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Abstract

Recursive model selection can be addressed within the
Bayesian framework, the multiple model algorithm be-
ing one such approach for linear Gaussian systems. The
recent advances in nonlinear non-Gaussian estimation
with the sequential Monte Carlo algorithms such as the
particle filter allow the application of Bayesian infer-
ence to the development of recursive model selection
algorithms for general nonlinear non-Gaussian systems.
Such an algorithm is developed in this paper and ap-
plied to a linear auto-regressive (AR) and nonlinear
auto-regressive (NAR) systems.

1 Introduction

Identification of unknown systems can be approached
from a view point to replicate the input—output be-
haviour of the unknown system or alternatively, to de-
termine the model structure of the system as well. The
latter is often important for analysis and model-based
control design.

The system identification problem can be posed as fol-
lows: Given the set of K input — output noisy observa-
tions Zx = {zr = (ug,yx)|k =1, -+, K} where uy are
the input and y, are the output observations respec-
tively, determine the underlying model H generating
these observations, ie.,

H: yp= fu(Zr_1;,w)+v (1)

where v is the noise and fy(-) is a function mapped by
the model class ‘H and for a given set of model param-
eters w, by the particular model within this class. For
example, a linear second order autoregressive model will
have, fiy = wiyk—1 + wayr_2. Thus the identification
problem consists of two sub-problems, namely, model
selection that requires the best model class H be cho-
sen and parameter estimation that requires the optimal
parameters w for this model class be determined.

In the absence of any prior knowledge of the system to
be identified, the candidate model class is infinite. For a

practical identification procedure, a priori assumptions
are therefore made. These typically are of the form that
the unknown system is linear and/or that the system
dynamics is limited to some maximum order. Once the
search space for the model class is reduced to a tractable
size, optimal parameter set for each model class can be
determined and model comparison made. While selec-
tion criteria such as Akaike Information Criteria (AIC),
Minimum Description Length (MDL) and Bayesian In-
formation Criteria (BIC) have been developed, they are
all based on the entire set of data and are therefore ap-
plicable to batch identification.

For recursive system identification, both, recursive pa-
rameter estimation and recursive model selection must
be employed. Recursive parameter estimation is a well
researched subject [10] and thus a significant number of
algorithms are available. Except in a few special cases
such as linear model with Gaussian noise, the inter-
est in these algorithms are in obtaining a value for the
parameters or if the parameters are viewed as random
variables, then the expected values of the parameters.
The random variable view of the unknown model pa-
rameters allows the state-space estimation algorithms
to be applied to parameter estimation.

State estimation or filtering also has a long history of
developments. It is well known that the optimal fil-
ter for linear model with Gaussian noise is the Kalman
filter [1]. State estimation for nonlinear systems with
non-Gaussian noise is a difficult problem and in gen-
eral, the optimal solution cannot be expressed in closed-
form. Sub-optimal solutions use some form of approx-
imation such as model linearisation in the extended
Kalman filter (EKF) and the probability distribution
approximation in the Gaussian sum filter, depending
on whether the distributions is unimodal or multimodal
[5]. More recently, Monte Carlo sampling from the dis-
tribution is utilised in the development of the particle
filter [6]. A particular advantage with the sample based
approximation is its versatility and generality in apply-
ing it to the nonlinear non-Gaussian case [9].

Recursive model selection has been addressed in the tar-
get tracking problem domain [8], but only to the extent



of system state estimation by data association. There
is very little work done in recursive model selection in
the context of system identification. This is largely due
to the two sub-problems of parameter estimation and
model selection being treated separately.

Here, we adopt a state-space approach to the problem
of recursive system identification and apply Bayesian
inference. This unifies the two sub-problems and allows
recursive model selection to be addressed within a single
framework. The solution advocated in this paper is the
one based on the sequential Monte Carlo algorithms
developed for general filtering problems. The particle
filtering approach has been used for model selection [2],
but only within a block estimation scheme.

2 Recursive Parameter Estimation

The state-space formalism in state estimation or filter-
ing is well suited to Bayesian inference. The optimal fil-
ter (Kalman filter) for the linear state-space model with
Gaussian noise can be derived using Bayesian inference.
The optimal filter (in the Bayesian sense) for the non-
linear non-Gaussian case can be similarly specified, but
of course, it can only be approximated in practice. The
random variable view of states in state estimation can
be invoked for the parameter estimation case as well
and a state-space dynamical and observation equations
specified as follows:

Wi = Wg—1+ Nk 2)
ye = flwg) +w

where 7, is a zero mean disturbance term introduced in
the state equation which describes a random walk pro-
cess in which the expected value of wy, is the same as the
expected value of wy_1 (parameter remains unchanged
over time). The observation equation is essentially the
same as in equation (1) where the arguments Zj_; has
been excluded for simplicity.

The optimal recursive parameter estimate based on
the state-space equations can be obtained by applying
Bayesian inference separately to the state and obser-
vation equations. In the first case, this leads to the
prediction stage:

pwp|Zir) = / p(wi w1 )p(wh 1| Zh)dwn_s (3)

where the probability distribution p(wy|wg_1) is based
on the state equation and depends on the noise statis-
tics of ng. If n, is zero mean Gaussian with covari-
ance Q, de., mx ~ N(0,Qk) and p(wr—1|Zk-1) ~
N(tg—1, Py—1) is Gaussian, then the probability distri-
bution for the prediction is also Gaussian p(wy|Z;—1) ~
N (W jk—1, Prjr—1) With

Wejk—1 = Wk—1 Prjr—1 = Pe—1 + Qk (4)

Bayesian inference on the observation equation leads to
the correction stage:

p(zrw)p(wi] Zi—1) (5)

plwilZe) = P(2k|Zi—1)

where p(zi|wy) is based on the observation equation
and depends on the noise statistics of v;. The term
p(zk|wy) is known as the likelihood, p(wg|Zr—1) as
the prior, p(wg|Zk) as the posterior and p(zg|Zr_1)
as the evidence. If v, ~ N(0, Ry) and p(wg|Zx—1) ~
N(Wpjk—1, Pyjp—1) are Gaussians, then p(wp|Zy) ~
N1, Py) is also Gaussian with

W = k-1 + gk Yk — f(Drje-1))
gk = Prp—19k[Re + ¢ Prjp—10%] ™" (6)
Py = Pui—1— 969} Prjp—

as long as the function f(wy) is linear in the parameters
wy, such that

fwy) = wi oy, (7)

where ¢}, consists of the input, output terms from Z_;.

The equations (4) and (6) together form the complete
set of Kalman filter equations for recursive parameter
estimation in the linear Gaussian case. In general, the
equations (3) and (5) have to be approximated to pro-
vide a recursive algorithm.

3 Recursive Model Selection

Recursive parameter estimation described in the pre-
vious section assumes that a candidate model class is
either known or has been chosen. Hence, the inference
equations (3) and (5) must be viewed as conditional
densities given the model class. The denominator in
the RHS of equation (5) is thus p(zx|Zk—_1,H) where
‘H is the chosen candidate model class. As discussed
previously, a priori assumptions have to be invoked
to limit the search of a suitable H and once this is
done, Bayesian inference for recursive model selection
is straight-forward.

Let the candidate class of models be denoted Hj; with
h € {1,---,H}. Using Bayes’ rule, the a posteriori
model probability P(Hp|Zy) is given by,

Pk M}, Ze1) P(H}| Zk—1)

k _
P(Hh|Zk) - p(zk‘Zk—l)

(®)

where p(z|HF, Zx_1) is the likelihood for the model,
P(HF|Z—1) is the prior model probability and
P(H¥|Z;) is the posterior and the evidence being the
normalising term. The notation P(H¥|Zx) is used to
indicate P(Hy = Hp|Zk) in the sense that at time k, it
defines the probability that the unknown system model
is Hp, given the observations Zj. The model likelihood
is in fact the evidence term of the parameter estimation



stage where marginalisation over parameter has been
done.

The prior for the model selection process at time k is
obtained by defining a Markov chain with probabilities,

P(HpIHE™Y) = mn; (9)

which is assumed known. It follows that,

H
P(Hy|Zx—1) = Y mngP(H Y Za)  (10)

j=1

Such a transition process is defined in a similar spirit to
the random walk model in parameter estimation. While
the expected value of the parameter is known to be a
constant, the random walk model allows the exploration
of the appropriate estimate. Here, even though there
is a single most probable candidate model, the transi-
tion process allows other model classes to be explored.
Such a description in fact is a special case of the hidden
Markov model (HMM) where at any time instant &, any
one of the candidate model class may have generated
the observation. HMMSs are a nonstationary generali-
sation of the case considered here.

This natural hierarchy in model estimation and model
selection is what lead to the use of parallel Kalman fil-
ters within the multiple model framework [8], which re-
lies on the classical assumptions of linearity and Gaus-
sianity. In the nonstationary case where the candi-
date model class may be subject to change, the opti-
mal estimate requires an exponentially increasing (with
k) number of models to be considered. Sub-optimal
schemes have thus been developed in which only a fixed
number of models are considered [8]. The multiple
model framework has been applied to state estimation
[8] and system identification [13] [11] amongst others.

4 Particle Filters

The use of Monte Carlo methods in state estimation
was first proposed in [7]. In their work, the methods
were used only to obtain estimates of the mean and
covariance of the state estimate. With increasing com-
putational power, Monte Carlo methods have become
popular again. The concept of particle filters, essen-
tially a Monte Carlo method, approximates the com-
plete state posterior probability density by a pool of
particles or samples [6]. Since then, a number of on-line
or sequential Monte Carlo algorithms have been devel-
oped, a review of these are in [3], [4], [5]. The particle
filters are essentially an SIR (sampling importance re-
sampling) method, whereas an equally popular method
is the MCMC (Markov chain Monte Carlo) method. In
this paper, we follow the particle filtering approach.

Samples or particles are drawn from a continuous prob-
ability distribution and hence,

p(wg|Zy) =~ N 25 Wy, — wk (11)

where wk , forn = 1,..., N are the N samples and
0(+) is the dlrac delta functlon. This representation can
now be used in solving the basic estimation equations
(3) and (5). If N’ samples are also drawn from the noise
distribution,

p(wi|wg—1)

Zé(wk—wk L+ {) (12)

n'=1

and given that the posterior for wy_1 is similarly rep-
resented in terms of N particles, the prediction stage
becomes,

N

= Y i (we—uf™) (1)

n’'=1

p(wi| Zk—1)

where

(n") _ . (n)

Wy == W 1+77(n)

for each n,n’ (14)
are the (NN’) samples propagated from the prediction
stage. This step as derived above results in an increase
in the number of particles which may be used for in-
creased accuracy [12]. We follow the standard particle
filter approach for the sample propagation step, where,

o = i

so that for each w,(:_)

generated.

(n) for n=1,...,N  (15)

| particle only one 771(:_)1 sample is

The correction stage yields,

p(wi|Zy) = Z g\ 6wy, — w™) (16)
where
o d (n) (n)
4 = Nki and @, =plzklw,”) (A7)

> g

are the normalised and un-normalised weights or prob-
ability mass associated with the particles or samples.
This results in the posterior being represented in terms
of weighted particles. The expected value of the pa-
rameter based on these samples can be computed by,

Z g w)" (18)

A resampling from this posterior distribution is carried
out to obtain equally weighted samples. Resampling is



achieved by generating a random number 7,, from the
uniform distribution over [0,1] for each n = 1,...,N

and choosing the sample w;;(”) such that

v—1 v
Ya<m<y a (19)
i=0 i=0

with g9 = 0. The prediction and correction stages
are repeated for each observation to obtain the sample
based recursive posterior parameter distribution. The
expected parameter value following the resampling is,

1 on o
Wy, = N;wk n) (20)

5 Model Selection Algorithm

The contribution in this paper is the development of a
model selection scheme with particle filters as opposed
to the use of MCMC methods [2]. The idea is to rep-
resent the joint distribution p(Hg, wy) through samples
or particles. One method of achieving this is to create a
pool of samples with each candidate model containing
different number of state particles. Note that since the
candidate models have different orders, the dimensions
of these state particles will also differ. The model selec-
tion scheme can also be used to test different hypothesis
yielding state particles with the same dimension, such
as in the application to fault detection.

Let N, denote the total number of particles associated
with the candidate model Hj. At any given time k, the
pool consists of the particles,

{0 Y= | (21)

h=1,. H

where h € 1,---,H is the label associated with the
candidate model and wl(cnh) ~ p(wg|Hp, Zy) is the asso-
ciated state vector drawn from the posterior probability
conditioned on the candidate model. The total number

of particles in the pool is given by,

H
N=> N, (22)

h=1

The particle filter based model selection algorithm also
essentially has two stages — prediction and correction.
The prediction stage is based on using (10) to compute
the prior probabilities

Nk—l
h
N

H
P(H}Zk-1) =Y mn

Jj=1

(23)

where NV ,’f_l is the total number of samples from the
posterior distribution at time (k — 1). If the pool at

this predictive stage should reflect the joint distribu-
tion of the model order and states, a resampling step
needs to be introduced. If the total number of parti-
cles chosen is very high, then this will result in a pool
consisting of numbers of particles associated with each
model order in proportion to the posterior model prob-
ability. A fast implementation scheme can be derived
by first determining the numbers of particles expected
in the pool, given by,

N} = N P(H}|Z1) (24)

and then to carry out the resampling process for each
candidate model. Effectively, this step implies using
N ,’f ~1 particles with associated weights to resample [V f’f
particles with equal weights. The resampling is carried
out for each combination of Hy_1 and Hji where the
number of particles are

Npj = mn; Ny ! (25)

The reduction or increase in the dimensionality of the
particles are achieved simply by zeroing the higher or-
der values or adding random values to the higher order
terms. The particles now have equal weights 1/N.

An alternative is to generate additional particles such
that there are VH particles in total at this stage, as is
done for the hidden Markov models (HMMs) [5]. Since
by equation (10) each candidate model H;, undergoes
a transition, N, copies of wl(cihl) are made to each of
h =1,---,H at the prediction stage at time k. How-
ever, this will create an unnecessary number of particles
whose weights are likely to be low and thus will lead to
unwarranted computational complexity.

The resampled particles are passed on to the particle fil-
ter parameter estimation algorithm involving the same
prediction and correction step as described in the pre-
vious section. At the posterior parameter estimation
stage, there are now N, f’f particles associated with each

candidate model Hj, with weights q,i"h).

Model posterior probabilities are thus given by,
Ny

PRI Zk) = > ™) (26)

np=1

which can be the basis for carrying out model compar-
ison. The resampling process carried out at the end of
the posterior parameter estimation of section 4 is not
carried out at the same stage in the model selection al-
gorithm so that in a single iteration there is only one
resampling procedure. This is to avoid increase in vari-
ance in the sampling [5].

The algorithm can be summarised as follows:

e Initialise: All particles are generated from single
model (of lowest order) with equal weights.



e Iteration for each time:

— Model prediction: Determine the number
of particles (25) for each transition and re-

sample. Maintain associated particle weight

— Parameter prediction: Propagate parti-
cles based on (15).

— Parameter correction: Determine parti-
cle weights using (17).

— Model correction: Determine model pos-
terior probabilities with (26).

6 Example — Linear Non-Gaussian case

The particle filter based recursive model selection algo-
rithm is applied to the problem of autoregressive (AR)
model order selection problem. The simulated process
is of third order, given by,

Yy = 0.5yr_1 — 0.95y, o + 0.5y, _3 + v (27)

where the driving disturbance is zero uniform uncorre-
lated noise in the interval [—0.1,0.1]. With this non-
Gaussian driving noise, the classical methods simply
form an approximate scheme for model selection. The
simulation parameter KX = 1000 and the random walk
disturbance variance is 0.002. The particle filter algo-
rithm design parameters are, N = 2000, H = 8. The
transition probability matrix is given by, 7, = 0.95
and 7 p—1 = Th p41 = 0.025 and others zero.

The results show, as expected, that the model selection
algorithm chose model order 3 which has the highest
probability in Figure 1. Model orders 2 and 4, being
nearest to order 3, were the other two model classes
with significant probabilities. Figure 2 shows the pa-
rameter values of the most probable model (order 3)
converging over time. After the initial transition pe-
riod, it is clear that the parameters have converged to
the true values of 0.5, —0.95,0.5.

7 Example — Nonlinear Gaussian case

In the second example, a nonlinear Volterra system was
considered, where

Y = 0.1 =05y, _1 — 0.9yx_o — 0.1y7 | — 0.75y7 o + v,

(28)
This is a second order Volterra system with input order
also equal to 2. Note that the second order Volterra
system refers to the highest order of the polynomial
in the expansion for f(-) being two whereas the input
order refers to the presence of terms yx_1,yr—o in the
functional. Also, the parameter associated with the
term yr_1yr_o in this model is zero.

Model Probabilities vs time
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Figure 1: Model probabilities over time with orders [1-8]
going from left to right and then top to bottom

AR parameters vs time (Model three)
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Figure 2: Model parameters variation over time for model
with order 3

The model selection algorithm with the following pa-
rameters, N = 2000, K = 250, random walk being zero
mean Gaussian with variance 0.0005 and the noise be-
ing Gaussian with variance of 0.1, was used. The task
was to find the input order of the system which af-
fects the accuracy of identification more strongly. The
classes of models considered were second order Volterra
series with input orders ranging from 0 — 4, the model
with input order 7 being,

Yk = Wo + Zwiykfi + Z Z WijYk—iYk—j + Vi (29)
i=1

i=1j=1

The model probability results obtained are shown in
Figure 3. Again, as expected, the particle filter based
model selection scheme estimated the most probable
model, amongst those chosen, to be of input order 2
(model 3). Given that a random walk model was used
for the parameter evolution, the models with the in-
correct order have the ability to vary the parameters
over time to account for the modelling errors. This is
seen in Figure 3 where the probabilities for model or-
ders 1 (model 2) and 3 (model 4) are not insignificant.



However, the inability of model with order 0 (model 1)
to fit the data and the over-parametrization of model
with order 4 (model 5) have resulted in their probabil-
ities being near zero.

Model One Model Two
1 0.4
0.3
0.5 0.2
0.1 ‘ ‘l
o ......m.uMthln‘. e A‘h s
0 50 100 150 200 250 0 50 100 150 200 250
Model Three Model Four
1 1
0.5 0.5
0 9
0 50 100 150 200 250 0 50 100 150 200 250
Model Five Final model probability vs time
0.4 0.8
0.3 0.6
0.2 0.4
0.1 N/\M 0.2
0 9]
0 50 100 150 200 250 0 1 2 3 4 5 6

Model Number
Figure 3: Model (orders 0,1,2,3,4) probabilities with time
and model class probabilities at end time

Figure 4 shows the parameter estimates of the most
probable model, ie., model with order 2 (model 3) vary-
ing over time. The figure shows that the estimates are
gradually converging to their true values, the variations
being due to the level of noise in the data.

Figure 4: Parameter estimates (—) and their true values
(- -) for model 3, over time.

8 Conclusions

A particle filter based recursive model selection algo-
rithm for linear and nonlinear system identification has
been introduced. The idea has been to create a pool of
particles that reflect the posterior model probabilities
as well as the model conditioned posterior parameter
probability densities. A transition process is defined
which allows jumps between candidate models of differ-
ent orders with appropriate probabilities, thus allowing
a wider search over the candidate models. Simulation
results on a linear and nonlinear identification problems
are used to demonstrate the operation and performance
of the algorithm.

The two examples of linear and nonlinear identification
considered here are both linear in the model parame-
ters, albeit with non-Gaussian noise. The particle filter
based algorithm is applicable to more general and non-
linear system and with non-Gaussian noise and thus
the model selection algorithm can readily be extended
to these cases. Work is currently on-going to extend the
scheme to nonlinearly parametrized systems and apply
these ideas to real signals.
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