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1. Introduction

For unstructured time-varying or complex uncertainty, the small
gain theorem provides a nonconservative test for robust stability
[1]-[5]. For structured, and possibly real uncertainty, however, the
small gain theorem is known to be conservative, and structured
singular value bounds, which involve multipliers and complex scal-
ings, can be used [6],[7]. Linear matrix inequalities (LMI’s) are
also used to guarantee robust stability [8]-[14].

Within the context of robust Hs performance, the small gain the-
orem is equivalent to the bounded real bound [1]-[3], which plays
the role of a guaranteed cost bound [5]. Various guaranteed cost
bounds have been developed including quadratic and nonquadratic
bounds. Quadratic bounds include the bounded real [1], [2], [3],
positive real [20], and Popov bounds [5], [24], while nonquadratic
bounds include the absolute value and linear bounds [15]-[17].

In the present paper we review the bounded real, Popov, inverse,
shifted bounded real [21], and shifted Popov [23] bounds. In ad-
dition, we present the shifted linear, and shifted inverse bounds.
Finally, we reformulate all of these bounds as guaranteed cost in-
equalities and then recast them as linear matrix inequalities.

The guaranteed cost bounds that we consider are either parame-
ter independent or parameter dependent. Parameter-independent
bounds, such as the bounded real bound, use a common Lyapunov
function, whereas parameter-dependent bounds, such as the Popov
bound, use a family of Lyapunov functions. For polytopic un-
certainty we show that the least conservative common Lyapunov
function can be determined by solving an optimization problem
involving a set of linear matrix inequalities.

Notation

R d x 1 real column vectors

R m x n real matrices

I,, 0, n X n identity matrix, n X n zero matrix

S n X n symmetric matrices

N7 n X n nonnegative-definite matrices

pr n X n positive-definite matrices

A<B B — A is nonnegative definite

E(-), tr, |H| expectation, trace, (HH™)Y2, where H € Rf**

vec, @, ®  Col. stacking Op., Kronecker sum, Kronecker product

2. Robust Performance and Guaranteed Cost Bounds
Let Y € R™ ™ denote an uncertainty set and consider the system
z(t) = (A4 AA)z(t) + Dw(t), (1)
where 2 € R™ and w € R? are the state and disturbance, respec-
tively, AA € U, and the disturbance w is a standard zero-mean
white noise process. In this paper, it is assumed that the nominal
dynamics matrix A is asymptotically stable. Next, consider the
erformance variable
b (1) = Ba(t), 2)

and define the worst-case Hy perforn%ancc measure
JU) = / {xl(s)Rz(s)] ds},
0
where R 2 ETE. If A+ AAis asymptotically stable for all AA €
U, then J(U) is given by
JU) =

sup limsup & {f
AAeU  t—oo t

sup tr Pa4V,
AAeU

(3)
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where V' 2 DDT and Pay is the unique, nonnegative-definite
solution to the Lyapunov equation

0= (A+AA)TPas+ Pas(A+ AA) + R. (4)

The following result, which is an extension of Theorem 3.1 of [24],
provides a bound for the worst-case performance J(U).

Theorem 1 Let 2 : N/ C S" — S", assume there exists P € N
satisfying
satslyme ATP 4+ PA+ Q(P)+ R<0,
and let Py : U4 — S™ be such that
0< P+ P(AA), AAel,
and -
0 < N(P)—AA™P - PAA
—[(A+AA)TP(AA) + Py(AA)(A+ AA)], AAcU.

Then (A + AA,E) is detectable for all AA € U if and only if
A+ AA is asymptotically stable for all AA € Y. In this case,

Pag < P+ Py(AA), AAel,
where Pag € N™ is given by (4), and J(U) < J(U), where

J(U) =tr PV + sup tr Py(AA)V.
AAeU

If, in addition, there exists Py € S™ such that
Po(AA) < By, AAcU,
then J(U) < J(U), where
JU) = tr[(P + By)V].

(®)

9)
(10)

(11)

The pair (£2, Py) is a bound. A bound is parameter independent
if I is constant. In this case, Py(AA) is replaced with Py and
Py = Py so that J(U) = J(U). A bound is parameter dependent if
Py depends on AA.
For a given bound (2, Ry), the following result yields a bound
(12, Py). This result will be used in the proofs of Corollary 1 and
Corollary 3.
Proposition 1 Let 2: N CS*— 8", PeN,and Py : U — S"
satisfy (5)-(7), and let Py e sm satisfy (10). Let Py € 8", and
define N CS", 2: N — S"and Py : U — S" by
N2N 4P By (12)
O(P) & Q(P—Py+Py)—A"(Py— By)— (Po— o)A, P e N, (13)
d . _ =

o By(AA) 2 Py(AA) — Py + . (14)
Then (5)-(7) and (10) are satisfied with N, 2, P, Py, and P,
replaced by ./\77 Q, P+ Py— ]50, ]50, and P.

Remark 1 Let (2, Fy) be a bound. Choosing b e S™. Propo-
sition 1 yields the bound (Q, }50). Now, using Proposition 1 and
replacing (12, Py) with (£2, Py) and letting By = Py, yields ({2, Py).
This shows that (£2, By) and (£2, Py) are equivalent.

Remark 2 Let ({2, Fy) be a parameter-independent bound with

Py = Py and let Py = 0. Then Proposition 1 yields the equiva-
lent parameter independent bound (§2,0). Thus, without loss of
generality, we can consider parameter-independent bounds of the

form (£2,0).

Remark 3 If there exists AA € U such that Py(AA) = 0, then
(8) implies P > 0, and without loss of generality we can assume
N C N~



In the following sections, U is given by either the parametric un-
certainty set

U= {AA tAA =64, where (6;,...,6,) € R} , (15)
i=1
where A; € R™" i = 1,...,r, and R C R’, or the factored
uncertainty set
U={AA: AA= ByFCy, where F € F}, (16)
where F C Rz By € R and Cy € R2*". To show that (15)
can be written in the form (16), let B; € R™* and C; € R¥*»
satisfy A; = B;C;, i =1,...,r, and let C
1

Bo _ { Bl Br ] c RnXk7 CO _ c ]lexn7 (17)
C.
where k = Y7, k;. Then AA =377 §,A; = BoFCy, where F €

Fa, and Fyq C S* is defined by

Fa2{F € S$*:F =block—diag (1], ..., 6:Ix,) , (61, ..,6,) ER} .

18
3. Vertex LMI’s for Robust Performance (18)
In this section linear matrix inequalities are used to determine a
bound for J(U) that is less conservative than parameter indepen-
dent bounds (£2,0). First, LMI's are used to bound J(U). Let

(15) be given by the polytopic uncertainty set
U= {AA tAA=>"6;A;, where 5| <7, i= 1,...77‘}7 (19)

i=1
which is a special case of (15) with
R:{(517"'75r) : |5Z| S’W 1= 17"'7T}'

Proposition 2 Let U be given by (19). Then P € N™ satisfies
ATP 4+ PA+y(ATP+PA)+---+~y(ATP+PA)+R <0, (20)
if and only if P satisfies

(A+AATP+P(A+AA) +R<0, AdeU.  (21)

Defi
e pa {P € N" : P satisfies (20)}.

Proposition 3 Let U be given by (19), and let (§2,0) be a bound.
If P € N™ satisfies (5), then P € P.

The next result uses Proposition 2 to obtain the best parameter-
independent bound.

Proposition 4 Let U be given by (19), and define g : P —

N" by

Qu(P) 2 —R— ATP — PA. (22)
Then (£21Mmr1,0) is a bound. Furthermore, if (£2,0) is a bound with
J(U) given by (9), then

min tr PV < JU). (23)

Note that if (£2,0) is a bound, then (5) and (7) imply (21). The
next result provides an alternative vertex LMI.

Proposition 5 Let U be given by (19), and let P € N" and
Yy, ..., Y, € S" satisfy

ATP+PA+YY; +R<0 (24)
i=1
d A R

an Y, < A(ATP+PA) < Y i=1,....n.  (25)

Then (5)-(7) are satisfied with P = P, Py=0, N =N", and
QP)=>1Y;, PeN" (26)

i=1
4. Shifted Bounded Real Bound
Define Fgr C Rhxl by

Fer 2 {F e R": . FTF < M}, (27)

where M € N2, The following result concerns the classical bounded
real bound [3], [4].

Proposition 6 Let U be given by (16) with F = Fgg, and let
N =N, Q(P) = PByBYP + CI MGy, (28)
and Py = 0. Then, for all P € NV, (6) and (7) are satisfied.

For U given by (19), the factored uncertainty set is given by (16),
where F = Fppra, and Fgrq C S* is defined by

Fora 2{F € Fy:|F| <~I}. (29)
Next, define
Fors 2 {F € R"*2 . NTNANTFCy+CTFTN+CTFTFCy < M,},
(30)

where N € R!"*” and M, € N*. Note that if N = 0 and M, >
CIMCy, then Fgr C Fprs. The following result concerns the
shifted bounded real bound [21].

Proposition 7 Let U be given by (16) with F = Fpgs, and let
N =N",
Q(P) = PByBf P — (BoN)TP — PByN + M,,

and Py = 0. Then, for all P € NV, (6) and (7) are satisfied.

(31)

The shifted bounded real inequality has the form
(A= ByN)TP+ P(A— ByN) + PByBy P+ M, + R<0. (32)

For U given by (19) with Cy given by (17), define Fgrea C S* by

Forsd 2 {F € Fa: N'N+NTFCy+CIF'N+CIFTFCy < M},

. (33)
where Mg € N™. I\TIotc that if

NTIN+¥2Cy Co+ > 6:(NFCiH+CIN;) < My, |6 <y, i=1,...,7,
i=1
(34)
where N; € R¥*" ¢ =1,...,r, and N 2 [ NF NF ]T, then
FBra C FBrsa- To satisfy (34), M can be chosen as

M, = NTN +~°CTCy + Y, (35)
where Y € N" satisfies

i=1

With this choice of Ms, (32) becomes
(A=ByN)TP+P(A—ByN)+PByBy P+ NTN+~+*CLCy+Y +R < 0.
(37)

The next proposition gives three choices of Y that satisfy (36).
Proposition 8 Consider the following statements:

i) Y =37V, where Yy,...,Y, € N" satisfy

Y =y |NFCi+ CINY, =1, (38)
ii) Y =31_,Y;, where Y7,...,Y, € N” satisfy
—Y; < A(NJCi+CINy) < Vi, i=1,...,rn (39)
i) Y € N” satisfies
+y(NTC, + CFN) £+ - £4(NTC. + CTN,) <Y, (40)

Then i) = i) = 111) <= (36).

With Y = >, Y;, where Y7, ..

comes

., Y, are given by (38), (32) be-

ATP 4+ PA+ (PBy— NT)(BfP - N) (41)
+y Y |NECi 4+ CIN| +42CTCo+ R < 0.
=1
Letting 3 € R and N = 3B, (41) becomes
ATP + PA4 (P — BI)ByBy (P — 8I) (42)

+72CFCo+ R < 0.

+9181 > [Ai + AT
=1

The following result provides a sufficient condition under which
(42) has a positive-definite solution.



Proposition 9 Let U be given by (16) with F = Fpreq. Suppose
there exist vy, ..., . > 0 such that

vi(A+AT) 4984+ AT|+ R<0, i=1,...,7, (43)
where 3 = Y0, ;. Furthermore, let C; = v 1[—v;(A + AT) —
8| Ai + AY| = RJV? and B; = AiC;', i =1,...,r. Then P = I
satisfies (42).

Suppose A is dissipative, that is, A+ AT is negative definite. Then
there exist vy,...,1, > 0 and v > 0 such that (43) holds. If, in
addition, Aj,..., A, are skew symmetric, then there exists v >
0 such that (43) holds with v; = -+ = v, = v for all v > 0.
Furthermore, P = rvI satisfying (42) is independent of .
Applying Proposition 1 to Proposition 7 with N = 3BT and B =
B1 yields the following result.

Corollary 1 Let U be given by (16) with F = Fggsa, let 8 € R,
and suppose there exists P € N™ — 31 satisfying

ATP+PA+PBBf P+y|8] Y |Ai + AT HB(A+ AT 1y Cf CotR < 0.
i=1
(44)

Then (6) and (7) are satisfied with Py = 31.

Next, an LMI is formulated to obtain a feasible solution P € N"
to the shifted bounded real inequality (32) along with M and
Ni,...,N,. Let N =[ w7 ~r T
Proposition 10 Let U be given by (19) with F = Fpgrsa, and
let Pe N*, N; € RF** § =1,...,r, and Y € S*. Then P,
Ni,..., N, Y satisfy (40) and

ATP + PA+~*CICo+Y + R PBy— N7

BfP—-N —1I

., N, Y satisfy (36) and (37).

<0 (45)
if and only if P, Ny,..

5. Shifted Popov Bound
For convenience, define Fp € S*, Hp € P¥ and Np € R¥* by

Fp2{Fest: M, <F< My}, (46)
Hp 2 {HeP" . HF = F'H, FeFp}, (47)
Np £{NeRM . NTF =FN, FeFp}, (48)

where My, My € S* are such that M 2 My — My, is positive
definite. The following result concerns the Popov bound [24].
Proposition 11 Let U be given by (16) with F = Fp, N’ = N7,
N € Np and H € Hp. Let

2(P) = (HCy + NCyAp + BYP)' Ry (HCy+ NCoAp + B P)

+ (BoMy.Co)TP + PByM1,Co, (49)
where
Ry 2 (HM™" — NCyBy) + (HM ™ — NC,B,)" >0,  (50)
Ap & A+ ByM;.Cy, and
Py(AA) = Cf (F — Mp)NCy. (51)

Then, for all P € NV, (6) are (7) are satisfied.

Remark 4 If u € S* satisfies p > (F — My)N for all F € Fp,
then Py = CJ uCy satisfies (10).

The following result concerns the shifted Popov bound [23].
Proposition 12 Let U be given by (16) with F = Fp, N = N",
HecHp, Ne Np, X € R¥* and Y € S™. Let
Q(P) = (HCy+ NCyAp + BfP— XBI)T
x Ry'(HCy + NCyAp + By P — XBY)

+ (BoM1Cy)" P + PByMy,Cy +Y, (52)
and let Py(AA) be given by (51), where Y satisfies
BoXT(F — My)Co + CT(F — My)XBY <Y, FeFp, (53)

and Ry is given by (50). Then, for all P € N, (7) and (6) are
satisfied.

Remark 5 Setting X = 0 and Y = 0 in Proposition 12 yields
Proposition 11.

For U given by (19), let By and Cy be given by (17). Define
Fpa C S, Hpg C P*, Npg C S*, and I; € S* by

Fpa 2 {FeFq:—I < F <~I}, (54)

Mpq = {H € P*: H = block—diag (Hy,..., H,)}, (55

Npa £ {N €8 N =block—diag (Ny,...,N,)},  (56)

and I; 2 block —diag (Ok17 e Oy Ty, Oy - - 70kr)7 where k =
Yi_i ki, Hr€ PR and N; € SF i=1,... r.

Proposition 13 Let U be given by (16) with F = Fpq, and sup-
pose there exist P € N", Iy € N", X € Rk Y € 8" N € Npq,

and H € Hpq such that
AYP+ PAp +Y + R CTH+ASCIN+PBy—ByX" 0
HCy+NCyAp+BIP—XBY  NCyBy+ BYCEN — }YH ’
(57)

+ . £ y(B X I,Co+ CYILXBY) < Y,

and
YOL (T + 1, £ Iy +---+ [,)NCy < B, (59)

Then Y satisfies (53), and (5)-(7) and (10) are satisfied with £2(P)
given by (52) and Py(AA) given by (51).

Corollary 2 Let Yi,...,Y, ;1 € S™ satisfy

—Y; < YBXTI,Co+7CIXLBY < Y, i=1,...,r(60)

Y1 < vBoX"Co+7C{XB] < Yo, (61)
and let Py, ..., P41 € S™ satisfy

-P, < ACYLNCy < P, i=1,...,r (62)

~Pry1 < ACfNCy < Pryy. (63)

Then Y = 3741Y; satisfies (53). Finally, let Py(AA) be given by
(51). Then Py = Y011 P, satisfies (10).

6. Shifted Linear Bound
In this section, let the uncertainty set U be given by (19), which
is an alternative to the elliptical set, see [18]. The following result

concerns the linear bound [16], [26].

Proposition 14 Let V' =N", a > 0,

2(P)=arP + 2 Y A PA, (64)
i=1

and Py = 0. Then, for all P € NV, (6) and (7) are satisfied.

Next, the shifted linear bound is obtained.

Proposition 15 Let N'=N"N(N—,[N" + N;]), where Ny, ..., N,,
Y € 8", and let o > 0. Let

2(P) = Z [a(P = N)) + ZAT(P = N)A] +Y,  (65)

where =1

i=1

and let Py = 0. Then, for all P € N/, (6) and (7) are satisfied.

Remark 6 Setting Ny, ...
yields Proposition 14.

N, =0 and Y = 0 in Proposition 15

The next result provides a method for computing P satisfying
ATP+PA+Y [a(P = N;) + LAT(P = N)Aj|+Y +R = 0. (67)

i=1
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Figure 1: Cost bounds for Example 1, demonstrating a destabiliz-
ing uncertainty.

)

Proposition 16 Let Ny,...,N, € S", Y =~>7
and « > 0. Suppose

ATN; + NT A,

ASAvgho(A+gD)+ 2 (40 A)

i=1

(68)

is invertible. Then P=—vec™' (A Tvec Ry) is the unique solution
to (67). Where RO é ;:1 |:’y ‘AZTNI =+ NzAz) — OzNZ' — gA;FNlA,L] —+
R. If, in addition, A is asymptotically stable and Ry is nonnegative
definite, then P > 0.

Remark 7 The last statement of Proposition 16 follows from
techniques used in [27].

Proposition 17 Let U be given by (19). Suppose there exist
a>0, PeN"and Ny,...,N,, Y € S" satisfying

ATP+PA+Y [a(P = N;) + AT (P — N)Aj|[+Y+R <0 (69)

i=1
and
+y(ATN, + NJA) £ --- £ v(ATN, + N, A,) <Y. (70)

Then Y satisfies (66), and (5)-(7) are satisfied with 2(P) given
by (65).
Applying Proposition 1 to Proposition 15 with Ny = --- = N, = N
and setting Py = N yields the following specialization of Proposi-
tion 15.

Corollary 3 Let a > 0, Fy € S™, and suppose there exists P €
NN (N™ — P,) satisfying

0 = A"(P+P)+(P+PR)A+arP

+ 3 [ZATPA; + 7 |ATR + PoA; (71)
i=1

|+ R
Then (6) and (7) are satisfied.

7. Shifted Inverse Bound
In this section, let the uncertainty set & be given by (19). The
following result concerns the inverse bound [18].
Proposition 18 Let Nr: P, a >0,
Q(P)=aywP+ 2> (ATP+ PA)P Y (AT P+ PA)),
i=1

and Py = 0. Then, for all P € N, (6) and (7) are satisfied.

(72)

Note that the inverse bound inequality
ATP+PA+ayrP+ 53 (AT P+ PA)P T (AJP + PA)+R <0
i=1
(73)

can be written as
AL P4+ PApy + 25 (ATPA; + PAPT'ATP) + R<0, (74)

inv
i=1

T A
= -0 0 T 2
where Ay = A+ardl + L3 A7

Next, the shifted inverse bound is obtained.

Proposition 19 Let N' = N™ (| (N}_, [P"+N,]), where Ny, ..., N,
Y e S"7 let o > 07 A41i7A12i c :E{nxn7
2(P) = 3 (& [AF(P — M) + (P~ Mp)A] (P~ N)™* (75

i=1

x [AT(P = M) + (P~ Ma)A)] +ay(P — Ni)> LY
v&;here

>4 [AT (M + M)+ (Mo + M)A <Y, |65 <7, i= 1,1,

i=1
76
and Py = 0. Then, for all P € N, (6) and (7) are satisfied. (76)

Substituting £2(P) into (5) yields the shifted inverse bound in-
equality

ATP+PA+ZT: (2 [AT(P=Mu)+(P=Mo) Ai] (P = Ni)™ (77)

X [A;F(Pfj\lu) + (Pf]\/fgi)Ai]Tfa'yNJ+a7rP+Y+R < 0.

Let My = My = M; € S™, i = 1,...,r. The next result uses
LMT’s to find P € P*, My,...,M,,N1,...,N,,Y € S" and a > 0
satisfying (5) with 2(P) given by (75) and (76).

Proposition 20 Let U be given by (19) and let o > 0 be given.

Suppose there exist P € N”, and Ny,...,N,, My,..., M., Y € S"
satisfying
ATP+PA+aWZ::l~(P—NL)+Y+R ATPL+PlAL -+ ATP. + P A,
ATB + P A, —da(P-Ny) 0 0
. . <0,
o 0 g 0
ATP, + BrA, 0 0 —daP-N,)
(78)

where P,=P — M;,i=1,...,r, and

+y(AT M, + M1 A) £ -+ £ v(ATM, + M, A,) < Y. (79)
Then Y satisfies (76), and (5)-(7) are satisfied with 2(P) given
by (75).

Remark 8 As in the result i) = ) from Proposition 8, (79)
can be recast as 2rn? constraints.

Corollary 4 Let A+ AT < 0, A; + AT = 0, My; = My = 0,
N = L B(A+ ATy + R+ B, i = 1,...,7, and let § satisfy
B(A+ AT)+ R < 0. Then (6) and (7) are satisfied with P = I
and Py = 0.
8. Examples

LMI methods can be used to calculate solutions along with optimal
scalings for bounds such as the linear, bounded real, inverse, and
Popov bounds, as well as their shifted counterparts. In the case
of the inverse and linear bounds, the a scalings must be chosen
separately.

Example 1 Let A = [_2‘;)05 ,0})05 }7 A = [Aom 43(())1 }7 R =

—10
{8:?3 02'152 }, and V = [8 102 ] Although the uncertainty is
nearly skew symmetric, it is destabilizing. Figure 1 shows the
actual worst case cost. Now, let B; = £710.00115, and C; =
a[ 713000 10(1)00 }, where € # 0 is a free parameter used for opti-
mization. With this choice, the bounded real and linear bounds
guarantee stability for |§] < 4 x 1071, while, as can be seen in
Figure 1, the shifted linear bound yields an improved robust per-
formance bound for |§| < 4 x 10~%. The LMI version of the shifted
bounded real bound given by Proposition 10 coincides with the
LMI bound given by Proposition 4. The shifted Popov bound
guarantees stability for |§] < 5, and outperforms the LMI bound.
The shifted inverse bound guarantees stability for |§] < 5 and
coincides with the LMI bound.



Example 2 Let

—0.0002  0.2208 0 0
A= —0.2208  —0.0002 0 0 A = 0252 I
- 0 0 —0.0103  1.4322 ? 1= —I2 O2x2 |”
0 0 —1.4322  —0.0103

where the uncertainty represents modal coupling. Furthermore,
let R = I, and V = I, and let B; and C; be given by B; =
-1
[ OZI:Q EQEXIE ], C, = [ Eoflx]i EOZXI: }, where ¢ # 0 is a free parame-
ter. When LMI methods are used to obtain a bound on the cost, €
is obtained as part of the optimization process. In the other cases,

the optimal value ¢ is obtained by evaluating a mesh of points.

Each plot in Figure 3 shows the actual worst-case performance
along with the LMI bound given by Proposition 4. As can be
seen, the bounded real bound guarantees stability for [§| < 0.0003,
whereas the shifted bounded real bound with N = 8B] guaran-
tees stability for |§| < 0.01, and from Proposition 9 stability is
guaranteed for 6| > 0.01. Then the shifted bounded real bound
guarantees stability for all 6 € R. Applying Proposition 10, the
shifted bounded real bound coincides with the LMI bound given
by Proposition 2. Next, the Popov bound guarantees stability for
|0] < 0.1, while the shifted Popov bound outperforms the LMI
bound given by Proposition 2. The linear bound guarantees sta-
bility for |§| < 6 x 1074, while the shifted linear bound is less
conservative for |§| < 6 x 1074, Finally, the inverse bound guaran-
tees stability for all § € R, while the shifted inverse bound, with
M; = 0 coincides with the LMI bound given by Proposition 2.
Figure 2 compares the shifted bounds.

Example 3 Consider a variation of Example 2 with two uncer-
tain parameters. First, consider two nondestabilizing uncertain
parameters. Let

0 0 0 0 0 0 1 0
0 0 0 1 0 0 0 0
Ai=14 0 00| 4= 000 }v (80)
0 -1 0 0 0 0 0 0
and let By and Cj be given by (17), where
0 0 o 01T 1 0 o 117
10 0 1 0 o 0 0
By = 0 , Ci= o |» B2=1o ; Co= 1 o} (81)
0 -1 10 0 o 0 0

Figure 4 (a) shows the performance predicted by the shifted bounded
real bound and the shifted Popov bound, which coincide with the
LMI bound given by Proposition 4.

Next, let 0 0 0 0 0 0 1 0
o o o 01 _ | o 0o o0 o0
A = o 0 0 o0 | Ay = -1 0 0 0 | (82)
0 01 0 0 0 0 0 0
10°
- 10k an.and shiftedInverse
Ko
o uy‘sf/
_shifted ™= Shifted POPOY

— Exact Worst Case

103 L L L L

10° 10" 10° 10° 10" 10°

Figure 2: Cost bounds for Example 2.
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Figure 3: Comparison of shifted, unshifted, and LMI bounds for
Example 2.

and let By and Cp be given by (17) where C, By, and Cy are

given in (81), and By = [ 0 061 8 0?1 ]T. In this case, the first
uncertain parameter is destabilizing. Figure 4 (b) shows the per-
formance predicted by the shifted bounded real bound which co-
incides with the LMI bound, and the shifted Popov bound which

does slightly better for higher levels of uncertainty.

Next, let

00 0 0 0 0 1 0
0 0 0 01 0 0 0 0

A= 000 0 | A= 00 o0 | (83)
00 0 0 0 0 0 0

and let By and Cy be given by (17) where By = [0 01 0o o],
Cy=[0 0o 0 1], and By and C5 are given in (81). In this case,
the first uncertain parameter is destabilizing. Figure 4 (c) shows
the performance predicted by the shifted bounded real bound
which coincides with the LMI bound, and the shifted Popov bound
which, does slightly better for higher levels of uncertainty.

Finally, let

000 0 0 00 0
00 0 01 0 0 0 0
Ar=1000 0| 4= |0m 00 o }v (84)
000 0 0 0 0 0
and let By and Cj be given by (17) where
0 0
Bi=|% |,Ci=[00 0 1],By=] 0, |, Co=[1 00 0]
0 0

In this case, both uncertain parameter are destabilizing. Figure 4
(d) shows the performance predicted by the shifted bounded real
bound and the shifted Popov bound, which coincide with the LMI
bound.
9. Conclusions

In this paper the shifted bounded real bound [21], the shifted linear
bound, the shifted inverse bound, and the shifted Popov bound
[23] have been considered. These bounds were compared with
the bounded real bound, the linear bound, the inverse bound, the
Popov bound and an LMI bound. It was shown that these shifted
bounds can by recast as LMI’s, and presented as guaranteed cost
inequalities. For several examples, it was shown that the shifted
bounded real bound and shifted inverse bound exhibit comparable
perform to that of the best possible parameter-independent bound.
It has also been shown for several numerical examples that the
shifted Popov bound, which is a parameter-dependent bound, may
be less conservative than parameter-independent bounds.
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Figure 4: Cost bounds for Example 3, comparing the shifted
bounded real, shifted Popov and LMI bounds with two uncer-

tain

parameters: (a) two skew-symmetric uncertainties, (b) sym-

metric and skew-symmetric uncertainty, (c) nilpotent and skew-

symr

metric uncertainty, (d) two nilpotent uncertainties.



