Ellipsoidal Approximations of Reachable Sets for Linear

Games

1

Norihiko Shishido and Claire J. Tomlin
Hybrid Systems Laboratory
Department of Aeronautics and Astronautics
Stanford University, Stanford, CA 94305
shishido,tomlin@stanford.edu

Abstract

Verification of safety properties for continuous, discrete,
and hybrid systems requires computation of the reach-
able sets of states for such systems. It is of great interest
to develop efficient and scalable numerical algorithms
for computation and representation of this reachable
set. In this paper, we compute reachable sets for linear
differential games, in which one player (the “control”)
tries to keep the state of the system outside of a given
unsafe subset of the state space; and the second player
(the “disturbance”) tries to push the system into this
subset. We model this unsafe set, the input set, and the
disturbance set as ellipsoids, and we derive conditions
under which the reachable set at each time ¢ is an ellip-
soid. We give an integral form equation whose solution
represents this ellipsoid, and we present special cases in
which this ellipsoid may be computed analytically. We
conclude with a set of examples.

KEYWORDS: Verification, reachability, ellipsoids, dif-
ferential games, hybrid systems.

1 Introduction

The computation of reachable sets of states for control
systems is key to verifying their safety. Many safety
critical systems depend on a correct and efficient com-
putation. We have studied several examples in previ-
ous work, such as the design of vehicle maneuvers for
ground and air transportation systems [1, 2], and the
development of flight mode switching schemes for air-
craft 3, 4], and we have developed a method for com-
puting reachable sets (and control laws) for hybrid con-
trol systems, which incorporate both continuous and
discrete state dynamics. For example, consider the
continuous state, continuous time control system rep-
resented as the following differential equation evolving
on state space X:

&(t) = f(a(t), u(t),d(t)) (1)

1Research supported by Kawasaki Heavy Industries, Ltd., and
DARPA under the Software Enabled Control Program (adminis-
tered by AFRL under contract F33615-99-C-3014).

where u € U, U C R™ is the set of control inputs,
and d € D, D C R™ is the set of disturbance in-
puts. The spaces of acceptable control and distur-
bance trajectories are the spaces of piecewise contin-
uous functions U = {u(-) € PC° | u(t) € U, Vt € R},
D ={d(-) € PC° | d(t) € D, Vt € R}. The problem of
computing the set of states which reaches a given un-
safe set G C X may be posed as follows: Determine the
set V C X for which there exists a t < 0 such that for
all z € V and for all u(t) € U, there exists a d(1) € D
such that z(t) = z, z(0) € G, and z(7), fort <7 <0
is the solution to (1).

This problem may be solved using the framework of
differential game theory [5, 6] by constructing a value
function J(z,u,d,t) such that J(z,u, d,0) has zero level
set on the boundary of G. In [7], the boundary of the
reachable set V' is shown to be the zero level set of
the solution J*(z,t) to the following Hamilton-Jacobi
equation:

O ()
oJ*(x,t) for {z € X : J*(z,t) > 0}
ot ) min{0, 220 f(y ur,d)}
for {z € X : J*(=z,t) < 0}

(2)

with boundary condition J*(z,0), where (u*, d*) repre-
sents the max,, miny solution to the game. In [8], a com-
putational method is designed to solve equation (2) for
hybrid systems. The method is based on level set tech-
niques for partial differential equations, and has been
shown to work efficiently in state spaces of 2 or 3 di-
mensions, yet suffers from a complexity which grows ex-
ponentially with the dimension of the continuous state.

In response to the need for algorithms which work in
high dimensions, approximation techniques have been
proposed for solving the reachability problem for con-
tinuous state systems. One of the most promising
classes of approximation techniques uses ellipsoids to
over-approximate the reachable set at any given time
[9, 10]. As a data structure, ellipsoids are efficient
to store and easy to manipulate [11, 12]; in addition,
efficient computational methods based on convex op-
timization have been developed to calculate both the



minimum volume ellipsoid containing given points, and
the maximum volume ellipsoid in a polyhedron [13, 14].

In this paper, we consider the following problem. Sup-
pose the dynamics of (1) are simplified to the following
linear time-invariant (LTT) system:

i(t) = Az(t) + Bu(t) + Cd(t) (3)

with x € R", w € U and d € D, where U and D are
given by ellipsoids in R™ and R™¢ respectively. As-
sume the unsafe set G is also given as an ellipsoid. For
this problem, we present the formula for the bound-
ary of the set of states backwards reachable from G.
We then derive conditions on U and D under which
the reachable set, at each instant ¢ < 0, is an ellipsoid,
and we use these conditions to give the formula for an
ellipsoidal over-approximation to the actual reachable
set. We then present several examples in which this
formula has an analytic solution. We conclude with a
discussion of our current research in this area, in which
we are investigating extensions to nonlinear and hybrid
systems.

2 Linear Differential Games

Our aim is to provide an efficient way to over-
approximate the reachable set using ellipsoids. The def-
inition of the linear differential game and the notation
of an ellipsoid used in this paper are given below.

Definition 1 (Linear Differential Game)
Consider the LTI system:

#(t) = Az(t)+ Bu(t) + Cd(t) (4)

where A € R, B € R"*™ and C € R"*™. The
spaces of acceptable control and disturbance trajecto-
ries are the spaces of piecewise continuous functions
U = {u(-) € PC°lu(t) € UVt € R}, D = {d(-) €
PC|d(t) € D,vt € R}, where U and D are closed
bounded convex subsets of R™ and R™ . Also, let G
be a closed convex subset of R™. Equation (4) and the
set G define a differential game: the controller wins if
it can keep the system from entering the interior of the
unsafe set G, denoted G°; the disturbance wins if it can
drive the system into the unsafe set. Denote by OG the
boundary of G. The winning states for the controller
are denoted by W* C R™.

Assumption 1 (Shapes of the sets) Assume that
G, U, and D are ellipsoids:

G=¢6(49,Qy) U=E(qu,Qu) D =E(g4,Q4)

where E(q,Q) denotes an ellipsoid which is defined as
follows:

£(¢,Q) = {z € X[ |Qz —q|| < 1} (5)

where, for convenience, we choose @ such that @) =
QT = 0 and X denotes R, R™ and R™ respectively.
The center of the ellipsoid is Q™ 'q, the orientation of
the principal azes are given by the eigenvectors of Q71
the lengths of the principal azes are the eigenvalues of
Q', and hence the volume of the ellipsoid is propor-
tional to det Q1. We will also use the following de-
scription: £(q,Q) = {z € X| l(z) < 0} where l(z) is a
quadratic function:

(o) = (" Q% ~ 2" Qe +a"a 1) (6)

3 Linear Differential Game Solution
In this section, we apply optimal control theory to the
linear differential game (4), and develop expressions for
the optimal input and disturbance.

Consider the system (4) over the time interval [¢,0],
where t < 0. The value function of the game is defined
in terms of the unsafe set G = £(gq, Qy):

J(x,u(-),d(-),t) : X xUXxDxR_ —> R
such that (7)
J(@,u(-),d(-),t) = 1(x(0))

where I(z) is given by (6) and has zero level set on the
boundary of G. The value function may be interpreted
as the cost of a trajectory z(-) which starts at z at
initial time ¢ < 0, evolves according to (4) with input
(u(-),d(-)), and ends at the final state z(0), with cost
1(x(0)).

The optimal action of the controller is one which tries
to maximize the minimum cost, to try to counteract
the optimal disturbance action of pushing the system
towards G. Therefore, define J*(z,t), the optimal cost,
as
* .
J (.Z',t) - ur(n)agzc/ d{%lenv J(.Z‘, U( )7 d( )7t) (8)

and corresponding optimal input and disturbance as

w'() = argmax min Jzu().d(),0)  (9)
a'() = argmin J@u'().d00)  (10)

Applying the development in [5] (Chapter 4) and [7]
(Chapter 4) to the linear differential game (4), we have

H = p"(Az+ Bu+ Cd) (11)
O0H
o 98 T
o= p A (12)
pT(0) = v'=(Qqz(0)-q)"Q,  (13)
u'() = argmaxminH(z,p,u,d)  (14)
d () = argfinelgH(x,p,u ,d) (15)

where p € R™ is the costate, H is the Hamiltonian,
and v is the outward pointing normal to G. For each



p(s), t < s < 0, the problem of computing u*(s) and
d*(s) can be posed as maximizing and minimizing linear
functions with quadratic constraints :

maximize p! Bu

subject to |Quu —qu|l <1
(Qu = Qf - 0)

minimize pTCd

subject to |Qad —gall <1
(Qa=QF ~0)

Lemma 1 The optimal input and disturbance u*(s)
and d*(s) are given by

“5) = Q7'(-% 16
v = ot (2 re) 09
* — o-1(__Td
0 = @ (-pgre) 0
where
. = Qy'B"p, (18)
rg = QJICTp. (19)

The optimal Hamiltonian is given by
H*(z,p) = p" Az + |lrull + 75 qu — llrall + 7740 (20)

Proof: As in [15], by change of variables: v =
Qutt — qu, 7w = Q' BTp, we pose the above optimiza-
tion problem as

mazimize iy 41T, (21)

subject to lv]| €1 (22)

The optimal solution is given by

r
vt = (23)
7l

* -1 Ty
= = -
v = @t ()
The optimal value is given by

maxpTBu = va* + T;PQu = ||l + quu
uelU

The computation of d*(s) is given similarly. Figure 1
shows the geometric interpretation of this optimization
procedure.

4 Ellipsoidal Approximation of Reachable Set

In this section, we integrate the system equation (4)
with the optimal input and disturbance given in the
previous section, and examine how the initial ellipsoid
G is mapped to another geometrical figure X at time

Figure 1: Maximizing a linear function with quadratic
constraint

t < 0, where X is, in general, not an ellipsoid. Then,
we present a sufficient condition on the shapes of the
input and disturbance regions so that X(t) is an el-
lipsoid at any given time ¢ < 0. Making use of this
condition, we under-approximate the input region and
over-approximate the disturbance region to derive an
expression for an ellipsoidal over-approximation of the
reach set X'(t), which we denote X, (t).

In the following, we will assume that the matrices B
and C are square and invertible. This assumption may
be easily generalized to over-actuated systems. The
fundamental problem with under-actuated systems is
that one loses the ability to under-approximate the set
U in as many dimensions as B is rank-deficient (i.e., B
cannot be “skinny”).

For convenience, introduce n-vector w where ||w|| = 1,
and express p(0) and z(0), the final values of z and p,
in terms of w as follows:

20) = Q' (w+tq,)
p0) = Quu (24)

Integrating equation (4) under the optimal control (16),
disturbance (17) and the initial condition given above,
and assuming no trajectory crossing, we have that the
boundary of the reachable set at time s is given by:

0X(s) = B(s)Q, " (w + gq)
s (ot (@ BT (=r)Quu

v [ #6-n B (IIQulBT‘I’T(—T)QgWIIHU

_ Q0T (—7)Quw

1Q,'CTRT (—7)Qqu||

for w such that ||w|| = 1 and where ®(s) = e4%. The
unsafe set G(t) is the union of X(s):

+ Cle( +Qd>]d7 (25)

G(t) = Urzs<o X (s)

Note that X(s) (s # 0) is not generally an ellip-
soid, and equation (25) is not guaranteed to have an
analytic expression. Hence, directly finding an ellip-
soidal over-approximation of X(s) may not be success-
ful as the dimension increases. In the following, we
under/over-approximate U and D by time-varying el-
lipsoids &(qu(s), @+(s)) and E(ga(s),Qa(s)) and find
the ellipsoidal over-approximation X, (s) of X(s).



Lemma 2 Equation (25) expresses an ellipsoid if
Qu(s) and Qq4(s) are chosen so that

Qu(s) = Qu(s)" >0 (26)
Qa(s) = Qa(s)" =0 (27)
2 _ L or a7 002d(—s
Qu(s)” = L B" o' (-5)Qy®(—s)B (28)
1

Qa(s)> =

TxT 2
(@90 (29)

where v,(s) and v4(s) are positive real “scaling factors”
which we will optimize later in lemmas 4 and 5.

Proof:
yields

Substituting equations (26) — (29) into (25)

0Xe(s) = K1(s)®(5)Qy  w+®()[Q5  gg + K2(s)] (30)

for ||lw|| =1, where

Ki(s)=1+ /(]S["yu(T) — ya(T)]dT (31)

Ka(s) = / TS (B (Mau(r) + CQ (Mga(r)ldr
(32)

Thus, for a given s, where t < s < 0, equation (30) is
simply an affine transformation of the unit circle cen-
tered at the origin {w | |w|| = 1}, and since (s)Q, " is
always non-singular, equation (30) is an ellipsoid. Also
note that the affine transformation is a one-to-one map-
ping, thus no trajectory crossing occurs if Qu(s) and

Qa(s) are chosen as in Lemma 2. m

In order to calculate expressions for ~,(s) and
~4(8) in equation (31), we choose 7,(s) > 0 and
7a(s) > 0 so that €(gu(s), Qu(s)) € &E(quo, Quo) and
g(qd(s)an(‘S)) 2 g(qdoanO)a where g(Quo;Quo) =
g(Qu;Qu) = U and E(Qdo;Qdo) = E(Qd:Qd) = D. The
following lemma supports our choice of v, (s) and v4(s)-

Lemma 3 (Inclusion) Consider the linear differen-
tial game (4) with cost function given by (7), (6). Con-
stder input sets Uy and Uy, and disturbance sets Dy and
Dy, given by ellipsoids. Suppose Uy 2 Uy and Dy C Dy
and

Ji(z,t) = a in J(z,u(:),d(-),t

o (1) Jhax  min (z,u(-),d(-),1)
Jax  min J(z,u(-),d(-),1)
Then Jo = {z | J5(z,t) <0} C J1 = {z | J{(z,t) <
0}.

Proof:

Ji (1)

“(z,t) = i Y, d(-),t
Jl (33, ) ug%}b{ﬁ d(n)lé%l J(m,u( )7 (): )

IA

in J(z,u(-),d(-),t
Jpax  min (z,u(-),d(-),t)

< in J(z,u(-),d(-),t
< B, o, T 000

= Jo(2,1)

Thus, if x € Jy then x € J1. [

Next, we optimize 7,(s) and ~4(s). Here we use the
term “optimal” in the sense that at each s such that ¢ <
s <0, we would like £(gy(s),Qw(s)) to be the largest
volume ellipsoid inside &(quo, Quo) and £(qa(s), Qa(s))
to be the smallest volume ellipsoid including £(g40, Qo)
that guarantee 0X, is an ellipsoid (Figure 2). The opti-
mal 7,(s) and 74(s) are achieved by maximizing 7,(s)
and minimizing v4(s), since the volume of the ellipsoids
is proportional to det @', det Q;l respectively. Since

€ (Ouo, Quo) € (040, Qo)
\ e

€ (Qu(tz) Qu(t2)) € (da(t2) Qq (t2)
€ (Uult) ,Qut1) €(qat) ,Qa )
Figure 2: Showing the under-approximation of

E(quo, Quo) With  E(qu(s),Qu(s)) and the
over-approximation  of  £(q4o,Qdo)  Wwith
S(qd(s), Qd(s)) at s = ti,t2..., so that
conditions (28) and (29) are met.

we want to maximize 7,(s) and minimize v4(s), we re-

strict the centers of £(gy(s), Qw(3)), £(qa(s), Qa(s)) to
coincide with the centers of &(quo, Quo);s €(do, Qao)*:

Q;l(s)qu(s) = Q;ol%o
Q7'(8)aa(s) = Qg dao

Equation (32) further becomes

K(s) = / S(=1)dr[BQ quo + CQ  ans]  (33)

Lemma 4 (Optimal ~,) The optimal v,(s) is given
by
Yu(8) = 2(Qy®(=5)BQy,) (34)

where a(M) is the minimum singular value of M.

1Since the problems of maximizing an ellipsoid and minimizing
an ellipsoid are dual, we consider only the minimization here. If
we include “g4” as an optimization objective as well as “v4”,
then the problem becomes a Semi-Definite Program. Suppose
we could minimize £;(s) with its center not coincident with the
center of £;,, then, by symmetry, we would have another optimal
ellipsoid. This contradicts the convexity of the problem.



Proof:  Without loss of generality , let ¢, = 0. Then,
u*(s) is given by

* _ -1 Q;l(s)BTQT(_s)ng
u'(s) = Q@ (s) (”QEI(S)BT‘I'T(—S)QQUJ”)

= Yu(s)BT1®(s)Qy ' w
where ||w|| = 1. In order that u*(s) is inside Eyp =

{'Z' | ”Quox - Quo” <1, quo = 0}, the following -
equality should hold:

w*(s)TQ2% u*(s) <1

uo

= '7u(s)2wTQg*1<I>T(s)(B*1)T fwB*ltI)(s)Qg*lw <1
A 'YU(S)2)‘ma:c(Q;I(I)T(S)(B_I)T : B_ICI)(S)Qg_l) <1

uo

Since we want to mazimize v,(s), the optimal v,(s) is
given by

1

’Yu(s) =

VPae(Q7 ' 7(5)(B)TQ2,B18()Q; ")
o(QsB(~5)BQ;)

Lemma 5 (Optimal ;) The optimal v4(s) is given
by
74(s) = 7(Qy2(—5)CQy,) (35)

where (M) is the mazimum singular value of M.

Proof:  The proof is similar to the above. ™

Although we use the term “optimal”, this doesn’t nec-
essarily mean that the ellipsoid is the “tight” approx-
imation [9] to the actual reach set (meaning that the
ellipsoid and reach set have common supporting hyper-
planes), rather that £(gy,(s), @u(s)) is the largest vol-
ume ellipsoid inside &(guo, Quo) and E(ga(s), Qa(s)) is
the smallest volume ellipsoid including £(qg0, Q4o) that
guarantee 0X, is an ellipsoid which over-approximates
the actual reach set at each time s. In another
technique which expresses the reach set by ellipsoids,
Kurzhanski and Varaiya [9] introduced a method for
computing the tight ellipsoidal approximation of the
reach set. This technique enables one to exactly express
the reach set by the intersection of the infinite number
of ellipsoids, which is of great advantage in finding less
conservative approximations.

Note from equations (30) and (31) that computation of
0X, requires integration of v, and v4: for some special
cases, we can perform this integration analytically. Ex-
amples of this are presented in the next section. In gen-
eral, our algorithm requires a relatively small amount of
computation which has potential benefits for real time
implementation.

5 Examples

In this section, we apply our technique to several exam-
ples in two and three dimensions, so that we can visu-
alize the results. For simplicity, assume ¢,, = q4o = 0
and hence K»(s) = 0 from equation (33). In Case 1, we
integrate v,(7) and v4(7) numerically. In Case 2, we
treat a special case in which we can perform the inte-
gration analytically. In case 3, we try to approximate
the integration. The examples were coded in MATLAB
5.3 on a Pentium MMX 233 MHz, with 80MB memory.
For Case 1 (worst case, since numerical integration),
for an integration time span of [—10,0] seconds, actual
computation time was less than 0.1 second.

Case 1

In Case 1, the integration of -y, (s) and 74(s) in equation
(31) are performed numerically. An example of this case
is shown in figure 3. The example system is a hyperbolic
system: A; < 0 < Aa, where )\;’s are the eigenvalues of
the system.

Control Region

Di sturbance Regi on

Figure 3: Example of Case 1

Case 2

Consider the case where A = AI. In this case, equation
(30) has an analytic expression. Figure 4 shows an ex-
ample of this case for a three-dimensional system. The
top figure shows the actual reach set and the bottom
figure shows the ellipsoids representing the ellipsoidal
approximation.

Case 3

Consider the case where A is skew-symmetric. In this
case ®(s) = e”° is orthogonal. v,(s) and 74(s) can be
approximated as follows:

Yuls) = o(Q,®(=5)BQ) > 0(Q,)a(BQLY) = A
va(s) = T(Qu®(~5)CQzY) < T(Qy)T(CQZ)) = A

v
Q

These constants can be used for 7,(s) and v4(s), Figure
5 shows an example of this case.



Actual Reachabl e Set

Figure 4: Example of Case 2

Control Region Di sturbance Regi on

15 -15

Figure 5: Example of Case 3

6 Conclusions and Current Research

Equation (30), with K;(s) and K»(s) given by (31)
and (33) respectively, represents an ellipsoidal over-
approximation of the reach set for the linear differential
game defined in §2. Equations (34) and (35) give equa-
tions for the optimal v,(s) and 74(s), where we use
the term “optimal” in the sense that £(gu(s), @u(s))
is the largest volume ellipsoid inside the input set U
and £(gq(s), Qq(s)) is the smallest volume ellipsoid in-
cluding the disturbance set D that guarantee 0X. is
an ellipsoid for each time s. Our technique requires
a relatively small amount of calculation, and is hence
appropriate for real time calculation in high dimen-
sional spaces, such as multi-vehicle collision avoidance
and aerodynamic envelope protection. We are currently
extending these ellipsoidal methods to consider over-
approximations of reachable sets of nonlinear dynamics.
We have also begun work incorporating this technique
into the computation of reachable sets for hybrid sys-
tems.
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