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Abstract

This paper addresses the issue of con
ict detection in
the domain of air traÆc control. In a previous study
investigating the position error in con
ict estimation,
a comprehensive model has been proposed and tuned
with real data. Further steps are proposed in this pa-
per consisting �rstly of investigating wind e�ects on
aircraft trajectory predictions; secondly by providing a
con
ict estimation approach that could be applied to
aircraft trajectories with heading and velocity changes.
Finally, a time-based probabilistic approach instead of
position-based is proposed for predicting 
ight paths to
be navigated by existing Flight Management Systems
(FMSs).

1 Introduction

Considering air traÆc growth, the major challenge fac-
ing Air TraÆc Control is to enhance air traÆc capacity
while providing safety improvements. A possible option
to address this challenge is to provide some advanced
con
ict detection capabilities, to be used on the ground
to assist the controller, or in the air to support delega-
tion of separation assurance to the pilot. This option
raises many questions at di�erent levels. It raises tech-
nical questions, typically for airborne applications, the
way to transmit the appropriate surveillance informa-
tion among aircraft. It also raises questions regarding
human factor aspects, typically how this facility would
impact on working methods, how to present the infor-
mation to the controller or to the pilot? This paper
addresses a theoretical issue: the de�nition of a reliable
con
ict detection method.
The �eld of con
ict detection has been widely studied so
far both from ground and airborne perspectives: di�er-
ent approaches [KY97b] and evaluation methodologies
[Pai98], [Bil98] have been proposed. The probabilistic

approach proposed in [PE96], [EPIE97] was validated
by simulations on a real traÆc, and it also allows the
implementation of di�erent assumptions and scenarios
in a straightforward manner. For this reason, this ap-
proach was used as a basis for our study. A �rst step
has been carried out consisting of an investigation into
the position error for con
ict estimation [BAB+00]. A
comprehensive model based on a Brownian error in the
velocity has been proposed and tuned with real data
used in [PE96]. Next steps are proposed in this pa-
per. First, an investigation into wind impacts on air-
craft trajectory predictions is carried out. Next, an
extension of an operational con
ict detection method
is presented. This operational method [EPIE97] gives
an estimate of con
ict probability for straight 
ights at
constant velocities and relies on a position-based prob-
abilistic approach. The extention presented here pro-
vides a con
ict probability estimation for 
ights that
involve heading and velocity changes. Finally, a time-
based probabilistic approach is proposed for predicted

ight paths to be navigated by existing Flight Manage-
ment Systems (FMSs).
The paper is organised as follows: section 2 presents a
brief state of the art and section 3 provides more insight
into the background of the present work. Following sec-
tions present the proposed enhancements: section 4 for
the wind e�ects, section 5 for the con
ict probability es-
timation with trajectory heading and velocity changes,
and section 6 for the time-based probabilistic approach.

2 State of the art

Trajectory prediction is inherently uncertain mainly
due to errors in wind forecast, aircraft modelling, con-
trol and navigation. (This will not be consider here, but
uncertainty may also result from umpredictable events
such as re-planning due to a controller instruction.)
Furthermore trajectory prediction becomes more un-



certain with time. A reliable trajectory prediction thus
relies on an appropriate modelling of each considered
source of error. A classi�cation based upon the level of
error modelling is proposed. More precisely, three types
of trajectory prediction are described here: geometric,
worst-case, and probabilistic. The corresponding con-

ict de�nition is given and classical con
ict detection
methods are quoted. Except when it is mentioned, the
di�erent con
ict detection methods assume that air-
craft 
y in straight line and at constant velocity.

2.1 Geometric

A �rst level of modelling is the geometric trajectory
prediction based upon nominal trajectories without any
uncertainty. A con
ict occurs if the distance between
the minimum predicted separation (also denoted as dis-
tance at Closest Point of Approach) is lower than the
separation minimum [KP97].

2.2 Worst-case

A second level of modelling is the worst-case trajectory
prediction in which the positions of aircraft are rep-
resented by areas of uncertainty that may grow with
time. The uncertainty areas can be simple (e.g. rect-
angular boxes, spheres [FO97]) or more sophisticated
(e.g. polygon [DA97] used to model instantaneous air-
craft heading changes). A con
ict occurs if the mini-
mum separation between two areas of uncertainties is
lower than the separation minimum.

2.3 Probabilistic

A third level of modelling is the probabilistic trajec-
tory prediction in which all possible aircraft positions
are weighted. The weighting can be represented by
a density function, e.g. Gaussian [PE96]. There are
various other uncertainty parameters (such as head-
ing change or avoidance response latency) and asso-
ciated density functions have been proposed [KY97a].
Random process is another way to model uncertainties
[BB93], [BAB+00], the trajectory prediction thus be-
coming stochastic. In this context of probabilistic pre-
diction, the con
ict de�nition evolves: a con
ict occurs
when the con
ict probability is greater than a given
threshold.

2.4 Rationale

The use of nominal trajectories without uncertainty to
predict future aircraft positions is a time-limitation for
the validity of the con
ict detection. Indeed the re-
liability of the prediction gets lower with time, thus
resulting rapidly in an unsafe or ineÆcient con
ict de-
tection. For the worst-case trajectory predictions, the
limitation relies on a possible high rate of false alerting
or a high rate of missed alerting. False and missed alert-
ing rates depend on the selection of the uncertainty area
bounds. Too large area may include low probability air-
craft positions thus leading to false alerting whereas too

restricted an area may exclude high probability aircraft
positions thus leading to missed alerting. The selection
of the uncertainty area bounds is a trade-o� between
expected eÆciency and expected safety. Beyond the
issue of identifying this trade-o�, since all aircraft posi-
tions are considered as having the same probability, the
worst-case modelling may represent a rough view of the
reality. In the probabilistic approach, all uncertainties
can be considered and weighted separately. Similarly to
the worst-case prediction, a trade-o� must be identi�ed
between eÆciency and safety. This trade-o� arises in
the selection of the probability threshold to set o� the
con
ict alarm. A reliable con
ict detection thus relies
on an appropriate model of error along with a judicious
choice of the probability threshold.

3 Background

First a brief presentation of the Erzberger and Paielli
con
ict detection method is proposed. Second the main
results of a previous work on the modelling of aircraft
position error are presented.

3.1 A widely used probabilistic method

To estimate the probability of con
ict in [PE96]
[EPIE97], the position error is taken as normally dis-
tributed with a constant along-track root mean square
(rms) rate that linearly grows with time and a constant
cross-track error rms.
The two position errors have to be considered for a
pair of aircraft, represented by two co-variance matri-
ces. They are combined into a single equivalent co-
variance which can be assigned to one of the aircraft.
The other aircraft can thus be regarded as having no po-
sition uncertainty. A co-ordinate transformation is pro-
posed that transforms the combined error co-variance
into a standard form of a unit circle. Finally, an an-
alytical solution for the con
ict probability estimation
can be found.

3.2 A stochastic con
ict detection model revis-

ited

In a previous study [BAB+00], a dynamic dimension
to the position error was introduced as a possible en-
hancement of the classical probabilistic model. It was
suggested that an appropriate modelling of the along-
track uncertainty is a trade-o� between:

1. a position error normally distributed with a con-
stant rate that linearly grows with time,

2. a position error resulting from a Brownian motion
error in the position,

3. a position error resulting from a Brownian motion
error in the velocity.



A combination of these three models is a possible solu-
tion. This combination provides three degrees of free-
dom to allow for a more accurate error modelling and
beyond a more reliable con
ict detection.

4 Wind e�ects

This section proposes a model of wind e�ects on trajec-
tory prediction. The wind is decomposed into a mean
vector ~wmean plus a noise component �~wnoise.

~wind = ~wmean +�~wnoise (1)

Although anticipation and compensation of wind noise
is inherently not possible, the e�ects of this noise can
be estimated. This will be investigated in this section.

4.1 Assumptions and notation

It is assumed that the aircraft 
y with a FMS, that
is capable (1) to generate a 
yable trajectory from a
set of waypoints, altitude or speed constraints, and (2)
to guide the aircraft along this trajectory through the
autopilot. However existing 3D FMSs control the cross-
track position and not the along-track position 1. Thus
while the cross-track error can be reduced and bounded,
a signi�cant along-track error may exist speci�cally in
the presence of wind. Introducing some notation:
~e j : normalised direction vector of aircraft j.

~e j =

�
xj

yj

�

�~wnoise =

�
�~w1

�~w2

�
�~p jwind: position di�erence resulting from wind on air-
craft j.
�~p jerror: predicted position error of aircraft j.
�j : coeÆcient representing aircraft j characteristics
such as mass, size.
Qj : individual error position co-variance matrix for air-
craft j.
Q12: cross-correlation term.
Q 12
wind: wind cross-correlation term.

M : combined error co-variance.

4.2 E�ects on trajectory predictions

The error of position resulting from wind can be written
as follows:

�~p jwind = �j�~wnoise:~e
j~e j (2)

Following the widely used method previously presented,
the combined error co-variance M can be computed.

M = cov(�~p 1error ��~p 2error) = Q 1 +Q 2 �Q 12 (3)

For simplicity, only the cross-correlation term result-
ing from wind e�ects is considered here. Therefore the

1The future 4D FMS will handle this point through a time-

based control of position.

cross-correlation term represents the wind e�ects cor-
relation.

Q 12 = Q 12
wind = E(�~p 1wind�~p

2T
wind +�~p 2wind�~p

1T
wind)

(4)
At a �xed small time interval of dt it gives:

Q 12 = � 1� 2(~e 1~e 2T + ~e 2~e 1T )(x1x2(�w1)
2 + (5)

(x1y2 + x2y1)�w1�w2 + y1y2(�w2)
2)

By integration, it produces:

Q 12 = � 1� 2(~e 1~e 2T + ~e 2~e 1T )(x1x2var2(�w1) (6)

+(x1y2 + x2y1)cov(�w1;�w2) + y1y2var2(�w2))

Therefore the cross-correlation between the two posi-
tion errors resulting from wind can be decomposed in
three parts, where two are independent from each other.
This result is independent of the noise model chosen and
can be directly adapt for a 3D study.

5 Changes of heading and velocity at given

times

In this section a direct extension of the Erzberger and
Paielli con
ict detection method is proposed for air-
craft trajectories involving changes of heading and ve-
locity. Firstly the context and the main assumptions
are presented. Secondly some notation is introduced.
Finally the con
ict detection method is described and
discussed.

5.1 Context and assumptions

The Erzberger and Paielli method can be applied to 2D
and 3D aircraft trajectories. The 3D extension however
leads to a more complex formulation and for the sake of
simplicity, only 2D trajectories will be considered here.
It is assumed that the two aircraft 
y in the same hori-
zontal plane, and their trajectories are predicted for 20
or 30 minutes ahead. A route point where an aircraft
will change one of its 
ight parameters (e.g. heading,
speed) is called a Trajectory Change Points (TCP). For
each aircraft new trajectory points are calculated to
have the same time division. In other words, the pre-
dicted states of an aircraft when the other 
y over a
TCP are computed. It is assumed that for all aircraft,
the errors resulting from winds can be taken into ac-
count by dividing the airspace into independent areas
of weather uncertainty. In each area, the mean wind
direction is known and the variance of position errors
resulting from winds is given. The trajectory prediction
error in the along track without wind, is modelled as re-
sulting from a Brownian error in the velocity (a mixed
model could be used as shown in [BAB+00]). Con-
cerning heading and velocity, it has been decided to as-
sume instantaneous changes as in [DA97]. (It should be
noted that apparently no more sophisticated modelling



for con
ict estimation have been proposed so far.) The
aircraft positions can be represented by ellipses with
principal axes in the along-track and cross-track direc-
tions. The wind noise on the position is modelled as
white noise on the acceleration.

5.2 Notation

pji : position of aircraft j at i-th TCP be in the Earth
reference co-ordinate system.
�pi: relative position at time ti.
~vji : velocity.
�vi: relative velocity during the period [ti; ti+1[.
ti estimated arrival time at TCPi.
For the period [ti; ti+1[:
�hip: cross track error rms. of aircraft j.

�jhvi: along track rms. resulting from a Brownian mo-

tion error W j
hvi in the velocity.

�jhwi: along track error rms. resulting from a Brownian

motion error W j
hwi in the velocity, due to the wind.

�ji : changing of heading for aircraft j at TCPi, with
the �rst heading estimated in a �xed Earth co-ordinate
system.
Qj(t): individual co-variance matrix for aircraft j, in a
Earth-�xed reference system.
Rj
i : corresponding rotation matrix that transforms the

heading-aligned co-ordinates to the Earth-�xed refer-
ence system in a period [ti; ti+1[.

5.3 Combined co-variance

For each period between two successive TCPs, the
probability of con
ict is estimated and the method of
Erzberger and Paielli is adapted. As described in the
background section, the two errors can be combined
and assigned to one of the aircraft.
If t 2 [ti; ti+1[ then:

Qj(t) = (�jhp)
2

iX
k=0

Rj
k

�
0 0
1 0

�
RjT
k +

i�1X
k=0

(tk+1 � tk)
3Aj

k + (t� ti)
3Aj

i (7)

where:

Aj
k = Rj

k((�
j
hwk)

2 + (�jhvk)
2)

�
1 0
0 0

�
RjT
k (8)

Rj
i =

�
cos�ji � sin�ji
sin�ji cos�ji

�
(9)

Therefore the combined co-variance matrix is:

M(t) � Q1(t) +Q2(t)�Q12(t) (10)

Where the cross-correlation term Q12 represents the
correlated e�ects of wind. Other types of correlation
may exist (e.g. due to instrument error), but are ig-
nored here to focus on wind e�ects. Moreover, if the

two aircraft are far from each other, Q12 can be con-
sidered as negligible. Otherwise, it is necessary to cal-
culate it with the method described in the wind e�ects
section. That leads to the following total encounter
matrix correlation:

Q12(t)=
i�1X
k=0

�((~e 2k~e
1T
k +~e 1k~e

2T
k )�1hwk�

2
hwk

(tk+1�tk)
3

3
) (11)

�((~e 2i ~e
1T
i + ~e 1i ~e

2T
i )�1hwi�

2
hwi

(t� ti)
3

3
)

5.4 Con
ict probability estimation

The Closest Point of Approach (CPA) could be de�ned
as follows: it is the relative position of the two aircraft
when the range between them is a minimum. For con-
stant velocities on the path segments and for a relative
velocity di�erent from zero, the time at which the min-
imum separation occurs during the period [ti; ti+1[ is:

tCPA =

8<
:

ti+1 if tC � ti+1 � ti
ti + tC if ti+1 � ti � tC � 0
ti if tC � 0

(12)

Where: tC = �
�pT

i
�vi

�vT
i
�vi

.

For each period [ti; ti+1[, the elliptical con
ict zone can
be projected along a line parallel to the relative veloc-
ity. Then, it can be bounded with the maximum and
minimum values of two points denoted xC and yC to
obtain a rectangle R, where xC is the abscissa and yC is
the ordinate of a point located on the ellipsoid con
ict
zone at a �xed time.
The con
ict probability on the segment is:

PC(t 2 [ti; ti+1[) =

Z Z
R

p(x; y)dxdy (13)

=

Z
Y

p(y)dy

Z
X

p(x)dx

with R = X � Y .
Y can be de�ned as explained in [PE96] by: Y =�
mint2[ti;ti+1[ yC(t);maxt2[ti;ti+1[ yC(t)

�
.

The search of X is di�erent from [PE96]. Indeed, here
X is equal to:

X =

�
min

t2[ti;ti+1[
xC(t); max

t2[ti;ti+1[
xC(t)

�
(14)

Therefore the total con
ict probability can be bounded
as follows:

max
i

PC(t 2 [ti; ti+1[) � PC �
X
i

PC(t 2 [ti; ti+1[)

(15)
Similarly the worst case con
ict probability on a tra-
jectory is given by:

Pworst = max
i

PC(t 2 [ti; ti+1[) (16)

The main advantage of this method is to integrate the
changes of velocity or heading. However, that implies a



strong assumption on the way aircraft are guided along
their trajectories. It is assumed that the aircraft change
their 
ight parameters at given times instead of given
points. Nevertheless, this method can be easily adapted
for 3D trajectories.

6 Arrival time at a TCP as a random variable

Con
ict detection methods usually consider the actual
position at TCP as non determinist (i.e. probabilist)
and the arrival time at TCP as determinist. However
as discussed in section 4.1, existing FMSs control the
cross-track position and not the along-track position.
To ensure maximum simplicity of the formulation and
reliability of the con
ict detection, it is assumed that
the prediction model should follow the same principles
as the guidance model. For that purpose, the actual
position at TCP will be considered as determinist while
the arrival time will be considered as a random variable.

6.1 Notation and assumptions

�j : trajectory of aircraft j, it is a continuous path with
aÆne geometry lines.
C: potential con
ict zone.
C = S1 �S2: where S1 and S2, trajectory segments of
aircraft 1 and 2.
dmin: separation minimum.
Xj(�) 2 �j : position of aircraft j at time � .
xj : entry point in the segment Sj for aircraft j.
xj : exit point of the segment Sj for aircraft j.
� j : �rst entry time in the segment Sj for aircraft j.
� j = inff�;Xj(�) = xjg.
� j : �rst exit time of the segment Sj for aircraft j.
� j = inff�;Xj(�) = xjg.
~v j : nominal velocity of aircraft j.
W j : Brownian motion error in the velocity for aircraft
j, independent from � j .
�j : associated variance.
u = � 2� �1. Two assumptions are needed to model the
con
ict detection problem.

1. The aircraft does not \return during the 
ight".
That is to say, Xj(�) enters in Sj by xj , exits by
xj , and then never returns in the segment Sj .

2. C does not meet the bound of the segments
S1 � S2, in other words, if (X1(�); X2(�)) 2 C
then the aircraft 1 and 2 are not yet exiting the
segment, but they are already entering.

6.2 Con
ict de�nition

The potential con
ict zone C is constructed geometri-
cally. The distance between the two aircraft paths is
compared to the separation minimum. When the dis-
tance between two points is smaller than this separation

minimum, the points are selected and added to the po-
tential con
ict zone. A con
ict occurs when the two
aircraft are in the potential con
ict zone at the same
time, that is to say when the conditions C1 or C2 hold
true. Where:

C1=f�
1� �2 and 9� � 0=(X1(�2+�); X2(� 2+�)) 2 Cg

(17)
under the assumption 1 that gives: � � min(� 1; � 2)��2

C2=f�
2� �1 and 9� � 0=(X1(�1+�); X2(� 1+�)) 2 Cg

(18)
under the assumption 1 that gives: � � min(� 1; � 2)��1

The con
ict probability is equal to the probability that
condition C1 or C2 holds. Due to the symmetry of the
problem only one case need be studied here.

6.3 Con
ict probability estimation

Once the segments S1�S2 are reached by the aircraft,
the past is forgotten. Let the new position of aircraft j
be Y j(T ).

Y j(T ) = xj +
~v j

k~v jk

"
k~v jkT + �j

Z T

0

W j(s)ds

#
(19)

Let T
j
be the �rst entry time of Y j at xj . Therefore,

the rule of (X1(� 2+�); X2(� 2+�)) under the condition

f�1� �2g is equal to the law of T
j
. Thus the probability

of con
ict when f�1� �2g, is equal to:

P (C1)=P ((� 2 � � 1)�0 and 9�� min(� 1; � 2)� �2;

kX1(� + � 2 � �1)�X2(�)k � dmin) (20)

P (C1)=

Z +1

0

dP�2��1 P (9T � 0;

T � min(T
2
; T

1
�u); kY 1(T + u)� Y 2(T )k � d) (21)

Let Tu be the random time at which the CPA is reached.
It is a linear function of u.

Tu = sup f�
�xT�~v

�~v T�~v
�

�~v 1T�~v

�~v T�~v
u; 0g (22)

That gives the following relation:

Y 1(T + u)� Y 2(T ) = �xu +�~v(T � Tu)

+�1
~v 1

k~v 1k

Z Tu+u

0

W 1(s)ds+ �1
~v 1

k~v 1k

Z T+u

Tu+u

W 1(s)ds

��2
~v 2

k~v 2k

Z Tu

0

W 2(s)ds� �2
~v 2

k~v 2k

Z T

Tu

W 2(s)ds (23)

Therefore,

Y 1(T + u)� Y 2(T ) = Y 1(Tu + u)� Y 2(Tu)

+�~v(T � Tu) +R(T ) (24)



As in [PE96], the period of encounter is assumed to be
short. As a consequence, R(T ) is negligible for T � Tu
and:

E(R(T )) = 0 (25)

var(R(T )) = ((�1)2 + (�2)2)
(T � Tu)

3

3
(26)

Under the two following assumptions:

1. �1 � �2

2. T � Tu

the following approximation can be made:

P (9T �0; T �min(T
2
; T

1
�u); kY 1(T+u)� Y 2(T )k�d)

� P (9TnearTu; kY
1(T + u)� Y 2(T )k � d)

= P (9Tnear0; kY 1(Tu + u)� Y 2(Tu)k � d) (27)

where:

Y 1(T + u)� Y 2(T ) = �xu +�~v Tu

+�1
~v 1

k~v 1k

Z Tu+u

0

W 1(s)ds� �2
~v 2

k~v 2k

Z Tu

0

W 2(s)ds (28)

with: �xu +�~v Tu = �x(Tu).
Therefore the method for combining co-variance ma-
trixes presented in the previous section can be applied
to calculate the probability of the event C1, through the
combined co-variance matrix of position error equal to:

cov[Y 1(Tu+ u)�Y 2(Tu)] = (�1)2
(Tu + u)3

3
+ (�2)2

T 3
u

3
(29)Z +1

0

dP�2��1 (30)

Nevertheless, even if approximations are possible, the
exact computation of the previous integral is still miss-
ing. Future work will involve working out an explicit
expression for the �rst arrival times � 1 and � 2.

7 Conclusion

This paper has proposed three enhancements of a model
previously developed for con
ict estimation. Firstly, an
investigation of wind correlated e�ects on con
ict esti-
mation was performed thus providing more insight into
the understanding on how wind may "signi�cantly" af-
fect trajectory predictions. The proposed model can
be applied to any type of wind. Secondly, an exten-
sion of the method to integrate heading and velocity
changes was presented. Finally, while the existing ap-
proaches rely on a position-based probabilistic princi-
ple, a time-based probabilistic principle was proposed
that follows the guidance model of existing FMSs. In

addition to provide capabilities for con
ict estimation,
the proposed method can also be used for monitoring
potential or solved con
icts typically by considering the
in
uence of variations of arrival time over waypoints.
Future work will involve the investigation into an an-
alytical solution of the con
ict probability estimation.
An evaluation of the proposed method will then be car-
ried out to estimate its performances compared to the
existing methods.
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