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Abstract

This paper presents a closed form solution to the
estimation-theoretic simultaneous localisation and map
building (SLAM) problem. The solution is obtained by
explicit solution of the di�erential Riccati equation as-
sociated with the n-landmark SLAM problem. The solu-
tion describes and explains the many experimental and
theoretical results obtained so far in the study of the
SLAM problem. Further, the solution, for the �rst time,
allows a precise means of analysing the performance of
di�erent SLAM algorithms and enables the design of
eÆcient SLAM systems.

1 Introduction

The solution to the simultaneous localisation and map
building (SLAM) problem is, in many respects a \Holy
Grail" of autonomous vehicle navigation research. The
ability to place an autonomous vehicle at an unknown
location in an unknown environment and then have it
build a map, using only relative observations of the en-
vironment, while simultaneously using the map to nav-
igate would indeed make such a vehicle \autonomous".
A solution to the SLAM problem will be of inestimable
value in a range of applications where absolute position
or precise map information is unobtainable.

An estimation-theoretic or Kalman-�lter based ap-
proach to the SLAM problem is adopted in this pa-
per. The study of estimation-theoretic solutions to the
SLAM problem has a long history starting with the key
paper by Smith and Cheeseman [10] (see also [4, 7, 8].
However, after a long haitus, there has recently been an
explosion of interest and a number of substantial results
on the estimation-theoretic SLAM problem. In particu-
lar, the work by Leonard on large-scale SLAM problems
[9, 6], the experimental work of Castellanos and Tardos
[3, 2], and the work of Dissanayake and Durrant-Whyte
on convergence [5]. All of this work shows that, while

many problems remain, a solution to the estimation-
theoretic SLAM problem is possible both theoretically
and practically.

The key issue in solving the SLAM problem is that an
error in estimated vehicle location leads to a common
error in the estimated location of environment land-
marks. Indeed, it is possible to show that the correla-
tion caused by this common error between landmarks
tends to unity, and thus in the limit a perfect relative
map of landmarks can be constructed [5]. However, the
need to maintain this correlation as an integral part of
the SLAM solution leads to enormous computational
problems, as the location of each landmark in the en-
vironment must, in theory, be updated at each step in
the estimation cycle. This leads inexorably to a need to
�nd e�ective map-management policies for large scale
problems [9]. The key to all these problems is to un-
derstand the structure and evolution of the covariance
matrix for the SLAM problem. This contains the un-
certainties in estimated vehicle and landmark location
together with the (all important) covariances between
landmarks, and landmarks and vehicle.

The main contribution of this paper is to provide, for
the �rst time, a closed form solution to the SLAM prob-
lem. The solution is found by explicit solution of the
corresponding Riccati equation describing the structure
and evolution of the SLAM covariance matrix. The so-
lution provides a time-domain description of the evolu-
tion of the single degree-of-freedom n-landmark SLAM
problem for the case where the motion of the vehicle
is Brownian, the landmarks are scalar and the observa-
tions are linear. While this is a restricted case, it nev-
ertheless exposes the structure and evolution process of
more general SLAM problems. It can therefore be used
as an indicator of the performance of more complex
SLAM problems including multi-dimensional problems,
nonlinear and asynchronous range bearing observation
problems, and more complex vehicle motion models.



It can also illustrate short-term SLAM performance in
two or three dimensional problems where the vehicle
motion is nominally linear and the feature distribution
is not changing rapidly. This is the subject of ongoing
investigation.

The solution provides an explicit picture of how and
why the SLAM principle works, the e�ect that di�er-
ent vehicle uncertainties have on the solution, and how
the observation of di�erent landmarks e�ects the con-
vergence and steady-state behaviour of the problem.
Most importantly, the solution also provides, for the
�rst time, an explicit means of developing and analysing
eÆcient SLAM algorithms and of designing a range of
multi-sensor SLAM systems.

This paper begins by establishing and formulating the
SLAM problem to be solved. The method of solution
and the solution itself are then presented. The structure
of the solution is then discussed and explained in terms
of previously known results. An analysis of the proper-
ties of the solution is then presented. This provides a
study of the convergence properties of the SLAM algo-
rithm, the e�ect of vehicle model uncertainty and the ef-
fects of observation uncertainties in di�erent landmarks
on convergence rates and steady state performance. In
conclusion, the paper discusses the practical implica-
tions of this solution.

2 Formulation of the SLAM Problem

The general estimation-theoretic SLAM problem con-
siders the motion of a platform in space, taking rela-
tive observations to a number of �xed landmarks. In
most practical developments, the SLAM algorithm is
described in discrete time. However, for the purposes
of obtaining a closed-form solution to the problem, it
is most valuable to consider the associated continuous
time problem. In this paper, a simple one-dimensional
version of this SLAM problem is considered.

2.1 Process and Observation models

A platform is in linear motion. Generally measurements
of velocity u(t) are made (from an inertial measurement
unit, Doppler or encoder system). These measurements
are subject to errors w, assumed to be zero-mean white
noise of variance q. The position x(t) of the platform is
constrained to a single dimension and is thus described
by _x(t) = u(t) + w.

The environment is populated by an arbitrary number
of stationary landmarks i = 1; � � � ; n placed at �xed
locations pi (in the single motion direction) , so that
_pi = 0: A combined state vector is de�ned consisting
of the location of the platform and the location of all
landmarks in the form x(t) = [x(t); p1; � � � ; pn]

T : The

general state-transition equation can now be written in
the usual form

_x(t) = Fx(t) +G(u(t) +w(t)) (1)

where clearly F = 0 and G = [1; 0; � � � ; 0]T .

The platform is equipped with a sensor that can mea-
sure the relative range between the platform and land-
marks. An observation zi to the ith landmark is de-
scribed by zi(t) = pi� x(t) + vi where vi is assumed to
be a zero mean white process of variance ri describing
range measurement errors. These (continuous time) ob-
servations can be placed in a single observation model
of the form

z(t) = Hx(t) + v (2)

where z(t) = [z1(t); � � � ; zn(t)]
T , v = [v1; � � � ; vn]

T ; and

H =

2
6664
�1 1 0 � � � 0
�1 0 1 � � � 0
...

...
...

. . .
...

�1 0 0 � � � 1

3
7775 (3)

is the n� (n+ 1) observation matrix.

The process noise variance and observation noise vari-
ance are both assumed time-invariant and are de-
�ned by Q = E[wwT ] = q and R = E[vvT ] =
diag(r1; � � � ; rn). Not surprisingly, the quantities Q and
R are the essential parameters governing the perfor-
mance of the SLAM process.

The goal of a SLAM algorithm is to compute an esti-
mate x̂ of the location of both the vehicle and land-
marks given the complete observation signal Zt up to
time t. For a problem such as this, the estimate is nor-
mally considered to be the conditional mean; x̂(t) =
E[x(t) j Zt]. The error in this estimate is denoted
~x(t) = x̂(t) � x(t). The corresponding state estimate
covariance matrix is given by P(t) = E[~x(t)~xT (t) j Zt].
This covariance matrix describes the evolution of the
vehicle and landmark variances together with all covari-
ances between landmarks and vehicle and landmarks.
The evolution of this covariance matrix is governed by
the di�erential Riccati equation in the form

_P(t) = FP(t)+P(t)FT +GQGT �P(t)HTR�1HP(t)
(4)

This paper describes a solution to Equation 4 for the
system described by Equations 1 and 2.

2.2 Solution Method

The di�erential Riccati equation is non-linear. How-
ever, there are a number of well known methods for ob-
taining solutions to this equation in speci�c cases (see
[1] for a summary of methods). The method adopted



here is to describe the solution to the Riccati equation
in the form

P(t) = U(t)V�1(t) (5)

where U(t) and V(t) are matrices satisfying the ho-
mogeneous linear di�erential equation and the initial
condition

�
_U(t)
_V(t)

�
=

�
F GQGT

HTR�1H �FT

��
U(t)
V(t)

�
(6)

�
U(0)
V(0)

�
=

�
P(0)
I

�
(7)

where V(t) is always invertible, P(0) is the initial state
covariance matrix and I is the identity matrix with ap-
propriate dimensions. It is straight-forward to show (by
substitution) that this is equivalent to solving the Ric-
cati equation. The transition matrix for this problem
is known as the Hamiltonian matrix.

For the SLAM problem as stated, Equation 6 can be
substantially simpli�ed. In particular, F = 0, Q = q
and R = diag(r1; � � � ; rn), so that

_U(t) = GQGTV(t) (8)

_V(t) = HTR�1HU(t)

Furthermore, for the case considered, where the vehi-
cle position estimation and landmark observations com-
mence at time t = 0, the initial covariance matrix is
given by P(0) = diag(0; r1; � � � ; rn).

2.3 The n Landmark Solution

Practically, a solution to Equation 8 was found by using
a commercial symbolic algebra package to obtain solu-
tions for the cases n = 1; 2; 3. From these, the solution
for arbitrary n was hypothesised and shown to satisfy
the original Riccati equation.

The general time-domain solution for the state covari-
ance matrix for the general n-landmark scalar SLAM
problem with P(0) as de�ned is given by Equation 9
(overleaf) where D(t) = (� + 1) + (� � 1)e�2�t is the
characteristic equation of the system, I

T
=
Pn

i=1 r
�1
i

is the total Fisher information available to the �lter,
and � =

p
qI

T
is the dominant time constant for the

system.

3 Analysis of the Solution

The covariance matrix given in Equation 9 encapsulates
in full the structure and evolution of the linear, scalar
SLAM system. Section 3 of this paper provides a de-
tailed analysis of the structure and convergence prop-
erties of this equation. Here we identify some principal
features of the solution.

The SLAM solution is primarily governed by the total
Fisher information I

T
, the process noise covariance q

and the time constant � (which is itself a function of
I
T
and q). The dependence on Fisher information is

logical; this is a measure of the total information (per
unit time) available to the �lter to generate estimates of
landmark and platform positions. The dependence on q
is also logical; this is a measure of the loss of information
from the �lter through uncertain platform motion. The
time constant � =

p
qI

T
is thus precisely the ratio

of information loss to information gain and therefore
governs both the rate of convergence and steady state
performance of the SLAM system.

Herein, for convenience, we denote the variance in esti-
mated vehicle position as Pvv(t), the variance in the es-
timated ith landmark position as Pii(t), the covariance
between the platform and the ith landmark position er-
rors as Pvi(t), and the covariance between the ith and
jth landmark position errors as Pij(t). Note also that
due to symmetry Pvi(t) = Piv(t) and Pij(t) = Pji(t).

The platform variance is clearly proportional to the pro-
cess nose variance q, as are the landmark to platform
cross-correlation terms. It is interesting to note that
the vehicle to landmark covariances are not a function
of the speci�c landmark; that is the correlation repre-
sents a platform to map, and not a platform to speci�c
landmark relationship (this has been observed experi-
mentally in earlier work).

According to Equation 9, the landmark variance con-
sists of two components, one converges as 1=t, the other
converges exponentially. The exponential component is
independent of the speci�c landmark and converges to
the same value as the platform to landmark covariance.
This component essentially describes the evolution of
the \whole map" variance. The former component is
a function of the speci�c landmark but it converges to
zero. However, the convergence of this component is
slow and dominates the convergence of the overall map
building process. This component explains the many
poor convergence rates observed in earlier experimen-
tal work. The term itself is in the form of a mutual-
information gain equation and would appear to repre-
sent the di�usion of information from the landmark to
the rest of the map.

The landmark to landmark covariance is identical for
every landmark pair. This cross covariance again has
two components, one which converges as 1=t and one
which converges exponentially. The exponential term,
which is the same as for the landmark variance, may be
considered as the common \whole map" variance and
thus converges to the same value as the corresponding
platform to map term. The 1=t component converges to
zero but, as before, dominates the convergence process.



P(t) =

2
666666666664

q(1�e�2�t)+ 2q

�
(1�e��t)2

D(t)

q

�
(1�e��t)2

D(t) � � �
q

�
(1�e��t)2

D(t) � � �

q

�
(1�e��t)2

D(t)

r
1
(I
T
�r�1

1
)

(t+1)I
T

+
q

�
(1+e�2�t)

D(t) � � � � 1
(t+1)I

T

+
q

�
(1+e�2�t)

D(t) � � �

...
...

. . .
...

q

�
(1�e��t)2

D(t) � 1
(t+1)I

T

+
q

�
(1+e�2�t)

D(t) � � �
ri(IT �r

�1

i
)

(t+1)I
T

+
q

�
(1+e�2�t)

D(t) � � �

...
...

...
. . .

3
777777777775

(9)

This component is a measure of the information that
has been di�used from one landmark to the others.

The most important aspect of the solution is the role of
the total Fisher information I

T
. This depends on the

number and quality of the landmark observations. Its
value will be determined by the landmarks selected for
observation. The value of I

T
directly a�ects the time

constant � for a given velocity measurement variance q
and hence strongly a�ects the convergence rate and �-
nal values of the vehicle and landmark position estimate
covariances. This therefore raises a question regarding
the selection of landmarks for observation. Speci�cally,
it implies that concentrating on a select group of land-
marks giving high quality observations might be more
e�ective than the generally accepted approach of ob-
serving as many landmarks as possible.

3.1 Convergence

Figure 1 illustrates logarithmically the transient con-
vergence rates of the vehicle variance and vehicle to
landmark covariances for � = 10; 1; 0:1. The three sit-
uations have been generated using the same value of
q = 1 to permit direct comparison while � has been
manipulated via selection of observation information
I
T
= 100; 1; 0:01 respectively. Intuitively, the transient

response rate is far more rapid for larger �, leading to
smaller steady-state variance. This is completely con-
sistent with discrete simulation.
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Figure 1: E�ect of time constant on vehicle position co-

variance convergence rates

The convergence behaviour of the landmark covariances
and the landmark to landmark covariances is deter-
mined by the relative decay rates of the exponential
components and the inverse of time associated with the
di�usion components. For small � the inverse time de-
cay rate is comparable to the exponential decay rate.
The mechanism of the convergence is through the ex-
ponential components commencing at a value q

�2
= 1

I
T

at t = 0, and converging toward q

�(�+1) . The evolution

of the di�usion components is determined only by the
initial value of Pii and the total information I

T
.

To illustrate this, consider a problem in which 3 land-
marks are each observed with variance ri = 3 and where
q = 1, giving I

T
= 1 and � = 1. In order to look at

the e�ect of �, consider alternative con�gurations of I
T

obtained with ri = 300 and ri = 0:03 giving � = 0:1
and � = 10 respectively.

The responses of the example are given in Figure 2.
Each of the graphs in Figure 2 shows the evolution of
the di�usion terms (dotted) for the three landmarks.
For a given amount of observation information I

T
, they

are una�ected by the value of � (i.e. independent of
q). For larger �, the exponential components converge
more rapidly to larger relative steady-state values (rel-
ative to ri). The convergence of the total landmark
covariance toward the steady-state values of the expo-
nential components is obvious.

Similar behaviour occurs for the landmark-to-landmark
terms, where the convergence is from zero to q

�(�+1) as

determined by the the exponential components. This
too is evident in Figure 2.

3.2 Steady-state Behaviour

In the limit as t ! 1, the steady state covariance is
given by:

P(1) =

2
66664

q

�

(�+2)
(�+1)

q

�(�+1) � � � q

�(�+1)
q

�(�+1)
q

�(�+1) � � � q

�(�+1)

...
...

. . .
...

q
�(�+1)

q
�(�+1) � � � q

�(�+1)

3
77775 (10)

The steady-state convergence properties are notable in
their dependencies. For large � the vehicle variance
converges towards q=� =

p
q=I

T
, and for small � con-



verges towards 2q=� = 2
p
q=I

T
. All other terms con-

verge towards q=� =
p
q=I

T
for small �, but for large

� converge towards q=�2 = 1=I
T
and therefore the pre-

cision of the map is independent of the vehicle uncer-
tainty q.

0 1 2 3 4 5 6 7 8 9 10
−100

−50

0

50

100

150

200

250

300
Landmark total convergence rates, α=0.1, 3 landmark observations

Time (s)

P

Exponential component
P

ii
               

Pij                
Diffusion components 

0 1 2 3 4 5 6 7 8 9 10
−1

−0.5

0

0.5

1

1.5

2

2.5

3
Landmark total convergence rates, α=1, 3 landmark observations

Time (s)

P

Exponential component
P

ii
               

Pij                
Diffusion components 

0 1 2 3 4 5 6 7 8 9 10
−0.01

−0.005

0

0.005

0.01

0.015

0.02

0.025

0.03
Landmark total convergence rates, α=10, 3 landmark observations

Time (s)

P

Exponential component
P

ii
               

Pij                
Diffusion components 

Figure 2: E�ect of time constant on landmark covariance

convergence rates

Figure 3 summarises the steady-state behaviour for Pvv ,
Piv , Pii and Pij , showing the break value at � = 1. For
� given by any q and I

T
combination, the steady-state

precision is de�ned by the normalised covariances and
the speci�c q.

The e�ect of total landmark information I
T

is now
shown by example. Consider a situation in which we

10
−2

10
−1

10
0

10
1

10
2

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

10
3

Time constant α

N
or

m
al

is
ed

 c
ov

ar
ia

nc
e 

P
/q

P
11

/q             
P

ij
/q and P

iv
/q

Figure 3: E�ect of time constant on the normalised

steady-state covariances

have three landmarks observed consecutively with iden-
tical variance ri = 3. For a vehicle velocity variance
q = 1, this gives rise to � = 1. Figure 4 illustrates this
situation.

The total observation information I
T

is increased by
increasing the number of landmarks consecutively ob-
served with the same variance. Three additional cases
observing 12, 48, and 300 landmarks are given corre-
sponding to � = 2; 4 and 10. Total Pii(t) behaviours
are shown in Figure 4 together with the exponential
component to indicate the steady-state.
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on steady-state

landmark covariance

It is clear from Figure 4 that although precision is im-
proved by observing more landmarks, a situation of di-
minishing returns exists. Little gain is made in going
from 48 to 300 landmarks compared to the move from 3
to 12 or 12 to 48. Conversely, note that if observations
can be made with smaller ri, thus increasing I

T
and



hence �, exponentially less landmarks are required to
achieve the same performance.

There is a strong conclusion here, that SLAM perfor-
mance will be enhanced by concentrating on fewer, bet-
ter landmark observations.

4 Discussion and Conclusions

The closed form solution presented in this paper serves
to elucidate the fundamental mechanics of the conver-
gence process of the SLAM problem. In particular,
an understanding of expected convergence performance
and precision can be obtained a-priori simply by know-
ing the vehicle velocity sensor and landmark observa-
tion sensor measurement characteristics. The solution
therefore provides a basis for the design of SLAM sensor
systems and for the development of sensor management
strategies. In this regard, it implies that SLAM per-
formance will be enhanced by concentrating on fewer,
better landmark observations. Although it is derived
from a restricted case, this solution is a starting posi-
tion for understanding the behaviour of SLAM in 2 and
3 dimensions where the additional diÆculties of nonlin-
earities and component cross-correlations are present.
The extension is via projection of sensor observations
and errors into component axes and is the subject of
ongoing investigation.

There are two important issues outstanding. The �rst
relates to the convergence behaviour where the initial
covariance matrix is non-trivial. Such a situation may
arise where the process must be re-initialised from a
previous solution, for instance when newly observed
landmarks are to be added to the observation set. A
closed form solution has been obtained for this situation
and will be reported elsewhere.

The second point relates to practical implementations
of SLAM in discrete form with sequential observations.
It is clear that the convergence behaviour is heavily de-
pendent upon on the total observation information. In
the discrete form this arises from the total information
accumulated over time. In order to maximise the in-
formation, the conclusion to concentrate on a few good
landmarks will generalise to a requirement for frequent
observations of a few good landmarks in preference to
making infrequent observations of many lower quality
landmarks. This indicates that an observation optimal-
ity condition will become apparent.
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