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Abstract

It is known that sector switching is a problem of many lo-
cally convergent methods for computing the matriz sector
function such as Newton’s and Halley’s methods. In this
paper, fast convergent and stable algorithms for approxi-
mating the matriz sector function and the principal nth
root of complex matrices which avoid these problems are
presented. These methods are based on new integral repre-
sentations of the matriz sector function and the principal
nth root of a complexr matriz. The new representations are
based on Cauchy integral formula and the residue theorem
in analytic function theory. The generalized Householder
method for computing the matrix sector function and the
principal nth root of a complex matriz are introduced. Fi-
nally, a new matriz decomposition called “sector factoriza-
tion” is defined.

1 Introduction

There are several applications in signal processing and con-
trol and systems theory where only a subset of the eigen-
pairs of a given matrix are of interest. For example, high
resolution methods in sinusoidal frequency estimation and
array signal processing require only the dominant or the
minor subspace. The MUSIC and ESPRIT methods for
bearing or sinusoidal frequency estimation utilizes the mi-
nor and dominant subspaces, respectively, of the data [1-2].
The interest in the matrix sector function stems from the
fact that it can be used to compute invariant subapaces.
However the computation of the matrix sector function
requires the computation of the principal nth root of a
matrix [3]-[5]. Consequently, the goal of this work is to de-
velop efficient techniques for computing both the matrix
sector function and the principal nth root of a complex
matrix. The matrix sector function has several applica-
tions in stability analysis of control systems. The special
case n = 2 yield the matrix sign function which can be ap-
plied to solve the matrix Lyapunov and Riccati equations
and to approximate some matrix-valued functions [6].
There are many techniques in the literature for the com-

putation of nth roots and the matrix sector function of
complex matrices. In [7], the matrix sign algorithm is de-
veloped. A matrix continued fraction method for comput-
ing square roots was presented in [8]. Numerically efficient
methods for computing square roots of nonsingular com-
plex matrices can be found in [9]-[11]. Methods for com-
puting the matrix sector function were given in [12]-[13].
In [14] the matrix sign function is used for the separation
of eigenvalues within a sector of a circle. It can also be
used for block diagonalization of complex matrices [15]. A
comprehensive treatment of the matrix sign function can
be found in [6].

Let A € C"™*™ be a nonsingular complex matrix with
no negative eigenvalue, where C is the field of complex
numbers. The matrix sector function of a matrix A, de-
noted by Sn(A), is defined as

Sn(A) = A(VA) T (1)

where {/A" is the principal nth root of A™. The principal
nth root of the complex matrix A is defined to be any
matrix B € C™*™ such that B™ = A and for every v, €
o(B), o(A) denotes the set of eigenvalues of A, we have
Y = |yre?r, where 6, € (—=7w/n,n/n), for r = 1,---,m
and ¢ is the complex number /—1.

Generally, an nth root of a complex matrix A €
is defined to be any matrix X € C™*™ such that X" = A.
When all eigenvalues of a non singular matrix A are
distinct there are n™ distinct nth roots of A since if
A = P~ 'diag(\1, -, Am)P, then each of the matrices
P~ diag(w /A1, - -, w’™ ¥YAn)P is also an nth root of
A, for every set of integers {j1,72, -+, jm} C {0,1,---, n—
1}, where w is a primitive nth root of unity.

From the above introduction we observe that the ma-
trix sector function is an mth root of the identity ma-
trix I, which commutes with A, i.e., Sp(A)" = I, and
AS,(A)™! = S,(A)"! A has all of its eigenvalues in the sec-
tor —Z < 6 < . These two conditions can be viewed as a
characterization of the matrix sector function. Note that
for the matrix sign function this implies that So(A)? = I,
and that S2(A)A has all its eigenvalues in the right half
plane.

The matrix sector function provides an elegant way of
splitting C" into many complementary subspaces without
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actually computing any eigenvalues. The matrix S,(A)
is diagonalizable and has the same invariant subspaces as
A; its eigenvalues are nth roots of unity corresponding
to eigenvectors of A whose eigenvalues are in the sectors
@ <0< w, k=0,1,---,n — 1. The region
@ <0< @ of the complex plane will be called
the “kth sector”. The sector =% < 0 < 7 will be called
the principal sector. Throughout this paper, the notation
A(A) will be used to denote an eigenvalue of A.

2 Properties of the Matrix Sector
Function

From the definition (1) we can state several important
properties of the matrix sector function.

Theorem 1. the matrix sector function S,(A) satisfies
the following properties:

() Su(AT) = S, (A)T and Sp(A*) = Sp(A)*.

(b) Sn(aA) = Sp(a)Sn(A), where a is any nonzero com-
plex number such that == # arg(a) # Z.

(c) Sn(A)A = AS,(A).

(d) The eigenvalues of Sn(A) are nth roots of 1, i.e.,
Sn(A)" = I,.

(e) AS,(A)™' = S,(A)"'A and all eigenvalues of
AS,(A)~" are in the sector (==, Z).

(f) If V and Z are nonsingular matrices of same or-
der, then S,(V™'ZV) = V~'5,(2)V, provided that
Sn(Z) is defined.

(g) Sn(w"A) = w"Sn(A), where w is any primitive nth
root of 1.

(h) Sn(A™Y) = Sn(A)~2.

For convenience, the theory described in this paper is
carried out sometimes for the scalar case . However, it
must be emphasized that the scalar theory carries over
directly to the matrix case. In this paper two interest-
ing aspects of the integral representations are considered.
The first aspect is expressing the matrix sector function
as a linear combinations of projections Pj corresponding
to eigenvectors of A whose eigenvalues are in the sectors
@ <0< @, k =0,1,---,n — 1. The second
goal deals with computing the matrix sector function and
nth roots using the generalized Householder method.

3 Preliminaries

In this section, we present few results from the complex
function theory. From Cauchy integral formula it follows
that for any simple closed piecewise smooth contour C'
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where D is the interior of the closed contour C. One can
generalize this formula to the matrix case so that

1 —1
o] C(zlm A)”"dz = Pp, (3)
where Pp is the projection into the subspace spanned by
the eigenvectors of A whose corresponding eigenvalues are
in D.

If C is chosen to be the boundary of the disk |z| < R,
then (3) simplifies to
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where p, and ¢, is the rth right and left eigenvectors nor-
malized so that ||g-|| = ||p-|| = 1 and ¢;ps = 6(r —s). The
set K is defined as K = {1 <r < m,|\| < R}.

Several integral formulas for the principal nth root and
the matrix sector function can be derived using the follow-
ing result:
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where D is the interior of the closed contour C, and z;
are zeros of g(z). Note that (5) follows directly from the
Residue Theorem [16].

From (5) and if C is the boundary of the principal sec-
tor, it follows that
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where (a”)TlL is the principal nth root of a”.
The projections Py onto the kth sector can be repre-
sented in integral form as follows.

Theorem 2. Let A be a nonsingular m X m matrix such
that none of its eigenvalues are on the boundary of the sec-
tors { (ngl)ﬂ <0< (Qk:”” Z;g. Let Py be the projection
into the subspace spanned by the eigenvectors of A with

eigenvalues inside the kth sector @ 2’“+1)”

<0< !
Then an integral formula for P can be given as
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where 61 = @17 and g, = DT,

If D is chosen to be the principal sector —7 < 0 < 7,
then Py can be simplified to

n(Z)A [
Py = M/ (yQImeAycos(z)+A2)’1dy+llm.
™ 0 n n

(60)
The projections { Py}, onto the n sectors can be used
to compute the matrix sector function as follows.



Theorem 3. Let A be a nonsingular m X m matrix such
that none of its eigenvalues are on the boundary of the sec-
tors {@ <0< (%:1)” "_4. Let Py be the projection
onto the subspace spanned by the eigenvectors of A with
eigenvalues inside the kth sector @ <6< @
Then,

S, (A) = 2 w" Py. (7a)
k=0

Additionally, for any integer |

n—1
S (A) = Zw“Pk. (7b)
k=0

Proof: The proof of the first assertion of this result follows
from the observation that P, P, = Py6(k — 1) and therefore

n—1

Sn(A)7 = Zw"_kPk. (8)

k=0

Let U; be a matrix whose columns are the eigenvectors of
A in ith sector such that U;U; = I6(k — 1), where I is an
identity matrix of appropriate dimension, then P, = U,Uj;
and

n—1
A= Z Ui\ U}
1=0

where A; is a matrix in Jordan form such that all eigen-
values of A in the ith sector are eigenvalues of A;. Clearly,
Sn(A)" = I and Sp(A)7'A = 3" w" T UAU; . One
can easily verify that the eigenvalues of w"™ *A; are the
same eigenvalues of S,(A)"'A and that all these eigen-
values lie in the principal sector. To prove the theorem,
we have w" ™' = exp(@) and if A is an eigenvalue
of A; then, A = |\|exp(#), where @ <0< W
Now w™ i\ = || exp(w + 6). Obviously, the angle
@ +6 is in the principal sector. This shows that Sp(A)
as defined in (7a) is actually the matrix sector function of
order n. Q.E.D.

4 Integral Representation of the Ma-
trix Sector Function

We can incorporate Theorems 2 and 3 to derive an in-
tegral formula for computing the matrix sector function
by simplifying the formulas (7a) and (6a) as shown in the
following result.

Corollary 4. Let A be a nonsingular m X m matrix such
that none of its eigenvalues are on the boundary of the
sectors { DT < g < CEEUTAR—1 - Thepn the matrix

sector function has the following integral representations:

st =2 [T rn a0
0
and
SJA);%W/ (y" A" + I,,) " Ady. (9b)
0

Part (9b) of this result follows directly from (9a) and
the relation S,(A™") = S,(A)"".

Clearly, (9) is a generalization of Robert’s integral
representation of the matrix sign function. Specifically,
Robert’s formula [7] is

2 [T _
Sa(A) = So(A) ! = ;/ (y°Ln + A*) "' Ady,
0
or with appropriate change of variables,

Sa(A) = 2 / : (sin®(0) I, + A% cos”(0)) " Ad.

™

The integrals (9) can be computed over the finite in-
terval [0, ] by using the change of variable y = tan(f) in
which case (9) transcribed to

nsin(Z
6,04yt = snE)
™

z
/ (sin™(0) I + A™ cos™(0)) LA™ cos™2(0)d6,
0
(10a)

5 (100)

5 Integral Representation of the Prin-
cipal nth Root

Several integral representation of fractional powers of ma-
trices can be obtained by computing the contour integral
#j o Z"f: 'idaz,, . This integral can be evaluated over the sec-
tor =% < 6 < I by setting z = re’?, where 0 = +7. This
combines with (4) lead to the following results.

Corollary 5. Let A be a nonsingular m X m matrix such
that none of its eigenvalues are on the boundary of the
sectors {@ <6< @ "_4. Then the principal
nth root of A can be represented in integral form as

1 nsin(Z)

An = / (y" I, + A) "' Ady. (11)
0

m

Note that (9) can be obtained from the relation
Sn(A™Y) = S, (A)7! and (1). Fractional powers of the
matrix A or powers of the principal nth root of A can
be represented in integral form as shown in the following
result.

Corollary 6. Let A% be the principal nth root of A and
define A% = (A%)m, then

m

A= nsmﬂ('T) / (yn " +14)—114y7n—1dy7 (12&)
0



or
AZ nsin(%L) "
T
/ (sin™(0) I, + Acos™(0)) ' Asin™ " (0) cos™ ™1 (0)d0,
0

(12b)

To compute the integrals in the previous sections, one
can use the Gaussian quadrature with 16 points. The ma-
trix sector function was computed using (10) for different
matrices, however, these computations are not reported
here due to space limitation.

6 Computing the Principal nth Root
Using the Generalized Householder
Method

The results developed in this section are primarily inspired
by the algorithm developed in [17] for computing the dom-
inant zeros of polynomials. In this work, we place no re-
striction on the matrix or its eigenvalues except it has to
be nonsingular and that none of its eigenvalues are on the
boundary of the sectors {@ <6< @ "o, We
will generalize the algorithm in [17] , to compute the nth
roots of nonsingular complex matrices and their matrix
sector function. The proposed algorithm is based on shift-
ing the eigenvalues of A% by a number a. The main fea-
ture of this type of algorithms is that all nth roots with
eigenvalues in a given sector can be computed. In the next
theorem, an rth order convergent algorithm for computing
an nth root of a square matrix is presented.

Theorem 7. Let A be a nonsingular m X m matrix and
n > 2 be an integer and let a > 0. Let

aly, Iy -+ Om  Onm
Om alyy, -+ Om  Om

H=|0m Om - Om Onm , (13)
A Om -+ Om alm

where the matrices I,, and 0,, denote the m x m identity
and the null matrix respectively. For each positive integer
k, let

Hii(k)  Hiz(k) Hin (k)
& Hgl(k‘) HQQ(k) Hgn(k‘)
Hyni (k) Hupo(k) Hypn ()
where the H;;(k)’s are m x m matrices. Then for 1 <
5,0 <m,
Jim Hij(k) " Hi(k) = I, (15aq)
Jim Hij(k) "Hij(k+1)=Wi =aln, + X,  (15b)
Jim Hij(k) " Hiy, (k) = X (15¢)

where X be the principal nth root of A.

Proof. The main point of the proof is the observation that

if X be the principal nth root of A, then |%| <1,
fori=1,---,m, j=1,---,n— 1, where w is a primitive

nth root of unity. The matrix H has the following block
eigendecomposition

I I I
X X X, Wi, 0 .- 0
H=| Xt X3 X 0 W 0
e an] Lo 0w
1 2 n
I, Im Im -1
X, Xo e X
D CHED ¢ E . :
X{L*l X;71 X:LL—I

where W; = aln + Xi, for 1 < i < n and X; = w' X,
Hence

H" = [H; (k)]
Im Im e Im k
X, X, X, Wi Ok 0
= X? X2 R & 0 w; 0
X{L*l X;Lfl X:Ll_l 0 0 Wm
Cll 012 tee Cln
021 022 e CQn
Cnl CnQ e Cnn
(16)
where
Cll 012 e Cln
1 Ca1 Ca2 -+ Cop
Vo= . . . .
Cnl Cn2 e Cnn

It follows from (16) that
Hij(k) =Y X7 'WiCy,
r=1

Since W;W; = W;W; for all 4,5 and |[N;(W1)| > |Ni(W;)],
i=1,---,m, j = 2,---,n, it follows \(W;'W;) =
|i2x;;| < 1 and therefore (Wlej)’“k — 0 as k — oo.
It can be shown that Cr1 = Cs1, for 1 < r,s < n, and
therefore

Jim H,;(k)""Hg; (k) =

. S—r - ”‘k _ - T‘k S—T
lim X°7Y W) W) = X0
Jj=1 Jj=1

k—oo

Q.E.D.

Theorem 7 remains valid if the matrix al,, is replaced
with X for which XoA = AXy. In this case the method
converges to an nth root of I,,, which has the same eigen-
value distribution as those of Xy, i.e., if X has k eigen-
values in the ith sector then so is X. Thus when a is



chosen to fall in the ith sector, then the method con-
verges to an nth root whose eigenvalues fall in the ith
sector. This implies that the choice of a determines the
nth root of A which the sequence Hi_,]-l(k)qu,jJr’,«(k) con-
verges to. If we wish to compute the principal nth root of
A we must choose a = |a|e?? in the principal sector so that
=5 <0< 2, eg a>0. Similarly if an nth root of A with
all eigenvalues in the ith sector, then choose a = |a|e’’
with %ﬂ' << %7&

As can be observed from the last result, approximating
the principal nth root requires only powers of H. Note that
since H is block Toeplitz, H” is also block Toeplitz. This
property can be utilized to compute H* more efficiently. A
simple method of achieving this goal is the squaring proce-
dure in which H, H?, H*,---, H*"® are computed, where po
is a sufficiently large integer. The only problem in comput-
ing these power matrices is that H* becomes large (over-
flow) if [A1] > 1 or small (underflow) if [A1] < 1, where \;
is the largest (in magnitude) eigenvalue of H. To alleviate
this numerical problem, scaling may be applied. A stable
method of generating scaled powers of complex matrices
can be described as follows:

H
By=p—"
0 pTrace(H) (17)
B}
Biii1=p—0"0F k=0,1,---
k+1 pT’I"aCE(Bk)’ 03 ) , Po,

where p is a positive number slightly less than unity and
po is a sufficiently large integer. By a suitable choice of
p one can be sure of staying within the range from —1 to
1 even with round-off error. Assuming that By = [Bi(f)],
then for 1 <14,5,1 < n,

Jim By (k)" 'By(k) = I, (18a)
Jim Bij(k) 'Bij(k +1) = W1 = al, + X, (18b)
Jim Bij(k) ' Biyi; (k) = X (18c¢)

Here X is the principal nth root of A provided that a is
chosen to be any nonzero number in the principal sector.

7 The Matrix Sector Function

Let A be a nonsingular matrix, then the matrix sector
function is defined as A( W)_l, where /A7 is the prin-
cipal nth root of A™. As noted earlier, S,(A) is an nth
root of the identity matrix which commutes with A. In
the following result, we introduce a power-like method for
computing S, (A).

Theorem 8. Let A be a nonsingular matrix and let « be
any nonzero complex number in the principal sector

aA I, -+ Om Onm
0m @A -+ Om Om
H = Om Om -+ Om Om ’ (19)

Im Om -+ Om oA

and let H* = [H,;(k)], then H* is block Toeplitz and
Hij(K) YHiyr (k) — Sn(A)" as k — oo, where S, (A)
is the matrix nth sector function of A.

Proof. Let X = S,(A) be the matrix sector function of
A. Then X, wX,---,w" ' X are solutions of X" —I,,, = 0.
The conclusion follows from the observation that A;(A +
X)> M(A+w!X)fori=1,---,m,j=1,---,n—1. This
can be seen from the observation that the eigenvalues of A
and X are in the same sector. Q.E.D.

It can be shown that H(k) is block Toeplitz with the
first row is given as

k k—l4+1—r(n—1)
<l —147r(n— 1)) (ad) '

Given the matrix sector function, the number of eigenval-
ues of a given matrix in a a specific sector can be deter-
mined by solving the system

[E1+1

Hu(k) =Y

r=0

n

D @) TP = Sa(4)

=1

for r = 0,---,n — 1. Hence the P; can be obtained by
solving the following Vandermonde system:

Po I, wly w7 Im
Pl B Im wQIm (wnfl)le Sn(A)
P, Im ’wn_lfm (wn—l)n—llm Sn(A)n—l

from which we obtain that

P = (I +Sn () +(Su (A)wt) 4 o (Sa(A)w)" ")

(20)
is a projection matrix on the sector that contains the root
wk.

Thus one can compute all nth roots of a given matrix
by considering the principal nth root X and all possible
distinct matrices XS with S = 22:1 w’i P;. These pro-
jections into different sectors can also be used to locate
eigenvalues of a given matrix. To examine the number of
eigenvalues in ith sector, one may calculate rank(P;) =
trace(P;). Hence stability test for polynomials and matri-
ces inside given sectors can be established numerically by
computing the matrix sector function S, (A).

8 Sector Factorization

It will be shown that if A is a nonsingular matrix which
does not have eigenvalues on the boundary of the sectors
(2]:1)# <0< (kal)”, for k=0,2,---,n—1, then A can
be factored as

A=A Wn(A), (21)

where all eigenvalues of A,, are in one sector and W,, is an
nth root of the identity matrix such that AW,, = W, A.



We will next present several identities which can be utilized
to solve for A, and S,.

0 Im O - 0 0 Ap o .- 0
0 0 Im - 0 0 0 A;l 0
0 o .- 0 I 0 0 0 A;l
AT 0 0 0 ne1
An 0 0 0
(22)
where AA, = An,A, and A = A". Note also that A" —
AT =TI (A — w'™ ' A,) = 0 for some w, an nth root of

1. We also discovered the following new link between W,
and the sector function

o A o0 ... o0 o w;t 0 .- 0
0 0 A 0 —1
0 oW, 0 .-
Sn(] o e e e e )= [
0 o --- o0 A “1
0 0 0w
A 0 o0 .- 0 Wa 0 o 0 7m

(23)
where W, A = AW,,, W = I, W2™' = S,(A), and

all eigenvalues of AW, lie in the sector —% < 6 < Z.

The importance of this identity is that any method for
computing W,, will automatically translates into a method
of computing sector factorization of A and the principal

nth root of A.

It is interesting to note that the block Toeplitz matrix of
the left hand side of (23) has the following factorization in
terms of block Vandermonde and block diagonal matrices:

[ o A o -+ 0

o 0 A ... 0

o 0o .- 0 A
LA o o --- o0
[ Im Im B Im ASnp 0 ce 0

Sn wSn oo wnT g, 0 wASp - 0
Lsp—t wn-lgn=1t ... ,gn—l 0 0 wn~las,
[ Im Im e Im -1

Sn wSn oo own—lg, )
Lsn—1 wn-lgn=1l ... ,gn-l

(24)
Once the matrix S,(A) is obtained, then projections onto
each sector can be computed. The columns of the orthog-
onal factor of the QR decomposition of these projections
form bases for the corresponding eigen-spaces. This fac-
torization can be considered as generalization of the polar
and the sign decomposition of matrices.

9 Conclusion

Integral formulas and algorithms for computing nth roots
and matrix sector function are developed. The integral
forms can be computed using several numerical integration
techniques. The proof of some of these results are not
shown here but can be provided by the first author upon
request. A paper that includes this work is being under
preparation and will be submitted for publication soon.
The paper will include rigorous numerical stability of these
algorithms which we have not dealt with in this paper.
Simulations and numerical evaluation of all results will also
be established.
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