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Abstract

In this paper, a class of saturated adaptive robust con-
trol (SARC) laws are developed for nonlinear systems in
the \chain-of-integrator" form with both parametric un-
certainties and non-repeatable uncertainties. A guaran-
teed transient performance and �nal tracking accuracy
is achieved in general. Furthermore, asymptotic out-
put tracking is also achievable provided that the system
undergoes parametric uncertainties only. Discontinuous
projection method is used in the adaptation law for a
controlled learning. Given the saturation limits of con-
trol authority, certain criteria are obtained to predict
the achievable high-performance working range of the
closed-loop system by taking into account the order of
system, the bounds of both parametric uncertainties and
non-repeatable nonlinearities, and the required perfor-
mance, such as reaching time. At the same time, these
criteria can also be used in the trajectory planning to
obtain realizable desired trajectories. Consequently, an
integrated design of achievable desired trajectory and
control law may be achieved. The proposed SARC is
then applied to the control of a linear motor drive sys-
tem, and an excellent output tracking performance is
obtained in experiments.

1 Introduction

The problem of stabilizing linear and nonlinear sys-
tems with saturated control has been extensively studied
[1, 2, 3], which re
ects the common concern that control
authorities of actuators are in general limited. An excel-
lent chronological bibliography on saturating actuators
was given in [4]. In [1], a nested feedback design method-
ology was used to construct a saturated nonlinear glob-
ally asymptotically stabilizing state feedback control law
for a chain of integrators of length n. More general cases
were studied in [3]. A low-and-high gain method was
used in [2, 5] to develop both state feedback and output
feedback saturated control laws for linear systems. In all
these works, only linear systems were considered and it
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was assumed that the systems are exactly known. How-
ever, in reality, there are always discrepancies between
the design models and the actual systems. Parameters
of systems may not be known exactly. Non-repeatable
nonlinearities, such as disturbances, also a�ect the per-
formance of systems. Thus, it is of practical bene�ts to
be able to take into account all these uncertainties in
the design explicitly.

As a stepping stone to deal with all the above prac-
tical issues, the adaptive robust control (ARC) design
approach was proposed recently [6]. By using certain
robust �lter structures to attenuate the e�ect of model
uncertainties, ARC achieves a guaranteed transient per-
formance and �nal tracking accuracy in general. Simul-
taneously, parameter adaptation is employed to reduce
the model uncertainties due to parametric uncertainties
for an improved tracking performance (asymptotic out-
put tracking for parametric uncertainties). These strong
performance results achieved by ARC motivate us to in-
vestigate whether the essential idea of ARC can be used
to construct a high performance saturated controller for
uncertain systems.

In this paper, the nested saturated control design in
[1] and the ARC approach in [6] are integrated to de-
velop a class of SARC for \chain-of-integrator" systems
which undergo both parametric uncertainties and non-
repeatable nonlinearities. With a limited control e�ort,
the proposed SARC preserves all the theoretical perfor-
mance that an ARC can achieve if certain criteria are
satis�ed. These criteria reveal that the amount of con-
trol authority needed for global stabilization and perfor-
mance depends on the system order, structural proper-
ties, the degree of model uncertainties, and the desired
performance. The criteria also give some guidelines on
how to choose a feasible desired trajectory for an uncer-
tain system with limited control authority.

2 Problem Formulation

By considering both parametric uncertainties and un-
structured uncertainties, the system discussed has the



following so-called \chain-of-integrator" form

_xi = xi+1; i = 1; � � � ; n� 1
_xn = �T (x; t)� + u(t) + �(x; t)

(1)

where x = [x1; � � � ; xn]
T is the system state vector,

�(x; t) = [�1(x; t); � � � ; �r(x; t)]
T is the vector of known

basis functions, � = [�1; � � � ; �r]
T is the unknown con-

stant parameter vector, r is the number of the unknown
constant parameters, �T � denotes the structured nonlin-
earity with parametric uncertainties, u(t) is the system
input, and �(x; t) represents the lumped non-repeatable
unstructured nonlinearities such as disturbances. The
following practical assumptions are made

Assumption 1
� 2 
� = f� : �l;�i � �i � �u;�i ; i = 1; 2; � � � ; rg, where
�l;�i and �u;�i are the known lower and upper bound of
�i, respectively.

Assumption 2 sup
�;�̂2
�

fj�T ~� ��jg � h, where �̂ =

[�̂1; � � � ; �̂r]
T represents the estimate of �, ~� = �̂ � � is

the estimation error, and h is a known constant.

In later derivation, denote I�i = �u;�i � �l;�i , and I� =
[I�1 ; � � � ; I�r ]

T . Suppose that the desired state trajectory

is xd(t) = [xd; x
(1)
d ; � � � ; x

(n�1)
d ]T . The control objective

is to design a saturated control law for u such that the
system state variable vector x tracks xd as closely as
possible. De�ne ~x(t) = x(t)� xd(t), and ~x satis�es

_~xi = ~xi+1; i = 1; � � � ; n� 1
_~xn = �x

(n)
d + �T (x; t)� + u(t) + �(x; t)

(2)

3 Mathematical Preliminaries

Before developing the speci�c control law for (1), the
following mathematical preliminaries are introduced.

3.1 Discontinuous projection mapping

Based on the bounds of parameters, a discontinuous pro-
jection mapping Proj(�) can be de�ned as follows [7]

Proj
�̂
(�) =

�
Proj

�̂
(�i)

	
(3)

with its i-th element being

Proj
�̂
(�i) =

8>><
>>:

0 if

8<
:

�̂i = �u;�i and �i > 0
or

�̂i = �l;�i and �i < 0
�i otherwise

(4)

Through the use of projection mapping, the following
nice properties can be obtained [6]

P1. Each component of parameter estimate is always
within its known bound, i.e.,

�l;�i � �̂i � �u;�i ; i = 1; � � � ; r (5)

P2. In addition, the following inequality holds

~�T (��1� Proj
�̂
(���)� �) � 0; 8� (6)

where �� is a constant diagonal positive de�nite
matrix.

Remark 1 Property P1 (5) shows that the estimates of
parameters are always within their known ranges, and
the bound of the estimate error is jj~�jj � jjI�jj. With
this nice property, Assumption 2 becomes reasonable and
practical.

3.2 Saturation function

De�nition 1 [1] Given two positive constants, L and
M with L < M , a function � : R ! R is said to be
a linear saturation function of (L;M), if it is a contin-
uous, nondecreasing function satisfying: 1: s�(s) > 0,
8s 6= 0; 2: �(s) = s when jsj < L; 3: j�(s)j � M ,
8s 2 R.

4 SARC Design

In order to develop SARC, it is more convenient to trans-
form system coordinates ~x to y by the linear transfor-
mation y = T~x with T = fTijg being given as follows

Ti;n = 1; 1 � i � n
Tn;j = 0; 1 � j � n� 1
Ti;j =

Pn

m=i+1 kmTm;j+1; 1 � i; j � n� 1
(7)

and km; m = 1; � � � ; n being the positive constant de-
sign parameters. The state equations (2) are then trans-
formed to

_yi = ki+1yi+1 + � � �+ knyn � x
(n)
d + �T � +�+ u;

i = 1 � � � ; n� 1

_yn = �x
(n)
d + �T � +�+ u

(8)

Remark 2 It can be veri�ed that the above transforma-
tion leads to

yi =
Qn

m=i+1(
d
dt
+ km)~xi; i = 1; � � � ; n� 1

yn = ~xn
(9)

Thus, the transfer functions from yi to ~xi are

~xi(s)
yi(s)

= 1Q
n

m=i+1
(s+km)

; i = 1; � � � ; n� 1 (10)

Consider the control law

u = �n+1 (ua � usn)

ua = x
(n)
d � �T �̂

usi = �i
�
kiyi + usi�1

�
; i = n; � � � ; 2

us1 = �1 (k1y1)

(11)

where the parameter fLi;Mig of �i satis�es

jx
(n)
d � �T �̂j � Ln+1 �Mn (12)

Li+1 � h+ 2Mi + �i+1; i = 0; � � � ; n� 1 (13)

with �i � 0, i = 1; � � � ; n, and M0 = 0.



Theorem 4.1 With SARC (11) satisfying conditions
(12)-(13), all signals are bounded. Furthermore, the
tracking error ~x reaches a designed region in a �nite
time and stays within that region thereafter. }

Proof. Noting condition (12) and property 3 of De�ni-

tion 1, it follows that jx
(n)
d � �T �̂ � �n(� � �)j � jx

(n)
d �

�T �̂j + j�n(� � �)j � Ln+1 �Mn +Mn = Ln+1. Hence,
�n+1 works in its linear range, i.e., �n+1(�) = �. Thus,
SARC (11) is equivalent to u = ua�usn , and the system
state equations in (8) become

_yi = ki+1yi+1 + � � �+ knyn � �T ~� +�� usn ;
i = 1; � � � ; n� 1

_yn = ��T ~� +�� usn

(14)

Firstly, let us check the evolution of the state yn. Con-
sider the positive de�nite function Vn = 1

2y
2
n. By using

the last equation in (14), the time derivative of V is

_Vn = yn _yn = yn(��
T ~� +�)� ynusn (15)

It will be shown that yn converges to the region 
yn =

fyn : jynj �
h+Mn�1+�n

kn
g in a �nite time as follows.

Suppose that yn 62 
yn , i.e.,

jknynj > h+Mn�1 + �n (16)

Since j�n�1j �Mn�1 and kn > 0, (16) leads to

sign(yn) = sign(knyn + usn�1)
= sign(�n(knyn + usn�1))

(17)

From (16), it results that

jknyn + �n�1(� � �)j � j(jknynj � j�n�1(� � �)j)j

> h+Mn�1 + �n �Mn�1 = h+ �n (18)

Since �n is nondecreasing, h + �n � Ln, and �n works
in its linear range, (18) implies

j�n(knyn + �n�1(� � �))j > h+ �n (19)

Thus, from equations (15) and (17), Assumption 2, and
inequality (19), it follows that

_Vn = yn(��
T ~� +�)� yn�n(knyn + usn�1)

= yn(��
T ~� +�)� jynjsign(yn)�n(knyn + usn�1)

= yn(��
T ~� +�)� jynjj�n(knyn + usn�1)j

< jynjh� jynj(h+ �n) = ��njynj = ��n
p
2Vn (20)

which implies that [8]

jyn(t)j � jyn(0)j < ��nt (21)

Suppose that yn(0) 62 
yn . Let tr;n denote the time that
yn reaches the boundary. From (21), the upper bound
of the reaching time is obtained

tr;n <
jyn(0)j �

h+Mn�1+�n
kn

�n
(22)

This proves that yn converges to the region 
yn in a
�nite time and will stay within the region thereafter.

Since yn 2 
yn in a �nite time, the condition (13) im-
plies that jknyn+�n�1(� � �)j � h+Mn�1+�n+Mn�1 �
Ln, which indicates that �n works in its linear range in
a �nite time. Furthermore, due to the boundednesses
of ��T ~� + � and �i, from (14), it can be recursively
checked that yn�1, � � �, y1 are bounded in any �nite time.

Now consider the evolution of yn�1. Observe that �n
now works in the linear range. Hence, the dynamic
equation of yn�1 becomes

_yn�1 = knyn � �T ~� +�� knyn � usn�1

= ��T ~� +�� usn�1 (23)

Same as before, yn�1 will enter the region 
yn�1 =

fyn�1 : jyn�1j �
h+Mn�2+�n�1

kn�1
g in a �nite time and stay

in the region thereafter, and other states y1; � � � ; yn�2 re-
main bounded. The upper bound of the reaching time of

yn�1 is tr;n+max

(
jyn�1(tr;n)j�

h+Mn�2+�n�1
kn�1

�n�1
; 0

)
, where

yn�1(tr;n) is the value of yn�1 at tr;n.

By induction, all the �i's will work in the linear ranges
in a �nite time. The total reaching time satis�es

ttotal = tr;1 �

n�1X
i=1

max

(
jyi(tr;i+1)j �

h+Mi�1+�i
ki

�i
; 0

)

+max

(
jyn(0)j �

h+Mn�1+�n
kn

�n
; 0

)
(24)

Hence, after a �nite time interval ttotal, (14) changes to

_y = Ay +B(��T ~� +�) (25)

where

A=

2
6666664

�k1 0 � � � 0 0

�k1 �k2
. . . 0 0

...
...

. . .
. . .

...
�k1 �k2 � � � �kn�1 0
�k1 �k2 � � � �kn�1 �kn

3
7777775
;B=

2
64

1
...
1

3
75 (26)

Since matrix A is an exponentially stable matrix, and
B(��T ~� + �) is bounded, y is bounded. Due to the
fact y = T~x, the tracking error ~x will also stay within
a desirable region in a �nite time. 2

Remark 3 Theorem 4.1 reveals that the tracking error
will reach a designed region in a �nite time, and the
upper bound of ttotal changes with �i's. Thus, a guar-
anteed transient performance is achieved. At the same
time, sizes of regions 
yi can also be tuned by changing
ki's properly. In this sense, a guaranteed �nal track-
ing accuracy is obtained. Since jy1j �

h+�1
k1

(note that



M0 = 0) in a �nite time, from the transfer function

(10), j~x1j �
h+�1Q
n

m=1
km

in a �nite time [8]. It can also

be proved that j~xij �
h+Mi�1+�iQ

n

m=i
km

, i = 1; � � � ; n in a �nite

time [8].

Remark 4 Based on the condition (13), De�nition 1
and M0 = 0, by induction, it can be proved that

Ln > (2n � 1)h+

i=n�1X
i=0

2i�n�i (27)

which indicates that the lower bound of Mn depends on
the complexity of the system (order of the system, n),
the degree of model uncertainties (h), and the desired
performance (�i). In viewing (12), the class of the de-
sired trajectories is thus limited once the control author-
ity bound Ln+1 is given. The result of (27) can also be
combined with (12) to obtain conditions that a feasible
desired trajectory has to satisfy, which may be very use-
ful in the desired trajectory planning stage. For example,
a conservative upper bound for the n�th derivative of a
feasible desired trajectory can be obtained as

jx
(n)
d j � Ln+1 �maxfj�T �̂jg �Mn (28)

Remark 5 From equation (25), without considering
model uncertainties, the characteristic equation of the
closed-loop system is given by

(�+ k1)(�+ k2) � � � (� + kn) = 0 (29)

Theoretically, ki can be chosen arbitrarily large for a
good tracking performance. In practice, they should be
chosen based on the nature of the neglected dynamics
such as the bandwidth of the actuators and the sampling
time due to the digital implementation.

Since A in (26) is exponentially stable, the following
Lyapunov equation

ATP+PA = �Q (30)

has a symmetric positive de�nite (s.p.d.) solution P for
any s.p.d. matrix Q. Suppose that Q is given, and P
is the solution to (30). The following adaptation law is
proposed

_̂
� = Proj

�̂
(���B

TPy) (31)

where �� is a constant diagonal positive de�nite matrix
representing the adaptation rate.

Theorem 4.2 With SARC (11) satisfying conditions
(12) and (13) and the use of adaptation law (31),
asymptotic output tracking is achieved if non-repeatable
nonlinearities � disappear in a �nite time t0, i.e., � �
0, 8t � t0. }

Proof. From Theorem 4.1, it is known that in a �nite
time, the closed-loop system is described by

_y = Ay +B(��T ~�) (32)

where � � 0 is used, and A and B are given in (26).

Let V = 1
2

�
yTPy + ~�T��1�

~�
�
. By using the adap-

tation law (31) and property (6), the time deriva-

tive of V is given by _V = 1
2y

TQy � yTPB�T ~� +
~�T��1� Proj

�̂
(���B

TPy) � � 1
2y

TQy � 0. Using the
standard arguments in adaptive control [8], y goes to
zero asymptotically. Hence, asymptotic output tracking
is achieved. 2

Remark 6 Theorem 4.2 shows that, in the ideal case
when the system is of parametric uncertainties only, the
proposed SARC is able to eliminate the e�ect of model
uncertainties completely and a better �nal tracking per-
formance is achieved compared to its non-adaptation
counterpart.

Remark 7 In the previous study, the input gain is 1.
If the last equation of (1) changes to

_xn = �T (x; t)� + bu(t) + �(x; t) (33)

with b 6= 0, SARC (11) then changes to

u =
1

b
�n+1 (ua � usn) (34)

All the previous results and remarks are still valid.

5 Experimental Studies

In this section, the proposed SARC will be applied to
the control of a linear motor drive system.

5.1 Design model of linear motor drive systems

The system setup is given in Fig. 1, which is the same as
that in [9]. In the experiments, the sampling frequency
fs = 2:5 kHz, and the encoder resolution is �1 �m.

The design model of the linear motor drive system is
given as follows

m�x = u�B _x� fppsgn( _x)� fnnsgn( _x) + d0 + ~d (35)

where x is the position of the inertia load, m is the
normalized� mass of the inertia load plus the coil assem-
bly, u is the input voltage to the motor, B is an equiva-
lent viscous friction coeÆcient of the system, fppsgn( _x)
and fnnsgn( _x) are used to capture the main e�ects of
the nonlinear friction, constant d0 represents the aver-
age e�ect of model uncertainties, and ~d is used to cap-
ture other e�ects of model uncertainties. It is assumed

�Normalized with respect to the unit of input voltage.



that B, fp, fn, and d0 are unknown constants, and ~d
is bounded. By the o�-line system identi�cation, the
value of m is obtained as 0:027. Functions psgn( _x) and
nsgn( _x) are de�ned as follows

psgn( _x) =

�
1 _x > 0
0 _x � 0

nsgn( _x) =

�
0 _x � 0
�1 _x < 0

(36)

Dividing both sides of (35) by m, the design model
(35) can be written into the form (1) with its last
equation replaced by (33) and n = 2, �(x; t) =

[� _x;�psgn( _x);�nsgn( _x); 1]T , � = [B
m
;
fp
m
; fn
m
; d0
m
]T , b =

1
m
, and �(x; t) =

~d
m
.

5.2 SARC and adaptation law

Following the SARC design in Section 4, we have

y1 = k2~x1 + ~x2; y2 = ~x2 (37)

Correspondingly, SARC (34) has the following form

u = �m�3(�xd � �T �̂ + �2(k2~y2 + �1(k1y1))) (38)

In the experiments, �(x) is speci�ed as follows

�(x) =

8>>>><
>>>>:

x jxj � LP3
i=0 aix

3�i L < x < L+ �l
M x � L+ �lP3

i=0(�1)
iaix

3�i �L� �l < x < �L
�M x � �L� �l

(39)

where �l is the margin between the linear working range
and the maximal control e�ort, and ai, i = 0; � � � ; 3 are

a0 = 1
�3
l

(2L� 2M + �l)

a1 = � 1
�3
l

(6L2 + 6L�l � 6ML� 3M�l + 2�2l )

a2 = L+�l
�3
l

(6L2 � 6ML+ 3L�l + �2l )

a3 = �L2

�3
l

(2L2 + 4L�l � 2ML� 3M�l + 2�2l )

(40)

which make sure that function �(x) is smooth up to its
�rst derivative.

By using the above formula, one example of the satura-
tion function is shown in Fig. 2 with L = 10, �l = 10,
and M = L+ �l. The linear working range is within the
dashed square. The smooth joining ranges are within
the two dotted rectangles, respectively. The remaining
parts are the saturated parts, where the outputs of the
function assume the maximal or minimal values.

With Q = I, solving (30) yields P11 =
k21+k1k2+k

2
2

2k1k2(k1+k2)
,

P12 = P21 = � k1
2k2(k1+k2)

, and P22 =
1
2k2

. Subsequently,

the adaptation law (31) changes to

_̂
� = Proj

�̂
f��� [(P11 + P21) y1 + (P12 + P22) y2]g (41)

5.3 Design parameters
Parameters for control law are given as: k1 = k2 = 400;
h = 9; �i = 10, i = 1; 2; 3; �l = 10 for all saturation

functions; Li = h+2Mi�1+�i, Mi = Li+ �l, i = 1; 2; 3,
and M0 = 0.

Parameters for adaptation law are given as: �� =

diag[107; 105; 105; 1:5 � 108], 0:1 � �̂1 � 0:3, 0 � �̂2 �

0:2, 0 � �̂3 � 0:2, and �7 � �̂4 � 7.

5.4 Experimental results

The desired trajectory is a point-to-point back-and-forth
movement, whose position, velocity, and acceleration of
the initial several periods are given in Fig. 3. The ex-
perimental results under the proposed SARC are given
in Fig.4-6. In Fig. 4, it can be seen that the tracking
error converges to a small region very quickly. Actually,
the tracking error mainly stays within the measurement
resolution most of time (shown by dashed lines in the
�gure), which illustrates the high performance of the
proposed SARC. The estimates of parameters are given
in Fig. 5. It can be seen that by using the projec-
tion mapping, all estimates are within their prescribed
ranges (the two dashed lines in the fourth plot of Fig.
5 represents �7, respectively). A controlled learning is
then achieved. The control input is given in Fig. 6,
which is clearly bounded. The above results indicate
that the proposed SARC can achieve a high performance
if the total e�ects of the desired trajectory and all the
uncertainties are within the linear working range of the
system.

6 Conclusion

A class of SARC laws have been developed for non-
linear systems in the \chain-of-integrator" form with
both parametric uncertainties and non-repeatable un-
certainties. Discontinuous projection based adaptation
law has been used to make sure that parameter esti-
mates are tuned within a prescribed range. By doing
so, a controlled learning has been achieved and the pos-
sible destabilizing e�ect of on-line adaptation could be
avoided. A saturated ARC law was then constructed
with an emphasis on performance in addition to global
stabilization. Speci�cally, given the bound of control
authority, with certain criteria satis�ed, the proposed
SARC is able to achieve a guaranteed output track-
ing transient performance and �nal tracking accuracy
in general. In addition, in the presence of parametric
uncertainty only, the control law is also able to achieve
asymptotic output tracking. A by-product of the de-
sign is that the obtained criteria may also be used in
the trajectory plan to construct realizable desired tra-
jectories for nonlinear systems with uncertainties. The
proposed SARC has been applied to the control a lin-
ear motor drive system, and excellent output tracking
performance has been observed in experiments.
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Figure 1: Experiment Setup
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Figure 2: One example of saturation function
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Figure 3: Position, velocity, and acceleration of the desired
trajectory
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Figure 4: Position error under SARC

0 5 10 15 20 25 30 35 40
0.1

0.15

0.2

es
tim

at
e 

of
 θ

1

0 5 10 15 20 25 30 35 40
0

1

2

3
x 10

−3

es
tim

at
e 

of
 θ

2

0 5 10 15 20 25 30 35 40
0

2

4
x 10

−3

es
tim

at
e 

of
 θ

3

0 5 10 15 20 25 30 35 40
−10

0

10

time ( s )

es
tim

at
e 

of
 θ

4

Figure 5: Estimate of � under SARC
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Figure 6: Control input under SARC


