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Abstract

Based on a recently presented evaluation method, tun-
ing rules are introduced and compared for a series of
PID related controllers. For all of them, the integral
gain and the high frequency gain (the parameters in a
PI controller), are used as the main tuning parameters.
As these directly correspond to well known properties
of a control system, they are easy to handle for an oper-
ator. It is also shown that a well tuned PID controller
augmented by a low pass �lter, to increase the roll o�
rate, is quite competitive to a PID weighted H1 con-
troller, and superior to the common PI weighted H1
controller.

Keywords: PID control, PI control, H1 control, tuning
rules, robustness

1 Introduction

Within the control community there has been extensive
research on comparing new, or modi�ed, controller de-
sign strategies with already existing methods, quite of-
ten with a PID controller designed by, e.g., Ziegler and
Nichols' tuning rules [13]. Such comparisons are not al-
ways objective, since only some aspects of performance
and robustness issues usually are considered. Typically,
step responses and stability margins are compared, ne-
glecting the cost in terms of, e.g., high frequency ro-
bustness and control activity. Recently a more fair
evaluation method, based on four evaluation criteria
was introduced, see [4]. According to this method two
control systems can be compared in one respect, while
the remaining characters of the two systems are kept
constant and equal.

Tuning of a controller always imply that suitable val-
ues for some tuning parameters have to be found. The
suggested evaluation method has been used to evaluate
several controllers, related in one way or the other to
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Figure 1: Closed loop system with plant G and con-
troller K.

the PID controller. The goal has been to obtain simple
tuning rules for these controllers. Related results can
be found in [1, 3, 6, 7, 10, 11, 12]. In this paper it will
be shown that tuning rules can often be formulated in
a very similar way, starting from the two parameters
of the PI controller, the integral gain ki, and the high
frequency gain k1 = KPI(1), where

KPI(s) =
ki
s
+ k1:

Controllers such as PID, lead-lag �lter (PIPD), PID
with extra roll o�, and H1 loop shaping controllers
are compared. It is shown that a well tuned PID con-
troller can give just as good performance as a PI, or PID
weighted H1 controller, when demands on robustness
and the restrictions on control activity are equal.

2 Evaluation

Consider the SISO system in Figure 1, where a plant
G(s) is controlled by a controller K(s). It has three in-
puts, the reference signal r(t), the process disturbance
v(t), and the measurement noise w(t). Relevant out-
puts are the controlled output y(t), the control signal
u(t) and the control error e(t) = r(t) � y(t).

The input and output signals can be related to each
other by a set of transfer functions denoted Goutin.



With the loop L = GK, the four sensitivity functions
are de�ned: S = 1=(1 + L) = Ger , T = 1 � S =
L=(1 + L) = Gyr = Gwr, GS = G=(1 + L) = Gyv,
and KS = K=(1 + L) = Gur = Gwr. Now three evalu-
ation criteria, based on H1 norms and related to per-
formance and robustness of the system in di�erent re-
spects, can be formulated

Jv = k
1

s
Gyvk1 = k

1

s
G(s)S(s)k1;

Ju = kGurk1 = kGuwk1 = kK(s)S(s)k1;

JHF = ksmGurk1 = ksmK(s)S(s))k1;

where m is the high frequency roll o� rate of the con-
troller. This means that a controller with integral ac-
tion has the following asymptotic properties:

K(s)!

8>>><
>>>:

ki
s
; s! 0;

k1
sm

; s!1:

For a proper, but not strictly proper, controller as, e.g.,
the PID controller with a �rst order �lter, m = 0 and
hence, JHF = Ju. It is obvious that Jv is a mea-
sure of the ability of the loop to handle process dis-
turbances, related to the low frequency range. Ju is
a measure of the control activity, related to the mid
and high frequency region around, or somewhat above,
the closed loop bandwidth. The last criterion JHF is
a measure of the robustness to unmodeled dynamics in
the high frequency region. Recall the small gain theo-
rem (kT�k1 < 1) and the fact that KS is related to
the complementary sensitivity function asKS = G�1T .

The stability margin can be expressed by the fourth
criterion, the Generalized Maximum Sensitivity

GMS = max(kSk1; �kTk1;


max
!

WL(j!)jL(j!)�
1

mAm

j): (1)

The two constants � = MS=MT and 
 = 0:5mAmMS,
and !�L is the frequency where the loop has a phase lag
of 180Æ. The weight function WL(j!) = 0 for ! < !�L
andWL(j!) = 1 for ! � !�L The stability marginsMS

and MT are guaranteed upper limits for the sensitivity
functions S and T respectively, and mAm is a guaran-
teed lower limit of the amplitude margin. Default limit
values throughout this paper are MS = 1:7, MT = 1:3,
and mAm = 3:0. By �xing the value of GMS , an up-
per bound on kSk1; kTk1, and a lower bound on the
amplitude margin, is obtained. Decreasing GMS will
imply an increase of the robustness of the system. To
�nd the optimal tuning of a controller, the following
problem has to be solved:

min
�

Jv(�); GMS � C1; Ju � C2; (JHF � C3): (2)

The default value of C1, is in this paper 1.7, while C2

may be given di�erent values. The last restriction is
relevant only for strictly proper controllers. To solve
the optimization problem (2), the Matlab optimization
toolbox [8], was used.

3 PID Controllers

In this section di�erently designed PID controllers are
treated, tuning formulas are introduced, and di�erent
properties of the closed loop system are compared for
the various controllers.

3.1 The PID controller with a �rst or-

der low pass �lter

Traditionally, the well known PID controller with a �rst
order �lter on the derivative part is formulated with the
parameters controller gain K, integral time Ti, deriva-
tive time Td, and �lter constant Tf

KPID(s) = K(1 +
1

sTi
+

sTd
1 + sTf

):

As has been shown in several papers, see e.g. [4], the
optimal PID controller of this type, at least for stable
plants, has a complex pair of zeros. This corresponds
to the ratio Ti=Td being well below 4, and often in the
vicinity of 2:5. This fact makes it natural to formulate
the transfer function of the controller as

KPID(s) = ki
1 + 2��s+ (�s)2

s(1 + s �
�
)

; (3)

where the damping ratio � and the inverse of the natural
frequency � for the zeros are among the design parame-
ters. The ratio of the breaking point of the denominator
to that of the numerator is expressed by �. The fourth
parameter is the integral gain ki. The high frequency
gain becomes KPID(1) = k1 = ki��. From now on,
focus is set on control of stable, non oscillating plants
(plants with real poles in the left half plane). The dif-
�culty to control such plants can be expressed by the
character �, a number in the interval [0; 1], introduced
in [2] as

� =
jG(j!�G)j

jG(0)j
:

!�G is the frequency where the plant has a phase lag of
180Æ, sometimes called the phase cross over frequency,
and jG(0)j is the low frequency gain. Note that a higher
value of � implies that the plant is more diÆcult to con-
trol. Stable, non oscillating plants may be divided into
two classes; those with � � 0:1 and those with � < 0:1.
The recommended tuning rules will be slightly di�erent



for the two classes. For all illustrations throughout the
paper, the following plant model (with � = 0:136, and
!� = 2:53) has been used:

G(s) = e�0:3s=(1 + s)2;

where the time delay has been modeled by a fourth
order pad�e approximation. The value of � in the con-
troller has shown to be not very crucial for the prop-
erties of a PID controlled system. For an optimized
PID controller it is always around 0:8, corresponding
to Ti=Td � 2:5. When � is �xed to this value, the prop-
erties of the resulting system are very close to those
of a corresponding system with an optimized PID con-
troller. The optimal natural frequency depends on the
plant, and to less extent on the demanded value of Ju.
Based on investigations of a lot of plants, it has been
found that, for moderate Ju values, it can well be �xed
to 1=� = !�G(�+0:37). With � chosen by this relation
during the optimization, very little is in fact lost com-
pared to when � is a free parameter, see Figure 2. The
PID controller, optimized with �xed � = 0:8 and � as
above will from now on, be denoted PID�� .

Then two parameters, ki and � or the PI parameters ki
and k1 remain. These can be used by the operator to
adjust the controller to his speci�c situation. The high
frequency gain k1 is closely related to Ju, and is an
expression of the permitted control activity, while the
integral gain ki is related to Jv and thus, is a measure of
the low frequency performance (compare with Section
2). Note that jGSj ! !=ki when ! ! 0, and jKSj !
k1 when ! !1.

Figure 2 shows the relations between Ju and Jv, when
�ve di�erently tuned controllers are compared for the
plant. The curve at the top corresponds to the very
common situation, when the relations between the time
parameters of the traditional PID controller (PIDtr)
are �xed to Ti=Td = 4 and Td=Tf = 10. It is obvious
that this curve is far from the curve at the bottom,
corresponding to the PID controller PIDopt, optimized
with all parameters free. On the contrary the curve
for PID�� is close to the optimal one. It can also be
noticed that the optimal curve tends to be almost hor-
izontal for higher values of Ju. This tendency is the
same for all plants of this type. Therefore, it may be
asserted that there is an "economic" limit above which
it is no use to increase Ju because the bene�ts in terms
of decreased Jv are too small. For the actual plant this
limit goes in the vicinity of 10=jG(0)j.

The following set of tuning rules for stable, non oscil-
lating plants with � � 0:1, leads to Ju values close to
the "economic" limit and to GMS � 1:7, and was �rst
suggested in [5]:

k1 =
1

jG(0)j
(13� 20�); � � 0:5; (4)
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Figure 2: Top: Jv = f(Ju) for PIDopt (solid), PID��

(dotted), PIPD (dashed), PI (solid with dots) and PIDtr

(solid with x), Bottom: Gains of PIDopt (solid) and PIPD
(dashed) for Ju = 5 and Ju = 10 and for PI (dotted) Ju =
2:1. The circles show the closed loop bandwidth for the �ve
cases.

k1 =
3:0

jG(0)j
; � > 0:5; (5)

� = 0:8; (6)

1

�
= !�G(0:37 + �); (7)

� =
k1
�ki

; (8)

ki =
!�G
jG(0)j

(1:6�2 � 2:3�+ 1:1) (9)

An interesting property that is not involved in the op-
timization process is the closed loop bandwidth. Inde-
pendent of Ju and �, it has been found that the ratio !b
to the gain cross over frequency !c, !b=!c = 2:0� 2:3.
It has also been found that !b=!�G = 0:5 � 1:2, with
increased !b for larger Ju and smaller �.

For the PI controller, the Jv=Ju curve has a clear mini-
mum, also noted in [10]. This means that higher values
of Ju, corresponding to poorer high frequency robust-
ness and higher control costs, will not be rewarded by
better low frequency performance. It is also interest-
ing to notice that the PI curve in Figure 2 seems to be
a continuation towards low frequencies of the optimal
PID curve. The �gure also shows that, when Ju � 2,
there is very little to be won by the derivative part of
the PID controller. On the other hand, when Ju is al-



lowed to increase a little, that is higher control activity
can be accepted, the PID, as could be expected, can
o�er enhanced low frequency performance with equal
stability margins. For the actual plant, the ideal Ju
value for a PI controller is Ju � 2, corresponding to
k1 � 1. Note that for this controller, jKS(!)j has a
peak close to !b, resulting in a maximum larger than
k1. When GMS � 1:7 is demanded, the following tun-
ing rules for PI controllers will lead to Jv values close
to the minimum:

k1 =
1

jG(0)j
(1:18� 1:72�); � � 0:5;

k1 =
1

jG(0)j
(0:50� 0:36�); � > 0:5;

ki =
!�
jG(0)j

(0:33� 0:17�):

3.2 The PIPD Controller

Sometimes the PID controller has the form of a lead/lag
�lter with in�nite lag-ratio, i.e., a PI controller in series
with a PD controller, that is a PIPD controller. In
this case, the controller can not have a pair of complex
zeros. However, it has been shown that the optimal
PIPD controller has a double zero. Therefore, it can be
formulated as in (3) with � = 1:0, and only three tuning
parameters are left to compute. Figure 2 shows that the
Jv=Ju relation of the optimal PIPD controller is almost
equal to that of PID�� in the vicinity of Ju = 10, while
PID�� is the looser at lower frequencies and the winner
at higher, though the di�erences are small.

In Figure 2, the gains jK(j!)j of �ve controllers are
compared. In the PIDopt, and the PIPD cases, the
proposed value Ju = 10 is chosen, but also the gains
when Ju = 5, corresponding to somewhat slower con-
trollers, are shown. It is obvious that a higher value
of the integral gain ki has to be paid by an increased
value of k1, corresponding to an increased value of Ju,
to keep the demand on GMS = 1:7. The di�erences be-
tween PIDopt and PIPD, in terms of ki are moderate
for both Ju values. However, the minima have slightly
di�erent characters.

In the same �gure, the gain of the optimal PI controller
is also shown for Ju = 2:1, the value of the minimum of
the Jv=Ju relation. The closed loop bandwidth in each
case is marked by a circle. It is marginally greater in the
PIDopt case than in the PIPD case for both Ju values.
In all these cases !b is, however, not far from !�G = 2:5.
For the PI controller !b is of course signi�cantly lower,
compared to the other controllers.
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Figure 3: Top: Jv = f(Ju) for PIDro (solid) when �f is
(from the top to the bottom) 0.1, 0.3, 0.5 and 1.0 and for
PIDopt (dashed), Bottom: Gains of PIDro with di�erent
values of �f (solid) and of PIDopt (dashed), Ju = 10.

4 PID Controllers with roll o�

When there is a demand on more high frequency roll
o� in the loop than can be o�ered by the plant, the
PID controller can be augmented by a lowpass �lter of
arbitrary order. If the �rst order �lter is exchanged by
a �lter of second order, the controller can be formulated
as

KPIDro(s) = ki
1 + 2��s+ (�s)2

s(1 + 2�f
�
�
s+ ( �

�
s)2)

:

The Jv=Ju relation of PIDro is shown in Figure 3,
for di�erent values of the damping ratio of the complex
poles �f . It is obvious that if �f is too small, this strictly
proper PID controller will show a considerably less fa-
vorable relation than PIDopt. However, the increase
of the �lter order does not in
uence very much on the
low frequency performance when �f � 0:5. Note that
the maximum of the control sensitivity function KS
(Ju), is equal for the �ve systems in the �gure, even
if the maximum of the controller gains are somewhat
di�erent. Note that jKSj � jKj for higher frequencies
since jSj � 1 in this region. The high frequency crite-
rion JHF goes from 298 to 44 when �f decreases from
1.0 to 0.1, with JHF = 122 for �f = 0:5. Hence, even
here there is a trade o� between reduced performance
(Jv) and improved robustness in terms of roll o� (JHF ).



The tuning rules for PIDro may then be the same as
for PID�� , i.e. (4)-(9), with the addition

�f = 0:5:

This means that also for this controller, at least three
of the �ve tuning parameters can be computed by very
simple rules, and only the two PI parameters ki, and
k1 are left for the operator.

5 The H1 Controller

An interesting challenge is to investigate how a PID
controller can assert itself against a controller designed
with theH1 loop shaping procedure introduced by Mc-
Farlane and Glover [9]. The main idea in this method
is to augment the plant with a weight function W , and
modify this until a desired open loop shape is obtained
for the augmented plant G = WG. The controller K
thus found, is then combined with the weight function
to give the �nal controller KH1 = WK. It is quite
common to use a PI �lter as the weight function. How-
ever, when greater control activity can be accepted, a
PID �lter (3), may be an interesting alternative.

In the design of the H1 controllers, the constrained
optimization (2) was performed in two steps. An outer

5 10 15
0

0.5

1

1.5

J
u

J v

10
−1

10
0

10
1

10
2

0.5

1

2

5

10

Figure 4: Top: Jv = f(Ju) for a PIDro controller with
�f = 0:5 (dotted) together with two H1 controllers with a
PI weight (dashed) and a PID weight (3) (solid). Bottom:
Gains of PIDro, Ju = 10 (dotted), H1PID, Ju = 10 (solid)
and H1PI , Ju = 5 (dashed).

loop for tuning the weight function subject to the con-
straints, and an inner loop for the standard H1 opti-
mization. Figure 4 shows the Jv=Ju relation for three
controllers, all of them optimized with constrained Ju
and GMS = 1:7. The PI weighted H1 controller
H1PI , tuned by ki and k1, shows the same character-
istic minimum as the PI controller. Here the optimal
Ju value is around 5. The result for the PID weighted
H1 controller H1PID , is similar to that of the PIDro,
except for very low values of Ju. Here, the H1 con-
trollers are optimized with all weighting �lter parame-
ters free, while PIDro is optimized with �xed � = 0:8
and �f = 0:5. However, the two sets of controllers have
the same GMS , and JHF values. In fact, the value of
JHF obtained for PIDro has been introduced as a con-
straint in the optimization of the weighting �lter in the
H1 design.

It is important to notice that the H1 loop shaping
procedure is only a tool to minimize Jv and to ob-
tain a fair comparison between di�erent controllers. In-
cluded in the description by McFarlane and Glover, is
a scaling factor �. The theoretically optimal robust-
ness corresponds to � = 1, but for practical reasons
� slightly larger than one, e.g. 1:05, is generally cho-
sen. When the H1 optimizations were carried through,
it was found that GMS did not reach the limit 1:7,
when the restriction on JHF was added (to achieve a
fair comparison to PIDro). Though, by allowing some-
what larger �, this could be taken care of, which not
at all is obvious. In fact, small variations in � resulted
in dramatically di�erent optimal solutions with respect
to low frequency performance. This implies that � is
an important and sensitive tuning parameter for H1
controller design.

The controller gains of H1PID , H1PI and PIDro are
compared in Figure 4. For all of them GMS = 1:7.
Ju = 10 and JHF = 122 for both H1PID and PIDro,
whereas for H1PI , the optimal value Ju = 5 has been
chosen. As can be seen, the curves for PIDro and
H1PID almost coincide while H1PI has a quite dif-
ferent behavior. Note that the order of the PIDro con-
troller is 3, whereas the H1 controller is of order 10.
Finally, Figure 5 show some simulations. The reference,
and process disturbance step responses, and the control
signals after reference steps are shown for �ve systems,
with the same plant and di�erent controllers.

Just as could be expected, both disturbance and refer-
ence step responses are very similar for the two PID
controllers, PIDro and PIDopt. However, it is inter-
esting to see how well even the responses from H1PID

agree with those two. The H1PI on the contrary, has a
somewhat slower reference response but less overshoot
and a little greater maximum error regarding distur-
bance rejection. The PI controller is the looser in both
respects. The control activity, on the other hand, is
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Figure 5: Step responses from �ve systems with the follow-
ing controllers H1PID (solid), H1PI (dashdotted), PIDro

(dashed), PIDopt(dotted) and PI(solid). Ju = 10 except for
H1PI with Ju = 5 and PI with Ju = 2.

greatest for PIDopt, equal for PIDro andH1PID and a
little smaller for H1PI . For PI it is very small but also
very sluggish. With no restrictions on JHF , H1PID

can do marginally better with respect to Jv (� 2%),
but with much larger JHF .

6 Conclusions

A set of PID related controllers have been compared in
this paper. It has been shown that all of them, from the
simple PI controller to the modern H1 controller, can
be tuned by the same parameters. The integral gain
and the high frequency gain of the controller have been
chosen as the main tuning parameters, since both of
them have a clear physical meaning to an operator. Fur-
thermore, it has been pointed out that a PID controller
with a �rst order �lter, with two parameters �xed to
suitable values and tuned only by the two parameters
named above, can give almost the same properties as
an optimally tuned controller of the same type. It is
also shown that a PID controller with a second order
�lter (order 3), resulting in controller roll o�, is well

competitive to a PID weighted H1 controller (order
10) and superior to the quite common PI weighted H1
controller.
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