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Abstract

A new approach for LPV system analysis and con-
trol synthesis was proposed in this paper. This unified
framework combined two seemingly diversified methods
in systematic gain-scheduling, LPV control theory, and
extended the appliability of full block S-procedure to
general LPV systems.

1 Introduction

The study of LPV systems is motivated by the gain
scheduling control design methodology [23, 17]. The
classical approach to gain-scheduling involves the de-
sign of several LTI controllers for a parameterized fam-
ily of linearized models of a system and the interpola-
tion of the controller gains. Although it seems working
well in practice, this heuristic design procedure does
not take the parameter variations into account. In par-
ticular, it can not provide stability and performance
guarantees except for slow varying parameters [24, 25].

The notion of LPV systems was first introduced in
[23]. This class of systems is different from standard
linear time-varying counterpart due to the causal de-
pendence of its controller gains on the variations of
the plant dynamics. The implications of parameter-
dependent systems theory has for gain-scheduling is
obvious, since gain-scheduling conceptually involves a
linear, parameter-dependent plant. LPV control the-
ory has been proven useful to simplify the interpo-
lation and realization problems associated with con-
ventional gain-scheduling. Specifically, it allows us to
treat gain-scheduled controllers as a single entity, with
the gain-scheduling achieved entirely by the parameter-
dependent controller.

Using scaled small-gain theorem, a systematic gain-
scheduling control design technique has been developed
in [15, 2]. When the parameter dependency in both
plant and controller is linear fractional, the existence of
such a gain-scheduled controller is fully characterized in

terms of linear matrix inequalities (LMIs). The under-
lying synthesis problem is therefore a convex problem
for which efficient optimization techniques are avail-
able [5, 12]. This new and promising control structure is
applicable whenever the value of parameter is measured
in real-time. The resulting controller is time-varying
and smoothly scheduled by the measurements of pa-
rameter. It was also demonstrated that the original
gain-scheduling problem can be re-formulated as one
of robust performance with special plant/uncertainty
structure [2]. Recently, a general form of multipli-
ers was recognized in the context of mixed p analysis
[13], which is capable to translate the robust perfor-
mance condition to its equivalent analysis test. It is
has been applied to LPV gain-scheduling problem to
reduce the conservatism associated with block diagonal
scaling [19]. However, full block multipliers necessitate
modification on the structure of the scheduling func-
tions.

Parallel to the first approach, the use of a single or
parameter-dependent Lyapunov function in the analy-
sis and control design for parameter-dependent plants
has been studied in robust control framework [4, 27,
3, 28]. The LPV system is allowed to have general
parameter-dependence other than trivial continuity re-
quirement. Whereas the analysis test in [4] intro-
duces a potential conservatism by measuring perfor-
mance against arbitrarily fast variations in scheduling
parameters, known bounds on the rate of parameter
variation are incorporated into the analysis conditions
in [27, 28, 1]. In contrast to scaled small gain approach,
the solution to the LPV control synthesis problem was
formulated as a parameter-depepdent LMI optimiza-
tion problem. A brutal force griding method is typi-
cally used to divide the parameter space and renders
the semi-infinite optimization problem to be finite, but
resulting LMI constraints grow rapidly as the param-
eter numbers increases. Alternative solution was pro-
vided for affine parameter-dependent LMIs in [11, 8].

In this paper, a general framework was developed for
LPYV system analysis and synthesis problems. The mo-
tivation of this research is to combine the power of ex-



isting LPV control design techniques, and develop a
computationally efficient gain-scheduling strategy ap-
plicable to sophisticated real systems. For a large-scale
gain-scheduling problem involving lots of parameters,
it is conceivable that existing LPV approaches will fail
either because of performance inadequacy or compu-
tational complexity. Inspired by the paper [19], this
research work expands the applicability of full block
S-procedure to general LPV systems, and provides al-
ternative solution approach for LPV control synthesis
problem. Improved from the constant Lyapunov func-
tion, its parameter dependency is introduced to ex-
ploit parameter variation rates information and reduce
the conservatism in LPV analysis test. The proposed
LPV framework provides a useful gain-scheduling de-
sign technique which unifies two prevailing approaches
from scaled small-gain and control Lyapunov function
perspective.

2 Unified Framework for LPV system Analysis

Consider an LPV system
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where z,z € R", d € R™, ¢q,p € R™, e € R",
uw € R™ and y € R™. All the matrices have compat-
ible dimensions. The state-space data are continuous
functions of the scheduling parameter 8, and in linear
fractional dependency of the structured scheduling pa-
rameter A.

It is assumed that the vector-valued parameter 6
evolves continuously over time and its range is lim-
ited to a compact subset © C R?. In addition, its
time derivative is bounded and satisfies the constraint
v; < 6; < v, = 1,2,---,s. For notational purpose,
denote V={v: v, <v<py, i=1,2,---,s}, where V
is a given convex polytope in R® that contains the ori-
gin. Given the sets @ and V, we define the parameter
v-variation set as

Ty = {o cC'(Ry,R%): 0(t) €O, beV, Vt> o}

Moreover, the time-varying parameter A obeys the fol-
lowing structure

A= {A = diag{611,, 601, 641, )
5 e C(Ry,R), 6:] <1, i=1,2,---, f}

where Zfil r; = np. Then the parameter varying set
Fa can be defined correspondingly. At each time in-
stant ¢, the parameter vector (6(t),6(t),A(t)) is as-
sumed measurable in real-time. So Fg x Fa specifies
the set of all allowable parameter trajectories.

Clearly, the state-space matrices of the LPV system can
be written as

[A(e,é,A) B1(6,6,A) }
C1(6,8,A) Dyi(6,6,A)

_{A(a,é) B (8,6)
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The LPV system (1)—(2) is said to be parameter-
dependent stable if there exists a continuously differ-
entiable matrix function X (6) = X7 (#) > 0, such that
for (6,v,A) € @ xV x A

(3)

By compactness of the parameter sets, it can be de-
duced that parameter-dependent stability implies ex-
ponential stability of the LPV system. Note that the
stability condition (3) is given in terms of the schedul-
ing parameters and the LPV system matrices. Gener-
ally, it consists of infinite number of constraints and is
hard to verify. Although gridding method can be used
to divide the whole parameter space © x V x A, past
experience reveals that the computational cost result-
ing from gridding parameter space is quite significant.
Therefore there is great incentive to reduce the number
of gridded parameters whenever it is possible.

The full block S-procedure [13, 19] would effectively
translate the stability and performance tests for uncer-
tain systems into their equivalent formulations. This
approach is applicable to a general LPV problem as
well. For this purpose, we introduce the class of full
block multipliers

A
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Note that such a multiplier is specified over the pa-
rameter set A. It consists of infinitely many LMI con-
straints in general. However, the multiplier set can be
simplified under various assumptions on the parametric
uncertainty A [13]. This will be further discussed later
in this section.

Using a full block scaling matrix P € P, the original
stability condition (3) can be reformulated as

=] e e ]
A —
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for all (8,v,A) € ©® xV x A. Note that the above
matrix inequality (4) is specified using nominal LPV
system and its inter-connection data. It is a convex
constraint in the form of LMI, and can be solved by
LMI optimization tools efficiently [5, 12]. Moreover,
the resulting LMI condition does not explicitly rely on
scheduling parameter A.

In light of stability condition, we have the following
result to determine the stability and performance for
the class of LPV systems using a parameter-dependent
control Lyapunov function, which has restricted param-
eter dependency on € only. However, the analysis test
derived from full block S-procedure is not necessarily
lossless for the LPV systems (1)—(2) due to its general
parameter dependency.

Theorem 2.1 Given compact sets @, V and A, If
there exist continuously differentiable function X
R® — ST*" and scaling matriz P € P, such that
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for all (0,v,A) € ©xV x A, then the LPV system (1)-
(2) is parameter-dependent stable. In addition, if d €
Ly and x(0) = 0, then ||e|lz < v||d||2-

The multiplier set P € P itself presents some inter-
esting questions in terms of computational complex-
ity. First, P is clearly a convex set. But it is gen-
erally semi-infinite dimensional in the sense that ev-
ery possible elements in the parameter set A needs
to be checked. Seemingly computational demanding,
however, the multiplier set can be simplified consider-
ably by imposing additional assumptions on the set A.
Given the block diagonal assumption on the parameter
A it is possible to confine the search of multipliers to
a smaller set defined as

PC:{PEP;P:L?T ;],Q<O}

Obviously, P¢ C P. In additional, it can easily be
shown [16, 13, 19] that the multiplier set P¢ is fully
characterized by finitely many (2/) LMIs specified at
the vertices of A, i.e., P € P¢ if and only if

A,

Q<0 and [AT z]p[I

] 50, VA, € {A,A)

The restriction of search of multipliers to P¢ generally
would cause more conservatism in the analysis condi-
tion (5).

3 LPV Output-Feedback Control

Now, consider a generalized open-loop LPV system,
which may have all the weighting functions included

T A(@) Bo(#) Bi(#) B2 ] |z
e o 01 (9) 0 0 D12 (9) d
y 02 (9) DQO(G) D21 (9) 0 u
p(t) = At)q(t) (7)

where 0 € F§, A € Fa, u € R™ and y € R™. All
matrix valued state-space data are continuous and have
appropriate dimensions. For simplicity, we assume that

(A1) (A(8), B2(0),C5(8)) is parameter-dependent sta-
bilizable and detectable for all 6,

(A2) [g?zEZH and [Dao(f) D21(6)] have full column

and row rank respectively for all 8,

The first assumption is required for the existence of
a stabilizing output-feedback controller. Assumptions
(A2) and (A3) can be relaxed at the expense of more
complicated controller formulae (see [26, 9] for details).

The class of LPV controllers is in the form of

Cif [44(6,6) Bi(6,6)] |-
v = lews paea)| v |
Dr(t) = Ap(A(t))gr(t) 9)

where z;, € R™, pr, € R"*r and ¢, € R"%. The
dimension of controller state ny and scheduling function
Ap : Rf = R™i*"u is yet to be determined. The
controller is scheduled by parameters 6,6 and A. In
particular, the scheduling function Ag(-) reflects the
controller’s dependency on A and enters the controller
state-space data in linear fractional fashion. Note that
the previous LPV control technique in LFT approach
[15, 22] assumed that Ag(A) = A. Consequently, block
diagonal scaling matrices is adequate for this type of
gain-scheduling control problem. For full block scaling,
It was shown in [19] that one has to employ a quadratic
function which is constructed from the corresponding
multipliers.

Our goal is to design a LPV controller in the form of
(8)—(9) to stabilizes the LPV system (6)—(7) with in-
duced L5 norm of closed-loop system minimized.



In the LPV control synthesis phase, the full block ex-
tended multiplier is restricted to the following form

Q Q2| S Si2

Py = |:ch Scl:| — Q{Z Q22 SlT2 S22
“ S%  Ru « ‘ R Rip»
Rﬂ Roo

with Q4 < 0, R, > 0 and P, satisfies

AT 1] Py [A;l] >0,

This multiplier set will be denoted as PS. Admitted to
possible conservatism for this refinement, the purpose
for employing this type of full block multiplier in syn-
thesis stage is two folds: When Q. < 0, the constraint
associated with such a multiplier set is much simplified.
In fact, it becomes finite number of LMIs specified at
the vertices of the parameter set A x Ag. Secondly, it
renders the implicit scheduling function to an explicit
quadratic form [20] and alleviates the controller imple-
mentation requirements.

We are now ready to state the main theorem for the
LPV output-feedback control synthesis problem.

Theorem 3.1 Given compact sets © and A, a per-
formance level v > 0, and the open-loop LPV system
in (6)-(7), there exist continuously differentiable ma-
triz functions X,Y : R® — SI*™ and a pair of scaling
matrices P € P°, P € P, such that for all § € O,
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where
Nx(0) =Ker [B; () Dg,(6) Di5(0)],
Ny (8) = Ker [02 (0) Dyo(6) D21(0)]
Let
(P—P 1)t =Udiag{A ,A }UT

where U is an orthonormal matriz, A_ < 0 and Ay >
0. Then the scaling matriz P, can be chosen as
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Now solve for a pair of matriz equations
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Then the state-space data of one nt"

output-feedback controller is given by

order, proper

Ak(t‘),()) =N"1 {Ak -Y [BQ 0] C’k — Bk |:002:| X

~YAX}y M~ T (15)
By(f) = N7'By (16)
Cr(0) = CrM~T (17)
D(6) =0 (18)

where M(G)NT(G) =1—X(0)Y(0). The scheduling

function Ag() of size dim(A_) x dim(A4). is given by

A

Ap(A) = AZ'VE { AT 1P [1

—1
} - VA:lv_T} Vi
with [V_(A) Vi (A)] = [AT I]U having a column
partition compatible with A_, A .

Remark 3.1 With a slight abuse of notation, {v, v} &
in (10)-(11) represents the combination of derivative
terms in the form of Via%i when v; is taken as either

v; or ;. Therefore each inequality means 2° different
LMIs which must be checked.

The general LPV synthesis conditions (10)—(12) do
not include the controller data. Instead the controller
state-space matrices are constructed from the solutions
X(6),Y(#) and P, P explicitly. This approach has sev-
eral advantages:

1. For a general LPV gsystem we are interested in,
the controller would have arbitrary dependency
on the parameter . Consequently, a priori pa-
rameterization of controller data on the parame-
ter will result in performance sacrifice.

2. It reduces decision variables involved in the LMI
synthesis conditions. Moreover, the explicit con-
trol formula is essential for real-time implementa-
tion.

3. It gives further insight into the structure of the
LPV controllers.

The solvability conditions provided in (10)—(12) are
clearly infinite-dimensional, as is the solution space.
To approximate, we restrict the search of parameter-
dependent Lyapunov function to a span of finite num-
ber of basis functions. That is, let

Na Ny
X(0) =3 m(0)Xi, Y(0) =3 9;(0)Y;

where {hi(ﬁ)}f\;”1 and {gj(ﬁ)}fi”l are user-specified

scalar basis functions. X;,Y; are new optimization vari-
ables to be determined. After such a parameterization,

the LPV synthesis conditions can be solved using an
ad-hoc gridding method over parameter space.

The unified LPV synthesis framework is computation-
ally attractive compared with the current parameter-
dependent Lyapunov function approach. Given the
parameter-dependent Lyapunov function having func-
tional dependency on s parameters over total (s + f)
number of scheduling parameter. If the parameter
sets @ and A were gridded by N, and Ny points, re-
spectively, then the current approach requires (2571 +
1)NyN; LMI constraints. On the other hand, the uni-
fied LPV synthesis conditions involve (25t1 + 1)N; +

271 LMIs. The comparison of decision variables for
n(n+1)(Na+Ny) n(nt)(Ne +Ny)
P) P)

both approaches is vs.
4n,(n,+1). Typically, N, Ny are large numbers which
cause the LPV synthesis problem computationally ex-
pensive. With moderate increase of decision variables,
the proposed approach would significantly reduce the
number of LMI constraints required to solve the LPV
synthesis problems. Moreover, it is always possible to
scale full block multiplier back to block diagonal scaling
matrices for large-scale gain scheduling problems. Then
the number of decision variables in LMI optimization
will further be decreased.

4 Concluding Remarks

A new framework for the study of a general class of
LPV systems was developed. The LPV state-space
data is assumed to depend on parameters § and A,
with A enters the plant dynamics in linear fractional
fashion. Combining the power of parameter-dependent
Lyapunov function and full block S-procedure, it was
shown that the solution to the general LPV analysis
and synthesis problems can be formulated into con-
vex conditions in terms of LMI optimization. This
research work extended the applicability of full block
S-procedure to general LPV systems, and provided
a useful framework that unifies two prevailing meth-
ods in LPV control theory, namely, scaled small-gain
[15, 2, 19] and control Lyapunov function approach
[4, 27, 28, 1]. From past experience, the computa-
tional cost associated with parameter-dependent LMIs
becomes prohibitive when the number of scheduling
parameters is more than 3. This framework provides
a flexible approach for control engineers to trade be-
tween performance improvement, controller complexity
and design effort required.

The synthesized output-feedback controller has the de-
pendency on parameter derivative 6, which may be
an undesirable feature from implementation viewpoint.
But this can be easily remedied by forcing either X or Y
as parameter independent [3, 1]. In many cases, such
a restriction would not cause significant performance
degradation.



References

[1] P. Apkarian and R.J. Adams. Advanced gain-
scheduling techniques for uncertain systems. IEEFE
Trans. Automat. Contr. Tech., 6(1):21-32, 1997.

[2] ©P. Apkarian and P. Gahinet. A convex char-
acterization of gain-scheduled H., controllers. IEEE
Trans. Automat. Contr., AC-40(5):853-864, 1995.
Also see Erratum in IEEE Trans. Automat. Contr.,
AC-40(9):1681.

[3] G. Becker. Additional results on parameter-
dependent controllers for LPV systems. In Proc. 13th
IFAC World Congress, 1996, pp. 351-356.

[4] G. Becker and A.K. Packard. Robust perfor-
mance of linear parametrically varying systems using
parametrically-dependent linear feedback. Syst. Contr.
Lett., 23(3):205-215, 1994.

[5] S.P. Boyd, L. El Ghaoui, E. Feron, and V. Bal-
akrishnan. Linear Matriz Inequalities in Systems and
Control Theory. SIAM, Philadelphia, PA, 1994.

[6] M. Chilali and P. Gahinet. Ho, design with pole
placement constraints: An LMI approach. IEEE Trans.
Automat. Contr., AC-41:358-367, 1996.

[7] J. Doyle, A. Packard, and K. Zhou. Review of
LFTs, LMIs, and pu. In Proc. 30th IEEE Conf. Dec.
Contr., 1991, pp. 1227-1232.

[8] E. Feron, P. Apkarian, and P. Gahinet. Analysis
and synthesis of robust control systems via parameter-
dependent Lyapunov functions. IEEE Trans. Automat.
Contr., AC-41:1041-1046, 1996.

[9] P. Gahinet. Explicit controller formulas for LMI-
based Ho, synthesis. Automatica, 32(7):1007-1014,
1996.

[10] P. Gahinet and P. Apkarian. A linear matrix in-
equality approach to H, control. Int. J. Robust Non.
Contr.: Special Issue on Ho, Control, 4:421-438, 1994.

[11] P. Gahinet, P. Apkarian, and M. Chilali. Affine
parameter-dependent Lyapunov functions and real
parametric uncertainty. IEEE Trans. Automat. Contr.,
AC-41:436-442, 1996.

[12] P. Gahinet, A. Nemirovskii, A. Laub, and M. Chi-
lali. LMI Control Toolbozx. Mathworks Inc., Natick, MA,
1995.

[13] T. Iwasaki and S. Hara. Well-posedness of feed-
back systems: Insights into exact robustness analysis

and approximate computations. IEEE Trans. Automat.
Contr., AC-43(5):619-630, 1998.

[14] T. Iwasaki and R.E. Skelton. All controllers for
the general H, control problem: LMI existence condi-
tions and state space formulas. Automatica, 30(8):1307-
1317, 1994.

[15] A.K. Packard. Gain scheduling via linear frac-
tional transformations. Syst. Contr. Lett., 22(2):79-92,
1994.

[16] A. Rantzer and A. Megretski. System analysis
via integral quadratic constraints. In Proc. 33rd IEEE
Conf. Dec. and Contr., 1994, pp. 3062-3067.

[17] W.J. Rugh. Analytical framework for gain
scheduling. IEEE Contr. Sys. Mag., 11(1):74-84, 1991.

[18] C.W. Scherer. A full block S-procedure with ap-
plications. In Proc. 36th IEEE Conf. Dec. and Conitr.,
1997, pp. 1510-1515.

[19] C.W. Scherer. Robust mixed control and LPV
control with full block scalings. In Advances in LMI
Methods in Control, STAM, 1999.

[20] C.W. Scherer. LPV control and full block multi-
pliers. Preprint, 1999.

[21] C.W. Scherer, P. Gahinet and M. Chilali. Mul-
tiobjective output-feedback control via LMI optimiza-
tion. IEEE Trans. Automat. Contr., AC-42(7):896—
911, 1997.

[22] G. Scorletti and L. El Ghaoui. Improved lin-
ear matrix inequality conditions for gain scheduling.
In Proc. 34th IEEE Conf. Dec. and Contr., 1995,
pp. 3626-3631.

[23] J.S. Shamma and M. Athans. Analysis of gain
scheduled control for nonlinear plants. IEEE Trans.
Automat. Contr., AC-35:898-907, 1990.

[24] J.S. Shamma and M. Athans. Guaranteed prop-
erties of gain scheduled control for linear parameter-
varying plants. Automatica, 27:559-564, 1991.

[25] J.S. Shamma and M. Athans. Gain scheduling:
Potential hazards and possible remedies. IEEE Conir.
Sys. Mag., 12(3):101-107, 1992.

[26] F. Wu. Control of Linear Parameter Varying Sys-
tems. Ph.D. dissertation, University of California at
Berkeley, May 1995.

[27] F. Wu, X.H. Yang, A.K. Packard, and G. Becker.
Induced L5 norm control for LPV systems with
bounded parameter variation rates. Int. J. Robust Non.
Contr., 6(9/10):983-998, 1996.

[28] J.Yu and A. Sideris. H control with parametric
Lyapunov functions. Syst. Contr. Lett., 30:57-69, 1997.



