) : det(I � �M) = 0g

��1

otherwise. A computable upper bound will be pre-

sented in the next section.

We shall now see how the structured singular value

can be used for robust stability and performance

analysis of uncertain time delay systems with pos-

sibly structured uncertainties.

Without loss of generality, we can assume that the

uncertain delay system can be put in the standard

linear fractional transformation form as shown in

Figure 2. Assume that the system matrix P (s)

is a rational stable transfer matrix with suitable

dimensions, and is denoted by

P (s) =

�
A B

C D

�
:= C(sI �A)�1B +D

D(s)

�

P (s)

-

�

Figure 1: LFT Form of an Uncertain Delay System

We assume that

D(s) = diag
�
e��1sIk1 ; : : : ; e

��`sIk`
	

includes all uncertain delays such that �i 2 [0; hi],

i = 1; : : : ; ` and

h1 < h2 < : : : < h`;

and � is a block structured uncertainty includes

all real, complex scalar and full block uncertain-

ties and those blocks associated with robust perfor-

mance criteria. With an appropriate arrangement,

uncertainty diag fD(s);�g can be written as

diag fD(s);�g :=
�
diag(e��1sIk1 ; : : : ; e

��`sIk` ;


`+1Ik`+1 ; : : : ; 
`+mIk`+m ; �`+m+1Ik`+m+1 ; : : : ;

�`+m+nIk`+m+n ;�1; : : : ;�p) : �i 2 [0; hi] ;


i 2 C; �i 2 R;�i 2 C
ni�ni

	
;

where `; m; n; p � 0, and the corresponding

uncertainty blocks is

� :=
�
diag(e��1sIk1 ; : : : ; e

��`sIk` ; 
`+1Ik`+1 ; : : : ;


`+mIk`+m ; �`+m+1Ik`+m+1 ; : : : ; �`+m+nIk`+m+n ;

�1; : : : ;�p) : �i 2 [0; hi] 2 R; i = 1; : : : ; `;


j 2 C; j = `+1; : : : ; `+m; �i 2 R; �i 2 C
ni�ni

	
:

Note that

6 e�j�i! = ��i! 2 [�hi!; 0]:

Then, �(j!) 2 ��`
with

��`
:=

�
diag(
1Ik1 ; : : : ; 
`Ik` ; 
`+1Ik`+1 ; : : : ;


`+mIk`+m ; �`+m+1Ik`+m+1 ; : : : ; �`+m+nIk`+m+n ;

�1; : : : ;�p) : 
i 2 C; i = 1; : : : ; `+m;

j6 
j j � hj!; j = 1; : : : ; `; �i 2 R;�i 2 C
ni�ni

	
;

if h`! � �=2 (since h1! < h2! < : : : < h`!).
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Theorem 1 Suppose A is stable. Then the uncer-

tain delay system in Figure 2 is robustly stable if

the following conditions hold

(a) �P (!) = ���` (P (j!)) < 1 for 0 � ! �

�=2h` with �i = hi!; i = 1; : : : ; `;

(b) For each q = 1; : : : ; ` � 1, we have �P (!) =

���q (P (j!)) < 1 for �=2hq+1 < ! � �=2hq,

with �j = hj!; j = 1; : : : ; q and

��q =
�
diag(
1Ik1 ; : : : ; 
qIkq ; : : : ; 
`Ik` ; : : : ;


`+mIk`+m ; �`+m+1Ik`+m+1 ; : : : ; �`+m+nIk`+m+n ;

�1; : : : ;�p) : 
i 2 C; j 6 
j j � �j ; j = 1; : : : ; q;

�i 2 R; �i 2 C
ni�ni

	
;

(c) �P (!) = �� (M(j!)) < 1 for ! > �=2h1 with

� =
�
diag(
1Ik1 ; : : : ; 
`+mIk`+m ; �`+m+1Ik`+m+1 ;

: : : ; �`+m+nIk`+m+n ;�1; : : : ;�p) :


i 2 C; i = 1; : : : ; `+m; �i 2 R; �i 2 C
ni�ni

	
:

It is noted that �P (!) is computed with �hi! �
6 
i � hi! but in fact 6 
i = 6 e�j�i! 2 [�hi!; 0].

Hence, the stability condition given in the above

theorem may be conservative. To reduce the con-

servativeness, let us de�ne

M(s) = P (s)diag(e�h1s=2Ik1 ; e
�h2s=2Ik2 ; : : : ;

e�h`s=2Ik` ; I; : : : ; I)

and the corresponding uncertainty blocks as

� :=
�
diag(e��1sIk1 ; : : : ; e

��`sIk` ; 
`+1Ik`+1 ; : : : ;


`+mIk`+m ; �`+m+1Ik`+m+1 ; : : : ; �`+m+nIk`+m+n ;

�1; : : : ;�p) : �i 2 [�hi=2; hi=2] 2 R; i = 1; : : : ; `;


j 2 C; j = `+1; : : : ; `+m; �i 2 R; �i 2 C
ni�ni

	
:

Then

6 e�j�i! = ��i! 2 [�hi!=2; hi!=2];

and �(j!) 2 ��`
with

��`
:=

�
diag(
1Ik1 ; : : : ; 
`Ik` ; 
`+1Ik`+1 ; : : : ;


`+mIk`+m ; �`+m+1Ik`+m+1 ; : : : ; �`+m+nIk`+m+n ;

�1; : : : ;�p) : 
i 2 C; i = 1; : : : ; `+m;

j6 
j j � hj!=2; j = 1; : : : ; `; �i 2 R; �i 2 C
ni�ni

	
;

if h`! � � (since h1! < h2! < : : : < h`!).

Theorem 2 Suppose A is stable. Then the uncer-

tain delay system in Figure 2 is robustly stable if

the following conditions hold

(a) �M (!) = ���` (M(j!)) < 1 for 0 � ! �

�=h` with �i = hi!=2; i = 1; : : : ; `;

(b) For each q = 1; : : : ; ` � 1, we have �M (!) =

���q (M(j!)) < 1 for �=hq+1 < ! � �=hq,

with �j = hj!=2; j = 1; : : : ; q and

��q =
�
diag(
1Ik1 ; : : : ; 
qIkq ; : : : ; 
`Ik` ; : : : ;


`+mIk`+m ; �`+m+1Ik`+m+1 ; : : : ; �`+m+nIk`+m+n ;

�1; : : : ;�p) : 
i 2 C; j6 
j j � �j ; j = 1; : : : ; q;

�i 2 R; �i 2 C
ni�ni

	
;

(c) �M (!) = �� (M(j!)) < 1 for ! > �=h1 with

� =
�
diag(
1Ik1 ; : : : ; 
`+mIk`+m ; �`+m+1Ik`+m+1 ;

: : : ; �`+m+nIk`+m+n ;�1; : : : ;�p) :


i 2 C; i = 1; : : : ; `+m; �i 2 R; �i 2 C
ni�ni

	
:

Let �(!) = min
�
�P (!); �M (!)

	
, we have the fol-

lowing �nal result.

Theorem 3 Suppose A is stable. Then the uncer-

tain delay system in Figure 2 is robustly stable if

�(!) = min
�
�P (!); �M (!)

	
< 1; 8!:

3 Computational Consideration and

Examples

It is clear from the last section that the key to the

robust stability test of an uncertain delay system is

to compute ���` (M(j!)), which is a very di�cult

problem in general. We now show a way to compute

an upper bound of this value.
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De�ne

T := fT : T = diag(T1; : : : ; T`; : : : ; T`+m; : : : ;

T`+m+n; d1In1 ; : : : ; dp�1Inp�1 ; Inp);

0 < T �i = Ti 2 C
ki�ki ; di 2 R; di > 0

	
;

S` := fS : S = diag(S1; : : : ; S`; 0; : : : ; 0);

0 � S�i = Si 2 C
ki�ki

	
;

B�`
:= fB : B = diag(�1Ik1 ; : : : ; �`Ik` ; 0; : : : ; 0) :

�i 2 [� cot �i; cot �i] g ;

Gn := fG : G = diag(0; : : : ; 0; G`+m+1; : : : ;

G`+m+n; 0; : : : ; 0); G�i = Gi 2 C
ki�ki

	
:

We have the following result, which is a straight-

forward generalization of the corresponding result

in [19] for block structured case.

Theorem 4 Let M 2 Cr�r. Then ���` (M) �

�̂��` (M), where

�̂��` (M) = inf
�
� : M�RM � �2R

+(S(I + jB)M +M�(I � jB)S)+j (GM �M�G) < 0;

� > 0; R 2 T; S 2 S`; B 2 B�`
; G 2 Gng :

It is noted that the optimization involved in The-

orem 4 is in general non-convex. However, as

pointed out in [19], if kj = 1; j = 1; : : : ; `, then

the optimization in Theorem 4 can be converted to

a convex one by setting B̂ = SB and computing

inf
�
� : M�RM � �2R+ SM +M�S

+j(B̂M �M�B̂) + j(GM �M�G) < 0
o

(1)

with convex constraints �S �B � B̂ � S �B where
�B = diag(cot �1Ik1 ; : : : ; cot �`Ik`).

It is also possible to compute an upper bound of

���` (M) by solving equation (1), even when it is

not the case that kj = 1; j = 1; : : : ; `. In this case,

we will get more conservative result. In general,

a suboptimal �̂��` (M) can be obtained through

an iterative algorithm: �rst solving R, S and G

with a �xed B, then solving B with R, S and G

obtained in the previous step, repeat the process

until a satisfactory solution is found.

We shall now illustrate these results with two ex-

amples.

Example 1: This example is taken from [14]. Con-

sider an uncertain time delay system with

_x(t) =

�
�2 + 1:6�1 0

0 �1 + 0:05�2

�
x(t)

+

�
�1 + 0:1�3 0

�1 �1 + 0:3�4

�
x(t� h)

where uncertain parameters �i, i = 1; � � � ; 4 are real

constants and satisfy j�ij � 1. To �nd out the

maximum of h such that system stays stable, we

�rst put the system in a general linear fractional

form with

P (s) =

2
666666666664

�2 0 �1 0 1:6 0 0:1 0

0 �1 �1 �1 0 0:05 0 0:3

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

3
777777777775

and � = diag(e�hsI2; �1; �2; �3; �4). De�ne

M(s) = P (s)diag(e�h=2sI2; 1; 1; 1; 1). Then an up-

per bound of �(!) = min
�
�P (!); �M (!)

	
as de-

�ned in Theorem 5 and Theorem 6 can be com-

puted using Theorem 8 and is plotted in Figure 2.

By Theorem 3, the uncertain system is robustly

stable if h � 2:57 since the minimum of the upper

bounds of �(!) is less than 1 for all !. Note that

the stability conclusion can be drawn by [8] if h <

1:212, and by [14], if h < 0:689.

Example 2 This example is adopted from [7].

Consider an uncertain time delay system with time-

varying uncertainties

_x(t) =

�
�2 + �(t) �(t)

�(t) �0:9 + �(t)

�
x(t)

+

�
�1 + �(t) 0

�1 �1� �(t)

�
x(t � h)

where uncertain parameter j�(t)j � 0:1.

First, rewrite the original system in the form of
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Figure 2: Upper bounds of ��(M) (solid line),

���(P ) (dot-dashed line), ��(P ) (dashed

line), and ���(M) (dot-solid line) for h =

2:57

general linear fractional transformation with

P (s) =

2
66666664

�2 0 �1 0 0:1 0

0 �0:9 �1 �1 0 0:1

1 0 0 0 0 0

0 1 0 0 0 0

1 1 1 0 0 0

1 1 0 �1 0 0

3
77777775

and � = diag(e�hsI2; 10�(t)I2), k�k � 1. De�ne

M(s) = P (s)diag(e�h=2sI2; 1; 1).

Since the lower part of uncertainty is time-varying.

The corresponding part of the scaling matrix has

to be restricted to be a two by two constant matrix

over all frequencies. We choose this part of the scal-

ing matrix as follows: (1) Let the scaling matrix as-

sociated with time-varying part be an identity, I2,

and compute the upper bound of ��� (M) for some

time-delay h. The maximun h such that ��� (M) <

1; 8!, is found to be h = 2:70. (2) At the frequnecy

where the peak of ��� (M) occurs, we can get the

solutions of R 2 T; S 2 S`; B̂; �S �B � B̂ � S �B

and � from Theorem 4. Next, given R; S; B̂ and

�, solve the scaling matrix associated with time-

varying part from Theorem 4 again.

Then upper bounds of �(!) as de�ned in Theorem

1 and Theorem 2 can be computed by Theorem 4

at each frequency with the lower part of the scaling

matrix being �xed at the value obtained above and

the results are plotted in Figure 3.

0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5
0.7

0.8

0.9

1

1.1

1.2

1.3

h=2.74

Figure 3: ��(M) (solid line), ���(M) (dot-solid line),

��(P ) (dashed line), and ���(P ) (dot-

dashed line) for h=2.74

By Theorem 3, the uncertain system is robustly

stable if h � 2:74, since the minimum of the upper

bounds of �(!) is less than 1 for all !. Note that

the stability is guaranteed by the results in [7] if

h < 2:61, and by the results of [14] if h < 0:72.

4 Conclusion

This paper extends � analysis for block structured

uncertainties with phase information case in [19]

into general cases. The result is then applied to the

robust stability and performance problem of uncer-

tain time-delay systems. Examples show that the

conservativeness of stability test is largely reduced

by taking the phase information into consideration.
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