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Abstract

Suboptimal Hoo controller is said to internally stabilize
the closed loop transfer matriz. However, the stability
of controller is not assured in conventional Ho, control
theory. Unstable controller can damage the whole sys-
tem when the sensor fails or actuator saturates. The
sufficient condition for the existence of stable Ho, con-
troller is suggested. This paper presents the stable n-
dimensional Hs, controller and its parameterization
based on the suggested sufficient condition for the linear
time invariant systems using doubly coprime factoriza-
tion. The stability of Ho, controller and closed-loop
stability are guaranteed if the positive semi-definite so-
lutions for the suggested three Riccati equations ezist.

1 Introduction

The stability of controller has been neglected in the
design procedure for a controller. However, if sensor
failure or actuator saturation happens, then stable con-
trollers can relatively protect the entire control system
comparing to unstable controllers. Also, the unstable
controller brings the undesired right half plane zeros
in the closed loop and it degrades the tracking perfor-
mances and affects the sensitivity to disturbances. The
problem dealing with the stable controller which stabi-
lizes the closed-loop is said to be strong stabilizability.
The necessary and sufficient condition on the existence
of stable controller for strong stabilizability is the par-
ity interlacing property, in other words, the plant is
strongly stabilizable iff the number of poles of the plant
between any pair of real right half plane blocking zeros
of plant is even[4]. Hence, there exists a stable con-
troller iff the plant has the parity interlacing property.
Design method for stable LQG controller is suggested
in [3], but this method brings the constraints for the co-
variance and weighting matrices. Zeren et al[6] studied
the stable 2n-dimensional #H, controller by designing
only Youla Q parameter, where n is the order of plant.
Their method is based on the outer factorization for
H~ central controller in the case that the controller
obtained is unstable.
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The primary goal of this paper is to parameterize a sta-
ble H o, controller using a doubly coprime factorization
technique. However, we suggest only the parameteriza-
tion based on the sufficient condition on the existence of
stable H, controller. The n-dimensional stable stabi-
lizing Hoo controllers are parameterized using free sta-
ble another parameter, not Youla @ parameter. For
future notations, the Hardy space of stable and proper
function is expressed by RH ., which denotes an ana-
lytic function in right half region of complex plane. The
solution of Riccati equation satisfies:

1. X=X*">0,
2. X+ XA+ XRX +Q =0 and
3. A+ RX is stable,

where A* expresses the Hermitian of A. The lower lin-
ear fractional transformation of G on K is represented
by

Fi(G,K) = Gu+GuK(I-GnK) 'Gy

where I is an identity matrix of suitable dimension.
Also, the proper controller K is said to be admissible
if it internally stabilizes the plant G.

2 Preliminaries

Let us assume that the generalized plant G(s) is mini-
mal and expressed by

e S le 5o ] o
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where x is the state vector, u is the control input vec-
tor, z is the controlled output vector, y is the output
vector and w is the disturbance caused by unmodeled
dynamics, modeling error, sensor noise and etc. Here,
we assume that the following properties are satisfied for
a given system of (1):

1. (A, Bs) is stabilizable and (A, C2) is detectable,
2. D}, [C1 Dy3] =10 I],

B, . _[o
| oy [oa= 7]



4. { 4 —lewI 5122 ] has full column rank and
] has full row rank for all w,

where 0 is the zero matrix of suitable dimension and
w expresses the frequency. Assumption 4 and 5 mean
that the feedback connection between the generalized
plant and controller is detectable and stabilizable, re-
spectively. If the assumption 2 and 3 are not satisfied
for the generalized plant, then the loop transformation
and scaling may be required to satisfy assumption 2
and 3[2, 7]. Suppose X > 0 satisfying the following
Riccati equation exists:

A*X+XA+v?XB,B;X-XB;B;X+C;C, =0.
(2)
In H control theory, there are the characteristics
which the contraction mapping and internal stability
are preserved under the inner linear fractional trans-
formation. The following Lemma (Lemma 13.29 and
Corollary 13.30 in [7]) can guide the inner linear frac-
tional transformation for the generalized plant (1).

A|B | . .
Lemma 1 Suppose N = [ cIDl|® stable and min-
imal, and X is the Observability Gramian:
A X+ XA+C*'C = 0.

Then N is an inner iff

1. D'C+B*X =0
2. D*D=1.

This inner characteristic was utilized to develop Hso
state-space controller[1]. The following equation has
the characteristic of inner function of Lemma 1:

@ Ar |y 'Bi B x
z | = Cir 0 D> yw
yr -7 IB7X I 0 v

Also, the generalized plant of (1) can be modified using
above inner linear fractional transformation as follows:

fB Atmpl | B1 32 T
Gmpr: | v |=| B;X | 0 I r (4)
) C2 D21 0 u

with new variables
vi=u+BiXx r:=w-vy’BXzx
where
Ap A- B,B}X
Cir C,-D;)B3X
Aimpy = A+v°BBiX.

Ly b —
N(s) yr
W, [—-Y
Gl(s)
— —
u y :
Gimp1 (8)
y u

Figure 1: Inner LFT

This transformation is shown pictorially in the diagram
of Figure 1: where N(s) is an inner function satisfying
conditions of Lemma 1. In this setup, (3) is the in-
ner linear fractional transformation and the following
Lemma (Lemma 16.8 in [7]) is utilized in the sequel.

Lemma 2 Assume that X > 0 satisfying Riccati equa-
tion (2) exists. Then the controller K is admissible for
G and | Fi(G, K)||eo < 7 iff K is admissible for Gimp
and | F1(Gompt, K)lloc < 7.

To begin with, we assume that (Amp1,B2) and
(Aimp1, C2) for new generalized plant (4) are stabi-
lizable and detectable. These assumptions will be re-
moved later by showing the existence of feedback and
observer gains. We repeat same procedures such as
those given in previous paragraph using the dual con-
cept. Also, we should perceive that H., norm of the
original system is equal to that of the dual system and
K internally stabilizes Gipmp1 iff K* internally stabi-
lizes the dual system G7,,,;. Consider the dual system
of (4) as the following form

& A | XB: 3 7T 2
Glopr 'ui = Bz 0 D r’;
Y B, I 0 u

(5)
where, x*,v*,y*,r* and u* mean the corresponding
vectors for the dual system. Suppose Y > 0 satisfying
the following Riccati equation exists:

Aty Y + Y ALy — YC3C2Y +

v 2Y XB.BiXY + B, B’ = 0. (6)

If the inner linear fractional transformation using above
Riccati equation of (6) is applied to (5)

z* A7 |7 'XB, Cj x*
v* = Bj, 0 D3, yr*
n* - 'B; XY I 0 ¢*

(7)
then we can obtain new modified generalized plant as
following form:

z* Al | XB, C; z*
G:mp2 : C* = CE*Y' 0 I n*
y* B, I 0 u



with new variables

Ci=ur+CYzr ot i=rf -y ’BiXYx*

where
A = Ap,, —CCY
B, = Bj]-D5C,Y
B, = Bi+v:B}XY
Afps = Afp +72XB>B5XY.

Also, (7) is the inner linear fractional transformation,
therefore, the following Lemma for the dual system of
(8) can be applied in the sequel and its proof can be
easily achieved by using Lemma 2.

Lemma 3 Assume that X > 0 and Y > 0 satisfying
Riccati equations (2) and (6) exist. Then the controller
K is admissible for G and || Fi(G, K)||loo < iff K is
admissible for Gimp> and || F1(Gimp2, K)||loo < 7.

3 Stable H., Controller Parameterization

In this section, we will parameterize stable H., con-
trollers for the dual system of (8). Lemma 3 make it
possible to parameterize Ho, controller for the mod-
ified generalized plant (8) in place of the generalized
plant (1). To begin with, we suggests the H o, controller
parameterization by using left /right coprime factoriza-
tion. And then, the stable n-dimensional H ., controller
will be obtained using left /right coprime factors and the
sufficient condition on the existence of stable H., con-
troller.

3.1 H, Controller Parameterization
From now on, we are to parameterize Ho, controller for
the modified generalized plant:

Aimp | YC3 B ]

Gtmp2 : B;X 0 I (9)
| &1 o |
where
AtmpZ - Atmpl + 772YXB2B;X7
_§2 = B2 + ’)/72YXB2

and X,Y should be solutions for two Riccati equa-
tions of (2) and (6) by Lemma 3. For the new gen-
eralized plant Gymp2, if we assume that (Atmpg,.EQ)
is stabilizable and (Amp2, C2) is detectable, then it
is assured that F;(Gimpz, K) is internally stable iff K
internally stabilizes (Gmp2)22. These assumptions will
be removed in the next section. Following paragraph
presents the modified version for several Theorems on

internal stability theory and Youla Parameterization in
2, 4, 7].

Consider (Gimp2)22 = CQ(sI—Atmpg)’lﬁg and choose
matrices F' and L such that Ap,p2 +§2F and A¢ppo +
LC> are stable. Then we can obtain the left and
right coprime factorizations (Gimpz)22 = Mlel =
N,.M,_ !, The set of all proper controllers achieving
internal stability is parameterized either by

K = —(X;-M,Q)(Y,+N,Q)"
= (Y, +QN) 1(X, - QM)

with @ € RH . Moreover, X;,Y;, X,, Y, are chosen
such that

{—Yfr\?}z 1)\(4:}{]\1\{: _Y)'fl}:[g 2} (11)

(10)

Then, the doubly coprime factorization for (Gimpz)22
can be chosen as

] Aimpr + LCy | By —L

Y, X
r r _F T 12
[_Nl M, _C ‘ 0 2 (12)
and
M. X Apmpr + BoF | By —L
[ N v ! ]: F I o0 |.(13)
" ! C, o I

All stabilizing controllers (10) which internally stabi-
lize Gipp2 are obtained using the free parameter Q.
However, this controllers are not H ., controller because
they do not assure of satisfying ., norm constraint for
the closed loop. We should choose the feedback gain F'
and the observer gain L to be H ., controller. Now, we
are to suggest the main Theorem which can guide the
Hoo controller parameterization.

Theorem 1 Assume that X > 0 of Riccati equation (2)
and' Y > 0 of (6) exist and the set of all controllers
(10) is applied to Gimpz, then the closed loop transfer
matriz satisfies next relation:

fl(Gtmp%K) = Q7
if F=—-B3X and L = -YC3.
Proof. First, consider the closed loop transfer ma-
trix as follows:

fl(Gtmp%K) =
+H(Gimp2) 12 K(I

(Gtmp2)11
— (Gmp2) 22 K) "N (Gmp2 )21 - (14)

And we utilize only the first form of (10) as K because
the second form can be proved using same procedures.
Second, we can derive next relations using coprime fac-
tors (12) and (13) after simple algebraic manipulations

(Gimp2)12 = Nyo M, *
(Gimp2)21 = Mlelm (15)
(Gimp2)22 = Mlel



where

At 2+_§2F‘_§2
N,is = mp 1
12 [ BiX + F |I] (16)
and
Appe +LC5 | YC5 + L
Nl21:|: tp2c,2 2| 2I } (17)

Then the closed loop transfer matrix of (14) is reduced
to

Fi(Gimp2, K) = (Gemp2)11 — NpioM 7' X Nyay

+N12QN 21

(18)

using coprime factors of (15) and Bezout identity of

(11). Also, we know that N2 = I and N3 = I in

(18) if we choose F = —B3X in (16) and L = -YC}

in (17). Therefore, we conclude that the closed loop
transfer matrix of (18) is reduced to

fl(Gtmp%K) = Q7

because (Gmp2)11 = M;le. Finally, we show that
both the system matrices of coprime factors:

Appps + BoF = A++7°B,B:X — B,B3X

Appr +LCy = Appprt +7 Y XByB3X -~ YC5C5

are stable iff the stabilizing solutions X > 0andY > 0
exist for Riccati equations (2) and (6). O

Since Theorem 1 means that || F;(Gmp2, K)||co is equal
to ||Q||~, the controller of (10) are Ho, controller iff
|Qllco < 7. Additionally, we can see that the assump-
tions on the stabilizability and detectability for the sys-
tems G'ymp2 and Gypmp1 are removed because the ma-
trices F and L which Apps + BoF, Agmps + LCs,
Aimp1 + BoF and Ayp,p1 + LC, are stabilizable simul-
taneously are found in Theorem 1. Therefore, all sta-
bilizing H ., controllers are parameterized using a free
stable parameter @ as follows:

where

-1 -1
J Y 'X, Y, ]

-1 -1
Y, =Y, N,
and its state space representation is

Agmpr + BeF + LC> | =L Bs
J = F 0 I
—-C, I o

Also, all stabilizing controllers with F' and L in Theo-
rem 1 are the suboptimal H., controllers for the gen-
eralized plant (1) by Lemma 3 iff ||Q|lcc < 7 with
Q € RH~. However, we can not say that H,, con-
troller obtained through above procedures is stable.
Though we can easily show that both Aippe + BoF
and Aypp2 + LCy are stable by Theorem 1, the sys-
tem matrix of H,, controller may be unstable, i.e.,
Aippr + BoF + LC» may not be a stability matrix.

3.2 Stable H., Controller Parameterization
From now on, we deal with the stability of H, con-
troller (10) using gains in Theorem 1. To be stable Ho
controller, the denominator parts of controller should
be unimodular. If either Y; or Y, is unimodular, then
Q@ design problem is not required because the central
controller is stable. Though it is not unimodular, if
the parity interlacing property is satisfied, then we can
make (Y; + N,.Q) or (Y, + QN;) to be unimodular
by designing stable @Q parameter under the constraint
|Qllco < 7. Hence, the Q design problem is formulated
as follows:

Find Q@ € RH~ subject to

Qoo <7 and (Y, +QN;) ' € RHw. (19)

Also, the another formulation for @ design problem is
possible using (Y; + N,Q)™! € RHs. Now, let us
define the new coprime factors as following forms:

Xps = X’I"_QMl (20)

Y,, = Y.+ QNla
then we can easily know that N,; = N, and M ,; =
M, fromY, . M,;+X,;N,s = I and the definition of
(20). The sufficient condition for the existence of stable
n-dimensional H o, controller is derived in the following
Lemma.

Lemma 4 The stable n-dimensional Ho, controller ex-
ists if there exists the coprime factor X ,s € RH o sat-
isfying:

I[X-M (M = 1)

r

- _ 21
- X, [M; YN M || < - (21)

Proof. First, we convert @ design problem (19)
into X .5 design problem. We know from the definition
of (20) that

Qe = [[(Xy— XTS)M;1||00 <7.

Also, the unimodularity of Y .4 is assured if the follow-
ing condition is satisfied

||Yrs _IHoo = ||(M;1 _I) _erNrM;luoo <1,

where Y, is derived from Y, .M, + X,,N, = I.
Therefore, we obtain (21) from above two norm con-
straints. Second, if the coprime factor X, satisfying
(21) exists, then Y, can be easily obtained and the

controller K = —Y! X, is n-dimensional. There-
fore, we conclude that the stable n-dimensional H.
controller exists if X ,.; satisfying (21) exists. O

To begin with, we rewrite (21) into the LFT form of

||-7:I(Gtmp37 _er)”oo < Y (22)



where
G — [ Xerly ’Y(M;l_I) ] I
fmes [ M, AN.M' ] 0
AtmpZ‘ [L,—7§2] 0
= F |[[0 o] T]|- (23)
—-Csy | [I 0] o

This is the closed-loop estimation problem discussed in
chapter 8 of [2]. The design problem of (22) is solvable
iff the following Riccati equation has the solution Z:

(Atmp2 + LC2)Z + Z(Atpmp2 + LC2)*
—ZCiCLZ +y 2ZF*FZ ++*B>B, = 0. (24)

Then the solution X, satisfying (22) is obtained as
following form:

[ Ay + HC, | -H
XT‘S - _F | 0

(25)

where H = L — ZC5 = —(Y + Z)C5. The obtained
X, is different from X, in that the additive observer
gain term (—ZC5) is added to the conventional ob-
server gain L. Also, the Youla @Q parameter can be
found from X, as following form:

Q = (Xr_er)Mfl
[ A +HCy |L—H

iff the solution Z of Riccati equation (24) exists. This
Q@ parameter changes the observer gain matrix L into
the new gain H. As a matter of fact, the Q parameter
of (26) has the observer gain replacement property and
it offers the clue to derive the stable n-dimensional H,
controller from unstable H , controller. We can confirm
once more that the above Q parameter has the observer
gain replacement property by calculating the coprime
factor Y, from the definition of (20):

Appp2 + HC ‘ §2 } _

Y’"s:[ _F T

So, the doubly coprime factorization satisfying new Be-
zout identity:

Y, Xrs M,s —Xis _ I 0
_le Mls Nrs Yls 0 I

are obtained by replacing the observer gain L with H
in coprime factors (12) and (13). In spite of replac-
ing the observer gain with new one in coprime factors
(12) and (13), M, and N,s remain invariable form,
in other words, M,; = M, and N,; = N,. Here,
the controller K = —Y,T;er = —Xlefs1 and the
plant (Gymps)2a = M ' Nis = N,.sM,}. Then, the
proper n-dimensional stable H., controller is obtained
as following form:

K = -Y'X, =

Agmpr + HCy + BoF | —H
F 0

Also, the set of proper stable controllers achieving in-
ternal stability are parameterized by either

K, = _(Yrs + Rle)_l(er - RMls)

= —(Xig - My R)(Y 1, + N, R 27
where the free parameter R € RH,, and
K, =F(Js,R)
and the state space representation of J is
Agmpr + BoF + HC> | -H B,
Js = F 0 I |. (28

-C, I 0

If the stable controller (27) is applied to Gimpz, then
the closed-loop transfer matrix is not reduced to the
simple form such as Theorem 1, but it has the relation
in following Theorem.

Theorem 2 Assume that the Riccati solutions X >
0,Y > 0 and Z > 0 for (2),(6) and (24) exist re-
spectively. If the set of stable controllers (27) is applied
to Gemp2, then the closed loop transfer matriz satisfies
next relation:

fl(Gtmp%Ks) = Q + RW
where Q = (X, — X,s)M[ "' and W = M, M.

Proof. First, consider the closed loop transfer ma-
trix as follows:

fl(GtmpZ;Ks) = (Gtmp2)11
+(Gmp2)12(I — Ks(Gimp2)22) L K s(Gimpz )21 (29)
If the first form of controller (27) is applied to above

equation, then the closed loop transfer matrix of (29)
is reduced to

fl(Gtmp%Ks) = Xerl_(er_RMls)Mfl (30)

by using
(Gimp2)11 = Xer_l
(Gimp2)12 = M;l
(Gimp2)a1 = M;!

If welet W = Mlstl, then we conclude that the
closed loop transfer matrix of (30) is reduced to

fl(GtmeaKs) = Q+RW

because Q = (X, — er)Ml_l. Also, the second form
of controller (27) brings the same conclusion. O

Since Theorem 2 means that ||F;(Giump2, Ks)||oo is
equal to ||Q+ RW ||, we can know that the controllers
(27) are the stable Ho, controllers for the generalized



plant (1) by Lemma 3 iff ||Q+ RW || < 7. If we are to
design R to achieve another objective, then the norm
constraint of ||Q + RW ||s < < can make the R design
problem difficult. The following Theorem reduces the
constraint of ||Q + RW ||« < 7y to the simplified form.

Theorem 3 Assume that the positive semi-definite solu-
tion matrices X,Y and Z for Riccati equations (2),(6)
and (24) exist respectively. If the following condition is

satisfied
4 _ A2 1
(,/%Z-Y) X <21 (31)
v¢ -1

for v > 1, then ||R|loc < 7~ implies that ||Q +
RW|s < v by the Bounded Real Lemma.

Proof. First, we use the LFT for Q + RW

arnw-r([2 1].n).

where
Atm2+HC2|L—H 0
SN e

because the explicit expression on W is

[ A+ HC, |L—H
W = [ it HG PR
. I 1
Second, if H ‘?f 0 HLO < 7, then ||R|o < 7~! im-

plies that [|Q + RW ||, < 7y by the contraction map-
ping. Now, we apply the Bounded Real Lemma|2, 7] to
(32) for v > 1:

V(AthQ +HC> — ﬁZC;CQ)*“‘
(Atmpz + HC2 — 55 ZC35C5)V + 5 ZC5C>Z
+5VF'FV + 1 VC;C,V <0,
(33)
if we let V' = Z, then (33) is simplified using Riccati
equation (24) as following form:

2 ~ ~%
(V;_l _ %) ZF*FZ — BB, < 0.
— (v* =12 +1)ZXB3yB3XZ < 7'(12 — 1) B, B,.

(34)
The condition satisfying above inequality (34) can be
reduced to (31). Hence, the matrix Z satisfies the

ool

If the condition (31) is satisfied, then the design con-
straint for free parameter R can be reduced to || R||s <
v~ ! by Theorem 3. And the stable n-dimensional H

Bounded Real Lemma, assuring that <

7, if the condition (31) is satisfied.

controller parameterization (27) can be achieved with
IR||s < ~~! in place of the somewhat ambiguous con-
dition ||Q + RW||s < 7. However, it is not assured
that the suggested condition (31) is satisfied for the gen-
eral cases. The following Theorem examines the stabil-
ity of the proper stable n-dimensional ., controllers.

Theorem 4 The system matriz of controller (27) is sta-
ble if the solution matrix Z > 0 of (24) exists.

Proof. We can rearrange the Riccati equation (24)
by letting B, = (yB2 —y~' ZF™) as following form:

(Atmpz + LCy + BoF)Z + Z(Aypps + LCo + By F)*
~ZC3C2Z + BB, = 0.

From above equation, we conclude that the system ma-
trix Agmp2 + HC2 + By F is stable. O

4 Concluding Remarks

We suggested the parameterization for a stable n-
dimensional H ., controller by using the doubly coprime
factorization technique. To parameterize the stable H
controller, we need to solve three coupled Riccati equa-
tions. As a matter of fact, the solutions for two Riccati
equations are required to obtain the H ., controller and
the third Riccati equation should be solved to guarantee
the stability of H ., controller. However, the suggested
controllers are only a part of all stable H., controllers
because it is derived from the sufficient condition on
the existence of the stable controller.
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