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Abstract analysis approach to motion coordination under the assump-
tion that the desired contour is a combination of piecewise

In order to improve the overall contouring performance, it linear segments. Recently, Koren and Lo [9] introduced a
appears that it is no longer possible to neglect dynamic cou-~ariable-gain cross-coupled controller for a general class of
pling phenomena that occur during contour tracking, espe-contours. One limitation of these approaches is that they
cially for linear motor systems which often move at high cannot effectively address the dynamic coupling phenomena
speed. This paper studies the high performance contouf€-g. Coriolis force) occur when tracking curved contours,
tracking control of linear-motor-driven tables. The table Since these designs are based on the traditional linear time-
dynamics is first transformed into a task coordinate frame.invariant theories. In [6], Chiu and Tomizuka formulated
A discontinuous projection based adaptive robust controllerthe contour tracking problem in a “desired” task coordinate
(ARC) which explicitly takes into account the dynamic cou- frame. However, the proposed task coordinate frame was
pling effect is constructed to improve the contouring per- based on the desired contour which is only an approximation
formance under both parametric uncertainties and uncertai®f the actual task coordinate frame.
nonlinearities. A desired compensation ARC scheme is also ) ) )
presented, in which the regressor is calculated using desired? this paper, the idea of adaptive robust control (ARC) of

contour information only. Both schemes are implemented@Pot manipulators in task space [10] is utilized to solve
and compared on a linear-motor-driven X-Y table. the contour tracking problem of a linear-motor-driven table.

The table dynamics is first transformed into a task coordi-
nate frame. A discontinuous projection based adaptive ro-
bust controller [11] is then constructed to improve the con-
touring performance. As pointed out in [12], however, this

A great deal of effort has been devoted to solving indepen-agorithm may have several potential implementation prob-
dent axial control problems of linear-motor-driven systems |ems since the regressor depends on the states of the system.
[1}-[5]. In these designs, each axis of motion is separatelyas a remedy, a desired compensation ARC [12] in which the
driven and the servo controller of one axis receives no infor- regressor is calculated based on the desired contour infor-
mation regarding the other axes. This results in a collectionmation only is then developed. Finally, comparative experi-

of decoupled single input and single output (SISO) systems.mental results are presented to show the advantages and the
Decoupled design may be preferable if the disturbance in ongyrawbacks of each method.

axis should not affect the performance of other axes. For
contouring applications, however, decoupling is sometimes _
damaging to the overall performance objective [6]. 2 Problem Formulation

1 Introduction

A more appropriate approach to address the contour tracking he linear-motor-driven X-Y positioning table is assumed to
problem is to introduce coupling actions in the servo con- have the following dynamics [5]:

trollers so that the motion axes are “coordinated” to track the

desired contour. In [7], Koren proposed the cross-coupled M4+Ba+F(g)=u+d, )
strategy. _The control of multiple axes Is treated as a S mg.lewhereq, g andg are the2 x 1 vectors of the axis position,
control unit and the control of one axial servomechanism is

e d by oth ial hani involved in th velocity and acceleration, respectivelyis the2 x 1 vector
aifected by other axial servomechanisms involved inthe mo-o¢ conirol input, andi is the2 x 1 vector of unknown nonlin-

tion. In [8], Srinivasan and Fosdick proposed a multivariable o5y functions due to external disturbances or modeling errors
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often modeled as [13]

Fi(a) = —[foi+ (fsi— fa)e™9/% sgr), i=12,  (2)

where fgi is the level of static friction,f. is the level of
Coulomb friction, andjsj and & are empirical parameters

In general, the parametécannot be known exactly. For ex-
ample, the payload of the X-Y table depends on tasks. How-
ever, the extent of parametric uncertainties can be predicted.
Therefore, the following practical assumption is made. (For
simplicity, the following notations are used; for thei-th

tion model (2) is discontinuous &t = 0. Thus one cannot

use this model for friction compensation. To by-pass this

technical difficulty, a simple smooth friction model will be
used to approximate the actual friction model (2) for model

)

o, and e« for the maximum value oé. The operation<
for two vectors is performed in terms of the corresponding
elements of the vectors.)

compensation. The model used in this paper is given byAssumption 1 The extent of the parametric uncertainties

F(q) = ASt(¢), whereA is the2 x 2 diagonal friction coef-
ficient matrix, ands(-) is a vector-valued smooth function
i.e.5(a) = [St(q), St(d)]". Define the approximation error
asF = F—F. Then equation (1) can be written as
M + B+ ASt() = u+dn +d, ©)

whered, is the nominal value ofy 2 d+E, andd = d| — dn.
Based on the design model (3), in the following, we will for-

and uncertain nonlinearities is known, i.e.,

8 € Q={6: Bin<6<Bmax} (11)

~ A ~ ~

AcQa={A: [|A <8}, (12)
wheredmin = [61min, =, Bgmin] "+ Omax = [B1max ***» Ogmax
ands, are known. o

mulate the contour tracking problem in task space. Supposd "€ control objective is to synthesize a control inpusuch

a desired contour ilR? is given byqq(t) = [quq(t), 0pq ()]
Then, the curveyy(t) can be represented implicitly by the
functionf (gi4(t),g2q(t)) = 0, and the curve length is given by

t d
0(chalt). Caa(t)) = |l 5 aa(0)cr. @
A task coordinate systeme R? can be defined as
_ | fla) | ] f(aa(t),o2(t))
r’h(q)’{ 9(a) }*{ g(au(t), (1)) } ©)
Differentiating (5) twice yields
f=3g, F=234+Jq, ©)

whereJ(q) = oh/dq is the Jacobian matrix. It is assumed that
in the finite workspace € Qq, the mappind(q) : Qq — Qr is
one-to-one and the Jacobian matriss honsingular. Using
(6), (3) can be represented in the task space as
M (r)Ff +Br(r)f +Ce(r,1)F +Ac(r)Si(@) = ue+de(r) +4, (7)

where

My=J"T™MI"1 Bi=J"TBJ?, Cr=-3"TMI"L3 Y,

At=J"TA, dt=J"Tdn, uy=J3"Tu, A=J"Td.

Itis well known that equation (7) has several properties [10]:

®)

P 1 In the finite work spac@q, M(r) is a symmetric positive
definite (s.p.d.) matrix with

Hil <Mi(r) <pol, Vg€ Qq, 9)
wherey; andy, are two positive scalars.

P 2 Given the definitions in (8), the matrir, ) = M¢(r) —
2Ci(r,F) is a skew-symmetric matrix.

P 3 The task space dynamics (7) is linear in terms of a set of

parameters, such as inertid, damping coefficier, fric-
tion coefficients and nominal disturbance,, i.e.,

MF +Btt + Cu(r,F)F +Ac(r)Se(@) —di = —(r,f,F,F)8, (10)

wherey is a2 x 8 matrix of known functions, known as the
regressoy ande is an 8-dimensional vector of unknown pa-
rameters defined &&= [8y,---,0g]" = [M1,Mz,B1,B2,A1, Ay,
dnl,an]T-

thatr tracks a desired contoug(t) which is assumed to be
third-order differentiable.

3 Discontinuous Projection

I:et(§ denote the estimate 6fandé the estimation error (i.e.,
6 =0-0). Inview of (11), the following adaptation law with
discontinuous projection modification can be used

6= Prog(T0), (13)

whererl > 0is a diagonal matrixs is an adaptation function
to be synthesized later. The projection mappingj(e) =
[Projél(.l),-.-,Projép(.p)]T is defined in [14, 11] as

if @i = Bimax and e; >0
if 8 =6min and ¢; <0
otherwise

0
0

Proj(ai (o) = { (14)

It can be shown [15] that for any adaptation functigrihe

projection mapping used in (14) guarantees

P4
P5

éEQeé{é:emingégemax}
- . (15)
ar (F*lPrOJé(Fr) - r) <0, vt

4 Adaptive Robust Control (ARC) Law Synthesis
Define a switching-function-like quantity as

S=etNe=i—ieq Feq2ig—Ae (16)

wheree=r(t) —rq(t) is the output tracking error, ant> 0
is a diagonal matrix. Define a positive semi-definite (p.s.d.)
function

V(t) = %STMt(r)s. 17)

DifferentiatingV yields

V(1) =" [ut ~ Mefeq—Bef — Cifeq— AcSx(@) +d +4], (18)
wherefeq E iq — /e, and P2 is used to eliminate the term
1s"M¢(r)s. Furthermore, since it follows from P3 that

Mifeq+Btf 4 Cifeq+AtSi(q) —di = —W(r,i,feq,feq)®, (19)



equation (18) can be rewritten as adaptation structure may have several potential implementa-
_ B tion problems [12]. First, the effect of measurement noise
V(t)=s' [Ut+w(r7f,feq,feq)9+A : (20) may be severe, and a slow adaptation rate may have to be
) ) ) used, which in turn reduces the effect of parameter adapta-
Noting the structure of (20), the following ARC law is pro- jon. Secondly, there may exist certain interactions between
posed: . the model compensatian, and the robust contrals. This
Ut =Ua+Us, Ua=—W(rFTeqFeq)6, (1) may complicate the controller gain tuning process in imple-
whereu, is the adjustable model compensation needed formentation. In [16], Sadegh and Horowitz proposed a desired
achieving perfect tracking, and is a robust control law to  compensation adaptation law, in which the regressor is cal-
be synthesized later. Substituting (21) into (20), and theng|ateq by desired trajectory information only. This idea was
simplifying the resulting expression lead to then incorporated in the ARC design in [12]. In the follow-
ing, the desired compensation ARC is applied on the linear-

. o T - . . . -4 ~
V= [Us—W(r.T feq Feq)O+ 4] (22) motor-driven X-Y table.

The robust control functions consists of two terms: The proposed DCARC law and adaptation function have

the same form as (21) and (25), but with the regres-
sor y(r,f,feq,feq) Substituted by the desired regressor
whereus; is used to stabilize the nominal system, and it is a Wa(ra,fd,fd,fa):

simple proportional feedback with being a symmetric pos- .. A

itive definite matrix in this case, and is a robust feedback U =UatUs, — Ua=—Wa(fa,d,la,7a)8, 27)
used to attenuate the effect of model uncertainties. Noting T=Wq(ra,fa,7a,Fa)s.

Assumption 1 and P4 of (15), there existssasuch thatthe  choose a positive semi-definite function

following two conditions are satisfied

Us=Us1+Us2, Us1= _K57 (23)

1 1
V(t) = EsTMt(r)s—l— EeTKee, (28)

whereKe is a s.p.d. matrix. Differentiating(t) and substi-
tuting (27) into the resulting expression yields

i ST{USZ*w(rvfa';eqvfeq)é+5}§8

i STug <0 (24)

wheree is a design parameter that can be arbitrarily small.

One smooth example afg, satisfying (24) is given by v T T T :

. ) L2 t)=s'|us+ PO —Yqy(rqg,fq,fd,fq)0+A] +e' Keg, 29
Usz = —h?s, whereh is a smooth function satisfying > ® [ s+ ¥0—Yalra,fa,faFa) ] & (29
llOm[[[|W(r,F,Teq,Feq)|| +da, aNABY = Bmax— Bmin- where = (r,i,feq,feq) —Wa(ra,fa,fa,fa) is the difference

between the actual regression matrix and the desired regres-
Theorem 1 Suppose the adaptation function in (13) is cho- sion matrix formulations. As shown in [16]; can be quan-
sen as tified as
T=y'(r,f,FeqFeq)S (25)

1T8]] < Zallel| + Lzl + Zalls]| + Zallsi] el (30)
Then, the ARC control law (21) guarantees that:

where;,,,{3 and {4 are positive bounding constants that
A. In general, all signals are bounded. Furthermore, depend on the desired contour and the physical properties

the positive semi-definite functiont) defined by (17) is  of the X-Y table configuration. Similar to (23), the robust
bounded above by control functionus consists of two terms given by:

€ Us=Usi+Usp, Usp=—Ks—Kee—Kalle|s, (31)

V(t) < exp(—At)V(0) + }\

1—exp(—At)|, (26)
o where the controller parametetsK e andK ; are s.p.d. ma-
where A = 20min(K) /i, and omin(-) denotes the minimum  trices satisfyingmin(Ka) > 22 4+ 4 and the following condi-

eignvalue of a matrix. Note that,(K) is real and posi- tion

tive sinceK is symmetric positive definite. Q- Umin(Kel/\) — 3G —30 . >0, (32)
B. Suppose there exist parametric uncertainties only after a —30 Ormin(K) = Ca = 784

finite timeto, i.e.,A=0, Vt > to. Then, in addition to result  Specifically, it is easy to check that if

A, zero final tracking error is also achieved, i€,— 0 and 1 1 1 1
s—0ast—s; o, Omin(Ke/) > 581+ 782, Omin(K) > 581 +L3+ 724, (33)

Proof: The proof of Theorem 1 is similar to the proof of the matrixQ defined in (32) is positive definite. The robust

Theorem 2 in the following, and therefore it is omitted. control termus; is required to satisfy the following constrains
similar to (24),

5 Desired Compensation ARC (DCARC) | SI{Usz<*Olle(rd,fdvfd,fd)é+5} <e (34)
ii S'uge <
In the ARC design presented in Section 4, the regresso
Y(r,f,Feq feq) in the model compensatian, (21) and adap-
tation functiont (25) depends on statesandi. Such an

r o .
One smooth example ofis, satisfying (34) isug =
f%hﬁs, wherg hg is any function satisfyinghy >
8mllllwa(ra,fa,fa,Fa)ll -+ 3a-



Theorem 2 The desired compensation ARC law (27) guar-
antees that

A. In general, all signals are bounded. Furthermore,
the positive semi-definite function(ty defined by (28) is
bounded above by

V() < exp(—MV(0) + £ [1-exp(-10), (35)

wherex = m{%ﬂ” andomax(-) denotes the maximum
eignvalue of a matrix.

B. Suppose there exist parametric uncertainties only after a
finite timetg, i.e.,A =0, Vt > to. Then, in addition to result

A, zero final tracking error is also achieved, i€,— 0 and
s—> 0ast — .

Proof: Substitutinge=s— Ae into (29), one can place an
upper bound oK in the following manner

OESY Lus—wd(rd,rd,rd,rd>é+8] + sl @8]
+eTKes—eTKeAe

Substituting (30), (31) and condition i of (34) into (36) yields

V(t)<—s"Ks—||e|2s"Kas+||s|||P8]| — eT KeAe+ €
S—Gmin(K)HZSHZ—Um?(Ka)HeH:HSHZ+11H5\|||e||+52 (37)
+2|Isl/||el|“ + Callsl| = + Callsl|“[ell — Omin(KeA)]l€ll

By using completion of square, (37) can be written as

V (t)<—0min(K)|[sl|* — Omin(Ka)|l&]|2[|sl|* + Z1Is]] ||

*Zz\le\lz(% —Isih?+ %Zz\leHerZzHeHzHSHz +3ls|?
~allsl?(3 — [le])? + 72allsll® + Zallel?Is]|?
*Gmin(Ke/\)”e”erS

(36)

(38)

After collecting common terms in (38), it can be rewritten as

V() <llsllle] - 22llell?(5 — lIsl)? — Zalls|?(5 - llel)?
~[0min(K) —Z3— 38a]lISlI” ~ [Omin(Ka) ~ 22— Za] (39)
‘|lell2lIs|? = [omin(KeA) — £l [[ef|* +&

Suppose the control gain mati is large enough such that
Omin(Ka) > {2+ 4. Then, (39) becomes

V(t)<~[Omin(K) — 23— 72alllsl|* — [Omin(KeA) — 522]le]]?

40

il +e, 40)
which can be putinto a matrix form

V(t) < —x"Qx+€ <AV +¢, (41)

wherex" = |le|| ||sl| ]. Inequality (41) leads to (35) and result
A of Theorem 2 is proved. Now consider the situatiorBin
of Theorem 2, i.e.;A =0, ¥t >ty. Choose a positive definite
functionvg as

Vo(t) =V (t)+ %éTr—lé. (42)
From (41), condition ii of (34) and P2 of (15), it follows that
Va(t) < —XTQX—STlIJd(fd;fd,fdyfd)é-lréTr*lé
= fXTQX+éT r-16 - l]Jg(I’d,I"d,f’d,i"d)S
< —x"Qx

(43)

This shows thak ¢ LyNL.. It is easy to check that is
bounded. Sox is uniformly continuous. By Barbalat's
lemma,x — 0 ast — o, which implies resulB of The-
orem 2. O

6 Comparative Experiments

6.1 Experimental Setup

To test the proposed nonlinear ARC strategies, an X-Y posi-
tioning table is set up as a test-bed. As shown in Figure 1,
the two axes of the X-Y table are mounted orthogonally on
a horizontal plane with the Y-axis on top of the X-axis. The
position sensors of the table are two linear encoders with a
resolution of 1uym after quadrature. The velocity signal is
obtained by the difference of two consecutive position mea-
surements. Standard least-square identification is performed

Figure 1: Experimental Setup

to obtain the parameters of the table. The nominal values of
M is diag[0.14, 0.027. To test the learning capability of the
proposed ARC algorithms, aXkg load is mounted on the
table in experiments and the identified values of the parame-
ters are (assume that the nominal disturbance is zero):

6=1[0.21, 0.10, 0.25 0.273 0.06, 0.09, 0, 0] . (44)

The bounds of the parameter variations are chosen as:

Bmin = [0.10, 0.02, 0.20, 0.24, 0.05, 0.08, —1, —1]",
Bmax= [0.25, 0.12, 0.35, 0.35, 0.09, 0.12, 1, 1] .

6.2 Performance Index
As in [5], the following performance indexes will be used to
measure the quality of each control algorithm:

o || fllms= (% fg |f|?dt)}/2, therms valueof the contouring
error, is used to measueerage contouring performance
whereT represents the total running time;

o fyy = mtax{\f\}, the maximum absolute value of the con-
touring error, is used to measuransient performancge

o |uillrms = (% g |ui|?dt)¥/2, the average control input of each
axis, is used to evaluate the amountohtrol effort

o o = 32, [, the sum of the normalized con-
1 [lrms
trol variations of each axis, is used to measure

the degree of control chattering wheréjAu||ims =
\/% sz=1|ui(jAT) —u((j—1)AT)|? is the average of control
input increments of each axis.

6.3 Comparative Experimental Results

The control system is implemented using a dASPACE DS1103
controller board. The controller executes programs at a sam-
pling rate of Ts = 0.4 msg which results in a velocity mea-
surement resolution af.0025 nysec The following control
algorithms are compared:



ARC: Adaptive Robust Control - the ARC law proposed limits. The control inputs of DCARC have similar shapes as
in section 4. The smooth functiog(g) is chosen as those in Figure 5 and thus are not given here. For Set 2, the
2arctar{900g). For simplicity, in the experiments, only contouring errors are given in Figure 6. It shows that both
six parameters,0,1,0,,65 ~ 63, are adapted. The de- controllers achieve good contouring performance in spite of

sign parameters are chosen as:= diag[200,30 andK = the change of inertia load. The contouring errors for Set 3
diag[2,1]; ug iS given in section 4 and = 5. The adap- are given in Figure 7. As seen from the figures, the added
tation rates are set ds= diag[10,10,0,0,20,20,100Q 1000. large disturbance does not affect the contouring performance
The initial parameter estimates are chosen d@§0) = much, except for the spikes when the sudden changes of the
[0.17,0.07,0.25,0.27,0.06,0.09,0,0] . disturbance occur. This result illustrates the performance ro-

bustness of the proposed schemes.
DCARC: Desired Compensation Adaptive Robust Control

- the Desired Compensation ARC law proposed in section

. : 7 Conclusions
5. The design parameters are chosen/as: diag[200 30],

K — diag[10,1], Ka — diag[l x 10,1 x 10]] and Ke — This paper conside_rs contour tracking control of linear-
diag[2000 2000 us, s given in section 5 angl= 1. The adap- motor-driven tables in task space. An ARC controller and a
tation rates are set &s- diag[100,100,0, 0,50, 50,1000 1000 DCARC cont.roller have been developed. The proposepl con-
For comparison purpose, the same initial conditions as thosém"efrs take Into account the fo_ect of model uncertainties
in ARC are used. coming from the inertia load, friction force and external dis-

turbances. The resulting controllers guarantee a prescribed
To test the contouring performance of the proposed algo-transient performance and final tracking accuracy in general
rithms, the X-Y table is commanded to track a circle with While achieving asymptotic tracking in the presence of para-
radiusR = 0.1 mat a feedrate 0814 mnysec The following metric uncertainties only. Furthermore, it is shown that the
test sets are performed: DCARC scheme, in which the regressor is calculated using
desired contour information only, offers several implemen-
tation advantages. Experimental results illustrate the high-
performance of the proposed ARC strategies and show the
advantages and drawbacks of each method.

Set 1: To test the nominal contouring performance of the
controllers, experiments are run without payload,
which is equivalent t®, = 0.14 ande, = 0.027,

Set 2: To test the performance robustness of the algorithms
to parameter variations Salkg payload is mounted on ) i )
the table, which is equivalent & — 0.21ande, — 0.1; The authors would like to thank Dr. George T.C. Chiu for his

comments and valuable suggestions.
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Figure 4: Tracking error of DCARC (without load)
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Figure 6: Contour tracking performance (with load)
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Figure 3: Tracking error of ARC (without load)



