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Abstract

In this paper we study control systems whose input
sets are quantized. We specifically focus on problems
relating to the structure of the reachable set of such
systems, which may turn out to be either dense or dis-
crete. We report on some recent results on the reach-
able set of linear quantized systems, and study in detail
an interesting class of nonlinear systems, forming the
discrete counterpart of driftless nonholonomic continu-
ous systems. For such systems, we provide a complete
characterization of the reachable set, and, in the case
the set is discrete, a computable method to describe its
lattice structure.

1 Introduction

In this paper we consider systems of the type
tt =g(z,u), re R, ue U CR™ (1)

where the input set, U, is quantized, i.e. finite or nu-
merable but nowhere dense in R™. Quantized control
systems arise in a number of applications because of
many physical phenomena or technological constraints.
In the control literature, quantization of inputs has
been considered mainly as due to D/A conversion,
and mostly regarded as a disturbance to be rejected
([2, 12, 4]). More recently, some attention has been
focused on quantized control systems as specific mod-
els of hierarchically organized systems with interaction
between continuous dynamics and logic ([14, 5]). More
motivations for studying systems with finite input sets
come from robotics applications, such as that of ma-
nipulating polyhedral parts by rolling ([9]) or steering
nonlinear systems by concatenating strings of basic in-
put words ([13, 8]).

The focus of our paper is on the study of particular phe-
nomena that may appear in quantized control systems,
which have no counterpart in classical systems theory,
and that deeply influence the qualitative properties and
performance of the control system. These concern the
structure of the set of points that are reachable by sys-
tem (1), and particularly its density.
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While some understanding of the strcture of the
reachable set for quantized linear systems has been
reached recently ([3]), the general nonlinear case re-
mains largely unexplored. In this paper, we address
a particular instance of (1), namely driftless nonlin-
ear systems, arising as the discrete counterpart of the
chained—form systems systems. Our aim is to report
on conditions under which the reachable set for these
systems is dense in IR", or otherwise when it is discrete.
In the latter case, the reachable set possesses a lattice
structure, whose description by a finitely computable
algorithm is instrumental to devising steering methods
for the system based on standard integer programming
techniques.

2 First definitions and examples

Consider a system defined by a quintuple
(M, T,U,Q,A), with M denotes the configura-
tion set, 7 an ordered time set, U a set of acceptable
input symbols (possibly depending on the configu-
ration),  a set of acceptable input words, and A
is the state—transition map 4 : 7 x Q@ x M — M.
Denote A;,(z) = A(t,w,x), with composition
by concatenation A(t;,ws,x1) o A(to,wr,To) =
A(A(to,w1,T0),ws,71). Explicit dependence of A on
t will be omitted when unnecessary.

In particular, we will focus here on 7 = IN, as most
interesting phenomena relating with quantization ap-
pear as linked to discrete time. A system with both M
and U discrete sets essentially represents a sequential
machine or an automaton, while for M and U contin-
uous sets, a discrete—time, nonlinear control system is
obtained. We are interested in studying reachability
problems that arise when M has the cardinality of a
continuum, but U is quantized.

To fix some ideas, consider a discrete time quantized
control system in the form

+ :g(m,u), (2)

where z € M, and u € U C R™, U be quantized, and
Q is the set comprised of all strings of symbols in U.
In the following we shall denote by ¢, : M — M the
one-step state—transition map A,(-) for u € U.

X

We also denote as R, the reachable set from z, i.e. the
set of configurations x; for which there exists a finite—
length word w = u; ---uny € Q that steers the system
from x to T5 = gy, * - Gu,, (T)-



For differentiable systems, the notion of reachability
from x is conventionally understood as R, = M. For
discrete—time systems with quantized inputs, however,
Q is a subset of all possible finite sequences w of sym-
bols in the quantized set U, hence R, is a countable set
and, in the general case that the configuration set has
the cardinality of a continuum, it will not make sense
checking whether R, equals M.

Notice that the possibility that the reachable set of a
quantized control system is countable, separates such
systems from differentiable systems; on the other hand,
the possibility of having a dense reachable set distin-
guishes quantized control systems from classical finite—
state machines. We want also to point out that sampled
systems with D/A conversions and usage of computers
naturally lead to system of type (1) with U finite sub-
set of Q". It is then clear that it may be important
to describe the structure, and measure the coarseness,
of countable reachable sets. To address these concerns,
we introduce the further assumption that M is a met-
ric space, and will refer to discretness or density in the
state space of the reachable set.

Let us introduce the relation ~ over the elements of
M by setting z ~ y, x,y € M, if y € R,. We want to
focus on a special class of systems that we call invertible
systems.

Definition 1 The system (2) is said to be invertible
if for every «+ € M and u € U there exists a finite
sequence of controls u; € U, i = 1,...,n, such that

Guy ~ " " Gu, (g(m,u)) =Z.
The following proposition is obvious:

Proposition 1 The relation ~ is an equivalence rela-
tion if and only if the system is invertible.

If the system is invertible, we can partition the state
space into a family of reachable sets. This is equiva-
lent to taking the quotient M/ ~ with respect to the

equivalence relation ~. We call the set M = M/ ~

the reachability set of the system (2) and we endow M
with the quotient topology, that is the largest topol-

ogy such that 7 : M — M, the canonical projection, is
continuous.

Example 1. Consider the system
=z +u

where z € R and v € U, U finite subset of R. If
U = {0,1/2,—1} then the system is invertible. The
reachable set from the origin Ry is the subgroup of IR

generated by 1/2 and the reachability set M is home-
omorphic to S*. If U = {v/2, 1} then the system is

not invertible. For example v/2 € Ry, but, since /2 is
irrational, 0 ¢ R s.

Example2. Consider the system

at = g(z,u)

where z € R, U = {£1/2,4+2} and g(z,u) = v - z.
The system is invertible, Ry = {0} and for every = #
0 R, = {+2%z : i € Z}. The reachability set M is
homeomorphic to the set S* U {a}, where on S there
is the usual topology while the only neighborhood of «
is the whole space. The reachable set R, for  # 0 has
only one accumulation point, namely 0.

If we assume that M is a metric space and the maps
gy, are isometries then we have a dichotomy illustrated
by next proposition:

Proposition 2 Consider an invertible system (2). Let
(M,d) be a metric space and assume that x — g(z,u)
is an isometry for every w € U. Then each reachable
set R, is formed either by accumulation points or by
isolated points.

Proof: Assume that the set R, admits an accumu-
lation point & € R,. Let z; € R, be such that x;, — &
and the set {x : k € Z} is infinite. Since the system

is invertible, for every k there exists @y = (uf,...,u;")
such that u} € U and Jul " Gur (xx) = z. Define
yr = lim,, Jul "'gu:k(fﬂm). For every k and m we

have:

d(gui e 'gu:k (xm)a ZL“) =
d(Tm, Tk)-

Passing to the limit in m, we have d(yy,z) = d(T, xy).
Clearly the sequence yj converge to z and contains in-
finitely many distinct points, so z is an accumulation
point for R,. Now it easily follows that all points of
R, are accumulation points for R,. ™

The system:
T =z +u (3)

with x € R"™ is an interesting special case. It is clear
that for every xp € R™ the reachable set R,, from z,
is equal to zg + Ry where Ry is the reachable set from
the origin. The hypothesis of the above Proposition are
satisfied. Notice that if n =1 and U is symmetric then
the set Ry is either everywhere dense or nowhere dense
in IR (since it is a subgroup of R), hence presenting
a stronger dichotomy than the one illustrated by the
above Proposition. For n > 1 we may have directions
along which the reachable set Ry is dense and directions
along which it is discrete. This is precisely the case of
n =2and U = {(£1,0),(£v2,0),(0,£1)}. Indeed
every additive subgroup G of R™ can be written as a
direct sum of two subgroups GG; and G5, with G; dense
in some r dimensional space, G5 a lattice of rank s and
r+s=n.

Notice that if we define 7, : R™ — IR to be the or-
thogonal projection on the direction of the vector v,
then m,(Rp) is dense in R for every v not parallel to
(0,1) (and this corresponds to the fact that the pro-
jection of the reachable set is precisely the reachable
set of the projection of the system). On the other side,



Ron{Av: A € R} is discrete for every v not parallel
to (1,0).

3 Analysis problems

In this section, we provide some results on the question
concerning some simple examples of driftless systems of
the type

T =z +u 4)

where z € R and u takes values in a finite set U C R.
Given two real numbers r1,72 € IR we write r| ~ ry to
indicate that ri, 7> have rational ratio, that is 1 € Q.

It is easy to check that ~ is an equivalence relation.

The following was proven in ([1])

Theorem 1 Let Ry be a reachable set for the system
(4) from the origin. Then Ry is dense if and only if
there exist uw,v € U such that u # v and u-v < 0.
Moreover, if Ry is not dense then it is nowhere dense.

Since the reachable set from a point z¢ is exactly z¢ +
Ry we have a dichotomy similar to that of Section 2,
even if in this case (due to the possible lack of symmetry
of U) Ry may fail to be a subgroup of R.

Let us consider the system (4) but now with z € R",
u € U C R", U a quantized set. From Kronecker’s
Theorem (see [6]) and the above analysis, we get for
the set Ry of configurations reachable from the origin
for system (3) the following

Theorem 2 i) A necessary condition for the reach-
able set Ry to be dense is that U contains n +
1 controls of which n are linearly independent.
Moreover, if U = {v1,...,Up41}, U1,...,0pn in-
dependent, and w; are the components of vp41
w.r.t. the other v;’s, then Ry is dense if and only
if L,wy,...w, are linearly independent over Z.

i) Ifuy,...,u, € U are linearly independent and there
erists n irrational negative numbers aq,...,a,
such that v; = azu; € U for everyi = 1,...,n
then Ry is dense in R™.

iii) If there exist m vectors v; € Q" such that Yu € U,

there exist m integers ai,...,Q,, such that u =
Y_; aivi, then Ry is discrete (actually, a lattice)
in IR".

4 Quantized Chained—Form Systems

We are interested in studying the structure of the reach-
ability set for nonlinear system that exhibit nonholo-
nomic behaviours. To do so, we consider the discrete—
time analog of a much studied class of continuous—time

nonholonomic systems that are written in chained form

3'31 = U

3'32 = U3

T3 = T2up . (5)
Tpn = Tp_1U1

The chained form was introduced in [11] because it al-
lows a rather simple steering method, using sinusoids at
integrally related frequencies. A different technique for
steering continuous nonholonomic systems that are in
strictly triangular form! has been proposed in [8]. The
idea there was to purposefully introduce quantization
of the input space, by defining a set of fixed input func-
tions on compact time sets, which resulted in a finite
steering algorithm.

Consider now the discrete system

T = 4w
w;r = 22+ U

1
wé" = I3+ T2u1 + U U2

1
Tf = x4+ xzup +aud/2 + uiuy (6)
+ n—2 U on-2 1

Ty = Yico Tnigh T Ul Tuagy

which can be regarded as system (5) under unit sam-
pling. The finite control set U can be viewed as
an alphabet assigning a letter to every control, e.g.
U = {wi,...,w,}. Then we can consider the set of
words 2 generated by the alphabet U, including the
empty word indicated by . It is clear that to every
word of {2 we can associate a map from R™ to R" com-
posing the state transition maps corresponding to each
control (with the identity map corresponding to the
empty word). This gives precisely the definition of sys-
tems of section 1.

System (6) is invertible (as opposed e.g. to the for-
ward Euler approximation of (5)). Indeed, for any
state—independent, symmetric set of input symbols U,
the set of input words Q = {strings of symbols in U}
with the relation ww™' = (), is a group with inverse
(wiws -+ W)t = —wy, - — wp — w,, Tw; € U,Vi.
0 acts on the configuration space through the state—
transition map such that A(w™!, A(w,z)) = z.

In order to study the reachability set of system (6),
and in providing a steering method for the system, our
program is to show first that the reachability analy-
sis in the whole state space R" can be decoupled in
the reachability analysis in the base space R? and in
the fiber space corresponding to a given reachable base
point, (Z1,T2). Reachability in the base space will then
be studied by results reported in the previous section,
and the rest of the paper will be devoted to the study
of reachability in the fiber space.

LA system is in ST form if @; = g(@i41,---,on)u. ST systems
include, but are not limited to, nilpotent systems [7], and are
hence much more general than chained form systems.



Consider a decomposition of the state-transition map
as
Aw, z) = 7+ Alw, z) + Aw),

where A(w,z) collects all addenda depending on .
For an input word with N symbols, w = wiws - wy,
denoting by w;; the j—th component of w;, by sim-
ple calculations one finds for the first two components
Ay (w,z) = A2(w,z) =0 and

N
A(w) =0 = Zwi,h
i=1

N
Ap(w)=T= Z’wig,
i=1

Moreover, introducing the shorthand notation

N
g; = O'i(w) = ij,l,

Jj>i

one can compute, by somewhat lengthier computa-
tions,

j—1
1 —1
Aj(w,ilf) Z('—Z’)' i J , .]>37
i=2 J :
and
1 N
A](w) = (] — 1)' Zwi,Q
ti=1

j—3
((wm)]2 t+o; (Z Vj,k(wi71)k053k>>
k=0

where Vj > 3, 7, 1 is given by

o _J -1 for k=0,7-3
Tik = Yi-1),(k=1) T VG- fork=1,..,5—4.

Notice that the coeflicients ;; are defined in a way
similar to binomial coefficients.

Consider the subgroup Q C Q of control words that
take the base variables back to their initial configu-
ration. These are sequences of inputs such that the
sum of the first and second components are zero, i.e.
o=7=0. Forall ® € Q and Vz, A(®,z) = 0. Hence,
the action of this subgroup on the fiber is additive:
A@,z) =z + A(®)

Notice that this fact represents a significant depar-
ture, and simplification, from the behaviour of the
continuous model (5), where the action of the generic
cyclic control is additive only on the first fiber variable,
x3, and more restricted subgroups should be searched
within  that have additive action on the rest of the
fiber.

Because of additivity, z — A(®,z) is an isometry

(w.r.t. the Euclidean norm) for all & € Q. Hence,
by Proposition 2, the reachable set is comprised either

of isolated points or of accumulation points. Moreover,
A(@,z) =z + A(@), so that without loss of generality
we may study the reachable points along the fiber over
any base point, and in particular over z; = 0,Z2 = 0.
Along any other fiber the reachable set will have the
same structure, up to a translation.

System (6) can therefore be decomposed, to the pur-
poses of reachability analysis, in two different discrete
systems of the form (3). The first subsystem is simply
yt =y +u with y = (z1,22) € R* and u € U C R
The second subsystem is given by 2T = z + v with
z = (23,%4,...,2,) € R"? and v € V C R"?
where V = {A¢(w), w € Q} (A denotes the n — 2—-
dimensional projection of A on the fiber space).

Clearly V is itself symmetric. Indeed if w € €2 then also
w™t e Qand Ap(w™') = —Af(w). Observe that Theo-
rem 2 can be used in order to estimate the reachable set
for y € R?. On the other hand, V is not finite, nor is it
known whether it has accumulation points, and hence
conditions of Theorem 2 cannot be checked directly.

In what follows, we will consider systems with U ra-
tional, symmetric, and finite with cardinality 2c + 1.2
Explicitly, let U = {0,wy,...,w.,01,...,0.}, where
w; = —wj, and

W:[ W1, .,We ]EQZXC.

We know from Theorem 2 that the reachable set in the
base space is a lattice. For such systems, we will show
that there exists a finite set B of generators for V', so
that the reachable set of z* = z + v for v € V and
that for v € B coincide. Conditions of Theorem 2 are
computable for a finite set, and it will be shown that
the reachable set in the fiber space is discrete (and a
lattice) as well. Explicit computation of the generators
in B would finally lead to a complete description of the
lattice structure of the reachable set.

Let ¥ : Q — Z° be defined for w = uy,...,uny as
Y(w) = (b1, .., B:) where where 3; = Z;V:1 d;; and

1 Zf Uj = w;
(51'3': -1 ifuj=w; i=1,...,c
0 otherwise

(X counts the number of appearances of different sym-
bols in a string, taking their signs into account).

Remark: For the map ¥ the following properties hold

a) if wy,wy € 2 then E(wiwe) = L(wy) + B(ws);
b) forallw € Q, T(w™?!) = - (w);

c) if wy =w;...,wy and ws is obtained by permu-
tation of symbols of wy, then ¥(w;) = E(ws). We
write in this case we = wy;

2Geperalization to the case of U a lattice, i.e. U = Wa,
W €Q?*¢, a € Z°, is straightforward.



d) by a),b) and c), if w; = wy then S(wjw, ') =0

Let Ny denote the ¢ x (¢ — 2)—-matrix with integer
coefficients such that WNw =0 and, Vj =1,...,¢c —
2, G.C.D{(Nw)ij,i=1,...,c} = 1. Then we have

Proposition 3 The subgroup Q can be characterized
as:

Q={weQSw) = (Nwa), a € (NU{0})*?}.

Proof: Let w be such that X(w) = (Nwa) for some
a € (NU{0})¢"2. Then, collecting together symbols
from U,

TRz AW, z) = TR2 AW ... W1 .. W ... D, T)
|B1|times |Bc|times

where mp= : IR" — IR? is the canonical projection of
R" onto R?, (B1,...,06.) = X(w) and

~ w; if ,31 >0

Wi w; if B; <0
Recalling that Y(w) = (Nwa) then mR2A(w,z) =
TR2 (@) +WE(w) = mR2(2)+WNwa = mp2(x). Then

w e .

Viceversa let w € Q. Suppose for absurd that WX (w) #
0. Then by permuting the symbols of w one has that

wEl@l...wl...wc...l@c
—_— Y
|B1|times |Bc|times

= UB=US(w) #0

Then mp2A(w,z) = mR2(z) + WE(w) # IR:(2),
which is a contradiction. ]

Consider now the finite subset of Q given by

L = {we|X(w)==x(Nw);,
the j—th column of Ny,
w of minimal length }.

In other terms, if w € £ contains a symbol, it does not
contain its opposite.

Proposition 4
C ={wow™weNoeLl}

is a set of generators for ().

The proof of this proposition is reported in [10], and
is omitted here because of space limitations. By
some computation, it can be observed that Vw =

(wy---wn) € Q,& € Q one can write A(wow™?!) =
G(w)A(®) with

G(w) = exp(—Jpo)

where Jy is a (n — 2) lower Jordan block with zero
eigenvalues and o0 = o(w) = Zf\; w; 1. Hence, for the
generating set it holds A¢ = {G(w)A(D),Yw € 0, @ €
L}. Observe that A¢ is not yet a finite basis (because
) is an infinite free group). However a finite basis for
A¢ is provided by a deeper analysis as follows.

Since by hypothesis w; € Q*, let the first compo-
nent w; = B, with p;,g¢; coprime integers, and let
d;, p,q be integer numbers with p, ¢ coprime and f}’—: =

d,-% Vi = 1,...,c. Then, for some a; € Z, one can

write o(w) = Zi\il Wil = Y Wi = %E?:l o;d;.
Define k(w) € Z as k(w) = > i, a;d;, such that
o(w) = Bk(w). Observe that k(w) = —k(w™").

Proposition 5 Let B = {G(&o)A(®),- -+,
e Gon3)A@), @ € Q st k(@) = i and @ € L}.
Then B is a finite set and generates Ag by integer
linear combinations.

Proof: Fix ©. To prove the proposition
it is sufficient to show that for w € Q with
kE(w) > n or k(w) < 0, a positive linear integer
combination of G(&p),: -, G(Wn—3) exists such that
S22 BiG (@) A(@;) = G(w)A(@). Notice that this is
equivalent to showing that a linear combination over
the integers exists such that

n—3
Z a;G(&;) = G(w). (7)

since one can take 8; = a;, w; = @ if a; > 0, else
ﬁ,‘ = —a; and @; = oL

Observe that G(&;) is in the form

1 0 0 0
%i 1 0 0
2 . .
G(w) = | ut=i® B 1 0
3 . 2 -t .
%5—323 3 Exi? IE)Z 1

i

The fact that such Toeplitz matrices are completely
specified by their first column implies that finding the
solution of (7) is reduced to solving for the first column,
i.e., if k(w) = v, solving the system of n — 2 equations

n—3
Zaiikzuk, k=0,...,n—3 (8)
i=0
in a;, i =0,...,n—3. The unique solution of (8) is an
integer. Indeed (8) can be written in matrix form as
1 1 . 1 1
Qg
Ho M1 0 Mn-3 v
2 2 2 ai .
Hp Hq Tt M3 ) = | 2
: : : v
T R Vo B



where p; = i. Observe that the Vandermonde determi-
nant of the matrix in (9) is [Jo<;cj<, 3(1; — ). By
the Cramer rule, solutions are given by

HOSK,C(V*M) Hk<j5n73(uj*'/) [To<icicn_s(mi—pi)

i jEk
H0§i<j§n—3(uj7ui)

_ Ho<i<k('/7i) Hk<j<n—3('j7’/)

B H05i<k(k7i) Hk<jgn—3(j7k)

ap =

i.e., up to sign, by binomial coefficients, which are in-
tegers. ]

We have thus obtained a finite set B of generators for

(U) and, from application of Theorem 2 to y+ =y + v
with v € B, we get that the reachable set is discrete.
Furthermore, the reachable set has a lattice structure
that can be easily described in terms of integer com-
binations of generators, which are computed once the
initial control set U is given.

Such computation would proceed by first computing
G(@;), i = 0,...,n — 3, hence computing the set
{A(@); @ € L}, and combining results. Once a fi-
nite set of generators is found, the problem of steer-
ing the system to a given reachable configuration can
be easily solved by standard techniques of integer lin-
ear programming: namely, a change of coordinates is
found in which the generators are in Hermite normal
form; the steering problem is trivially solved in these
coordinates; and finally actual inputs are found by the
generalized inverse Euclid algorithm. Other elemen-
tary tools of number theory can be profitably used,
such as Minkowsky’s convex body theorem to establish
worst—case errors to reach generic points in R".

5 Conclusions

In this paper, we have considered reachability problems
in quantized control systems. We have shown that the
reachable set may be dense or discrete depending on
the quantized set of inputs, and have provided some re-
sults in the analysis and synthesis problems. We have
also provided a definition and some characterization of
nonholonomic phenomena occurring in nonlinear quan-
tized control systems. Many open problems remain in
this field, that is in our opinion among the most im-
portant and challenging for applications of embedded
control systems and in several other applications. Al-
though some problems have been shown to be hard, we
believe that a reasonably complete and useful system
theory of quantized control system could be built by
merging modern discrete mathematics techniques with
classical tools of system theory.

References

[1]  A.Bicchi, A.Marigo, and B.Piccoli. Quantized
control system and discrete nonholonomy. In IFAC
Workshop on Lagrangian and Hamiltonian Methods for
Nonlinear Control, 2000.

[2] J. E. Bertram. The effect of quantization in
sampled feedback systems. Trans. AIEE Appl. Ind.,
77:177-181, Sept. 1958.

[3] Y. Chitour and B. Piccoli. Controllability for
discrete systems with a finite control set. Math. Control
Signals Systems, 2000. to appear.

[4] D.F.Delchamps. Stabilizing a linear system with
quantized state feedback. IEEE Trans. Autom. Con-
trol, 35(8):916-926, 1990.

[5] N. Elia and S. K. Mitter. Quantization of linear
systems. In Proc. 38th Conf. Decision & Control, pages
3428-3433. IEEE, 1999.

[6] G.H. Hardy and E.M. Wright. An introduction
to the Theory of Numbers. Oxford University Press,
Oxford, 1938.

[7] A. Marigo. Constructive necessary and sufficient
conditions for strict triangularizability of driftless non-
holonomic systems. In Proc. IEEE Int. Conf. on Deci-
sion and Control, pages 2138-2143, 1999.

[8] A. Marigo and A. Bicchi. Steering driftless non-
holonomic systems by control quanta. In Proc. IEEE
Int. Conf. on Decision and Control, pages 4164—4169,
1998.

[9] A. Marigo, M. Ceccarelli, S. Piccinocchi, and
A. Bicchi. Planning motions of polyhedral parts by
rolling. Algorithmica, 26(4), 2000. in press.

[10] A. Marigo, B. Piccoli, and A. Bicchi. Reacha-
bility analysis for a class of quantized control systems.
Technical Report 43/2000/M, SISSA-ISAS, via Beirut
2-4, 34013 Trieste, Italy, April 2000.

[11] S. S. Sastry R. M. Murray. Nonholonomic mo-
tion planning: Steering using sinusoids. IFEE Trans.
Autom. Control, 38:700-716, 1993.

[12] J. B. Slaughter. Quantization errors in digital
control systems. IEEE Trans. Autom. Control, 9:70-
74, Sept. 1964.

[13] V.Manikonda, P.S Krishnaprasad, and
J.Hendler. A motion description language and
hybrid architecture for motion planning with nonholo-
nomic robots. In Proc. IEEE Int. Conf. on Robotics
and Automation, 1995.

[14] W.S. Wong and R. Brockett. Systems with finite
communication bandwidth constraints — ii: stabiliza-
tion with limited information feedback. IEEE Trans.
Autom. Control, 44(5):1049-1053, May 1999.



