
Theory and Applications of Formation Control in a Perceptive

Referenced Frame ∗

W. Kang N. Xi Andy Sparks

Mathematics Department Department of ECE AFRL/VAAD, Bldg 146,
Naval Postgraduate School Michigan State University Wright-Patterson AFB

Monterey, CA 93943 East Lansing, MI 48824 WPAFB, OH 45433

Abstract

A general method of controller design is developed
in this paper for the purpose of formation keeping and
reconfiguration of multiple autonomous vehicles. Con-
trollers are designed to keep multiple vehicles in a re-
quired formation, and to coordinate the vehicles in the
presence of environmental changes. The method is ap-
plicable to a large variety of autonomous agents. Ex-
amples and simulations are given for ground vehicles,
robotic arms and satellites.

1 Introduction

In this paper, a general method of controller design
is developed for the formation of multiple autonomous
vehicles. Using the design method, controllers can be
found to keep multiple vehicles in a required forma-
tion, and to coordinate the vehicles in the presence
of environmental changes. In this study, the model
adopted for autonomous vehicles is a general dynam-
ical system of ordinary differential equations. Exam-
ples are given in this paper to illustrate the appli-
cations of the method to ground vehicle formations,
robotic arm formatons and satellite constellations.

The controllers developed in this paper are funda-
mentally different from the existing centralized or de-
centralized controllers. The feedback for each indi-
vidual vehicle is designed separately using any clas-
sical feedback design algorithm such as LQR or H∞.
Then, the separately designed feedbacks are coordi-
nated through a set of action references, which play
the role of a higher level controller. The advantage
of separately design the feedback for each vehicle is
that the feedbacks are not affected when vehicles are
added into or removed from the formation. Since all
local feedbacks share the same value of the action ref-
erence, the coordination among the vehicles can be
achieved by suitably define the action reference. Sev-
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eral useful coordination strategies in the presence of
unexpected event is discussed in section 3.

In section 2, the design method is summarized in
a simple four-step algorithm. In section 3, several co-
ordination strategies are studied for multiple ground
vehicles, robot arms and satellites. Simulations and
lab test are shown.

2 Formation and controller design

2.1 Formation structure and action reference
The model of a complex system with multiple sub-

systems (vehicles) is given by the following equations

dxi

dt
= fi(xi, ui, ri), 1 ≤ i ≤ k

yi = hi(xi)
(1)

where k is the total number of subsystems. The vari-
able xi ∈ IRni is the state of the ith subsystem. The
function ri represents the coupling of subsystems. It
is a function of (xj , uj) for j �= i. The input ui ∈ IRmi

is the control variable for the ith subsystem. The out-
put function hi(xi) represents the performance. For
instance, for the formation of multiple ground vehi-
cles, hi represents the position of the ith vehicle. For
the formation of multiple robot manipulators moving
an object, hi represents the force exerted on the object
and the position of the ith manipulator. We assume
that yi ∈ IRp, where p is a constant for all subsystems.

A formation is defined in a coordinate frame, which
moves with the desired trajectory. Let yd(s) be
any curve in IRp with parameter s. Let F(s) =[

e1(s), e2(s), · · · , ep(s)
]
be p orthonormal vec-

tors in IRp which forms a moving frame. The origin of
the moving frame is yd(s). A formation consists of k
points in F , denoted by F = {P1, P2, · · · , Pk}, where

Pi =
p∑

j=1

αijej . In general, αij is a function of s or

time t. The formation is time-variant.
The concept action reference is a key parameter de-

termined by the task of a control problem. In the for-



mation control problem, a convenient choice for action
reference is s, the parameter used for the desired path
yd(s). How to compute the value of action reference
using sensor information is discussed in § 4 using refer-
ence projections. The projection converts the sensory
information into the value of the action reference, then
the value of s is converted to the synthetic time which
is used to coordinate the lower level feedbacks.

2.2 Control law design
In this section, we introduce the reference projec-

tion method of controller design for the formation con-
trol problem. The controller design using the reference
projection method has the following four steps.

The first step is to generate the desired path for
each subsystem in the formation. Given a desired path
yd(s), and given a formation {P1, · · · , Pk} in the mov-
ing frame F , the path for each subsystem is generated
by

ydi(s) = yd(s) +
p∑

j=1

αijej(s) (2)

The action reference is the parameter s. The speed
of the formation moving along yd(s) is determined by
the task. It is defined by a strictly increasing function

s = v(t).

A formation control law is a feedback u = u(x) which
satisfies

lim
t→∞(yi(t)− ydi(v(t))) = 0. (3)

Furthermore, if the initial position is on the desired
path, then the trajectory of the controlled system fol-
lows the path. More specifically, there exists an ini-
tial condition of the system x0 = (x01, x02, · · · , x0k)T

such that the trajectory starting from x0 satisfies
hi(x(t)) = ydi(t). Denote this path by xdi(s) or
xdi(v(t)).

The second step in the controller design is to find
control laws for subsystems. They might be time
varying feedbacks. The control law ui = ui(x, t),
1 ≤ i ≤ k, for each subsystem is designed separately
using any existing method of signal tracking or path
following. Two subsystems may adopt different con-
trol design algorithms.

Theoretically, the control laws ui = ui(x, t) can
drive the system move in formation along yd because
they are designed to satisfy (3). However, the feed-
backs are designed separately. There is no coordina-
tion between the subsystems. To improve the perfor-
mance and coordination of the feedback, a projection
mapping is introduced in the next step.

The third step is to define the reference projection.
The projection is a transformation s = γ(x) satisfying

γ(xd(s)) = s (4)

i.e. if the state is on the desired path, γ should give
the corresponding value of s on the desired trajectory
xd(s). For example, given any state x0, let xd(s0)
be the orthogonal projection from x0 to xd(s). If we
define γ(x0) = s0, then it satisfies (4). However, or-
thogonal projection is not the only way to define γ.
It is shown in section 4 that changing the projection
transformation γ can fundamentally change the way
subsystems coordinated with each other.

The last step of the controller design is to construct
a non-time based feedback law, which is used to con-
trol the system of multiple vehicles. The process is
simply a substitution. The control law is given by

ui(x) = ui(x, T (x)), T (x) = v−1(γ(x)) (5)

Notice that the time t is replaced by the percep-
tive or synthetic time, T (x) = v−1(γ(x)). The
closed-loop system with non-time based feedback is
ẋi = fi(x, ui(x)). Mission tasks and coordination re-
quirements determine which reference projection to be
adopted. How to defined a projection reflecting the co-
ordination requirement of a mission is discussed in § 4.

3 Error Dynamics and Stability

Two error dynamics are derived in this section. The
first error equation is under the time-variant feedback
ui(x, t). The error dynamics is

ėi = Ei(ei, t), for i = 1, · · · , k,
Ei(ei, t) = fi(ei + xdi, ui(ei + xdi, t))− fi(xdi, ui(xdi, t)),
ei = xi(t)− xdi(t)

(6)
Under the non-time based feedback ui(xi, Ti(x)), the
error dynamics is

˙̄ei = Ei(ēi, Ti)− fi(xdi(Ti), ui(xdi(Ti), Ti))(Ṫi(x) − 1),
ẋi = fi(xi, ui(xi, Ti(x))), for i = 1, · · · , k.
ēi = xi(t)− xdi(Ti),

(7)
where x =

[
x1 x2 · · · xk

]T
.

The two errors ei and ēi follows different dynamics.
The stability of ei does not automatically imply the
stability of ēi. The performance of T (x) is critical for
the stability of (7). In this paper, a δ neighborhood of
xd(s) is the set of all x such that the distance from the
point x to the curve xd is less than δ. In this paper,
we assume

Assumption A1: The vector fields and functions

f(x, u(x, t)), u(x, t),
∂f

∂x
,
∂f

∂u
,
∂u

∂x
,
∂u

∂t
, and

∂T

∂x
are

all bounded for t > 0 and for x in a δ neighborhood
of xd.

The nonlinear vector f(x, t) represents the rate of
change of the state variable. It is reasonable to require



in A1 that the speed and acceleration of the state
variables of a mechanical system are bounded around
the desired path. A1 also assumes that u(x, t) and its
derivatives are bound. It implies that the controller
can react to the change of state and time at a limited
rate.

Theorem 0.1 Suppose (6) is uniformly exponen-
tially stable in ||e|| < δ. Suppose xi =
fi(xi, ui(xi, Ti(x))) has a solution and it satisfies
Ṫ (x(t)) − [

1 1 · · · 1
]T approaching zero uni-

formly and exponentially whenever ||ē(0)|| < δ. Then,
there exists a δ1 > 0 so that lim

t→∞ ē(t) = 0 provided

||ē(0)|| < δ1.

Proof. From the converse theorem of stability,
there exists a Lyapunov function Vi(ei, t) such that

α1||ei||2 ≤ Vi(ei, t) ≤ α2||ei||2, t ≥ 0,∣∣∣∂Vi

∂ei
(ei, t)

∣∣∣ ≤ α3||ei||, t ≥ 0,
∂Vi

∂t + ∂Vi

∂ei
E(ei, t) = −||ei||2, t ≥ 0.

(8)

in a neighborhood |ei| < δ. Under the non-time
based controller, the error is replaced by ēi. The Lya-
punov function for ēi is Vi(ēi, T (x)). Define V (ē, T ) =∑k

i=1 Vi(ēi, Ti), where ē =
[
ē1 ē2 · · · ēk

]T . The
derivative of V (ē, T ) in the direction of (7) is

V̇ (ē, T ) = ∂V
∂T Ṫ + ∂V

∂ē ē = −||ē||2

+
k∑

i=1

(
∂Vi

∂Ti
− ∂Vi

∂ēi
fi(xdi, ui(xd1, Ti))

)
(Ṫi − 1)

(9)
From A1, we know that E(e, t) is bounded in ||e|| < δ.
So, the equations in (8) imply that ∂V

∂t (e, t) is bounded
in 0 ≤ t ≤ ∞ and ||e|| ≤ δ. From the second equation
of (8), it is known that ∂V

∂e (e, t) is also bounded for
||ej || < δ. Therefore,

∂Vi

∂Ti
(ēi, Ti)− ∂Vi

∂ēi
(ēi, Ti)f(xdi, ui(xdi, Ti))

is bounded in ||ē|| ≤ δ. Since Ṫi(x) − 1 is uniformly
exponentially convergent to zero for all 1 ≤ i ≤ k,
there exists M > 0 and λ > 0 such that(

∂Vi

∂Ti
− ∂Vi

∂ēi
fi(xdi, ui(xdi, Ti))

)
(Ṫi − 1) < Me−λt

for all 1 ≤ i ≤ k, provided ||ē|| < δ. From (9),

V̇ (ē, T ) < −||ē||2 + kMe−λt

< − 1
α2
V (ē, T ) + kMe−λt, ||ē|| < δ.

(10)

At any frozen time t0, if ē(t0) < δ, then

V̇ (ē, T ) < − 1
α2
V (ē, T ) + kMe−λt0e−λ(t−t0),

for t > t0. This implies

d

dt

(
e

1
α2

(t−t0)V (ē, T )
)
< kMe−λt0e

(−λ+ 1
α2

)(t−t0).

Integrating the inequality over [t0, t] yields

V (ē, T ) ≤ e
− 1

α2
(t−t0)V (ē(t0), T (x(t0)))

+kMe−λt0

−λ+α−1
2

(
e−λ(t−t0) − e−

1
α2

(t−t0)
)
,

(11)

provided t ≥ t0 and ||ē(t)|| < δ. There exists t0 > 0
so that kMe−λt0

−λ+α−1
1

(
e−λ(t−t0) + e−

1
α2

(t−t0)
)
< α1

2 δ
2, for

t ≥ t0 and ||ē|| < δ. If ||ē(t0)|| < α1
2α2

δ2, (8) and (11)
imply

α1||ē||2 ≤ V (ē, T ) ≤ V (ē(t0), T (x(t0))) + α1
2 δ

2

≤ α2||ē(t0)||2 + α1
2 δ

2 ≤ α1δ
2.

Therefore, ||ē(t)|| ≤ δ for all t ≥ t0, provided

||ē(t0)|| < α1
2α2

δ2. (12)

Thus, (11) holds for t ≥ t0 if the initial error sat-
isfies (12). From (11), it is easy to derive that
lim

t→∞V (ē, T ) = 0, provided (12) holds. Therefore,

lim
t→∞ ē(t) = 0. Because the right side of (7) is uni-

formly bounded in ||ē|| < δ, there exists δ1 > 0
so that ||ē(0)|| < δ1 implies (12). This proves that
lim

t→∞ ē(t) = 0 if ||ē(0)|| < δ1. #

4 Coordination using action reference and ref-
erence projection

In the following, we use several examples to illus-
trate how to select a reference projection to achieve
the coordination requirement of the formation. For-
mations of different types of vehicles are studied in
this section, including ground vehicles, robot arms and
space satellites.

3.1 Movement with a leader
Using ground vehicles as an example. Suppose the

desired path of the formation is the line xd = s, y = 0.
Suppose that ui(x, t) drives the ith vehicle along its
desired path, and it keeps the vehicle in formation.
Let’s define the reference projection by γ(x) = x1.
Then, all the vehicles in the formation compute their
perceptive time based on the location of the vehicle
i = 1, which is called the leader. If the leader slows
down or stops, the perceptive time of all other vehicles
slows down and stop. It results in the slow down and
stop of the entire formation.

3.2 Coordinated motion of dual robot
In the following, the method is applied to a system

of multiple robot manipulators. Lab experiments are
carried out for the formation of two robot arms carry-
ing a box. The coordination task, shown as Figure 1, is



a special case of formation control. It can be expressed
by the requirement that for any point along the path
of the object, the states of the robots should be in
the desired position with the desired contacting force.
For given motion plans and desired contact forces of
each individual robot ri

d(s) and fi
d(s), i = 1, 2, ...k,

and the measurements ri, fi, i = 1, 2, . . . k, define a
coordination criterion

J =
k∑

i=1

[(
rd
i (s)− ri

)T
Wri

(
rd
i (s)− ri

)

+
(
fd

i (s)− fi

)T
Wfi

(
fd

i (s)− fi

)]
,

(13)
where, Wri and Wfi , i = 1, 2, . . . k are weight ma-
trices. They can weigh the coordination errors in the
different directions to insure efficient coordinated con-
trol in some specific directions, which are determined
by the task. The value of s is computed by the ref-

Figure 1: Dual robot coordinated control

erence projection γ. Its value is the optimal motion
reference s∗ which solves the following optimization
problem mins∈S J. The closed form solution can be
easily obtained for most tasks such as straight lines ,
circles, etc., by solving

∂J

∂s
= 0.

Once the motion reference s is determined, the
planner of each robot can calculate the desired inputs
for the system. It can be seen that the planners driven
by the event-based motion reference always give the
optimal plan to minimize the coordination error.

The coordination scheme was implemented on two
PUMA 560 6-DOF robot arms equipped with FSA-
3254 6-Axis force/torque sensors. The planning and
control algorithms were implemented in SGI 4D/340
workstation, which has four symmetric processors.
Two of them were used to implement the feedback
for two robots; and the third one was used to imple-
ment the motion reference and planners. The given
task, as shown in Figure 1, was to transport a carton
box, weighing 0.45 kg, by squeezing it. In the exper-
iment, the box is moved in different directions by a
pair of robot arms. One direction of movement is or-
thogonal to the direction of the squeezing force. The
other direction is parallel to the squeezing force. The

sampling rate for position and velocity measurements
was 1000 Hz and for force/torque was 500 Hz. The
feedback was computed at a rate of 1000 Hz.

Figure 2: The motion direction orthogonal to internal
force direction

The experiments have been conducted for different
tasks, in which the motion direction and force control
direction are either the same Figure 2 or different Fig-
ure 3. The experimental results have shown that the
average coordination error is under 2mm and the av-
erage force control error is under 150g for 1000g com-
manded force. Due to the accurate control and coor-
dination, the robot arms firmly hold the box without
dropping nor breaking during the entire experiment.

Figure 3: The motion and internal force in same di-
rection

The experimental results have also illustrated
that changing objects with different dimensions and
weights does not affect the performance of the sys-
tem. It clearly demonstrates that the new formation
control scheme is applicable to the coordinated control
of multiple manipulators.

3.3 Formation of multiple satellites
In recent years, the innovative idea of using clus-

ters of satellites flying in formation for high-resolution,
synthetic-aperture imaging has been seriously consid-
ered. An in-plane formation consists of a group of
satellites occupying the same orbital plane and sepa-
rated by mean anomaly. Figure 4 shows an in-plane



Figure 4: In-plane formations in a circular orbit

formation of four satellites in a circular orbit. The
desired trajectory of each satellite is the circle

xd = r0 cos(ωt) yd = r0 sin(ωt) (14)

where r0 is the radius of the orbit, and ω is the an-
gular velocity. It is known that ω = (

µ

r30
)1/2, and

µ = 3.986× 1014 m3/s2.
The coordinate system has inertially fixed x, y and

z directions. The origin of the coordinate system is
the center of the earth. The desired orbit is in the
xy-plane. Following the design algorithm, the first
step is to find feedbacks for each satellite to track the
ideal orbit (14). In the present example, we adopt
the following feedback to linearize the dynamics of a
satellite.

v1 = −rθ̇2 +
µ

r2
+ v′1, v2 = r(

2
r
ṙθ̇ + v′2),

v3 =
µ

r3
z + v′3,

(15)

where (r, θ, z) are the cylindrical coordinates. The new
control inputs v′1, v′2, v′3 are given by

v′1 = a1(r − r0) + a2ṙ, v2 = b1(θ − ωt) + b2(θ̇ − ω)
v3 = c1z + c2ż.

(16)
The coefficients a1, a2 are determined using LQR
method. Details of this feedback can be found in [3].

The action reference for the circular orbit is de-
fined to be s = θ, the angle between the radius
of a satellite and the x-axis. On the desired path,
θ = v(t) = ωt. The calculation of s uses a reference
projection θ = γi(x, y). The definition of γi defines
the relationship between the satellites. It determines
the way that subsystems coordinate with each other.

Consider the in-plane formation of four satellites
shown in Figure 4. There are two formations in the
figure and each formation consists of two satellites.
The satellites are supposed to keep a constant dis-
tance from each other. The value of θi, 1 ≤ i ≤ 4, is
defined to be the angle between the radius of the ith
satellite and the x-axis, i.e., θi = tan−1 yi

xi
. The de-

sired angle between the two satellites in a formation

Figure 5: New formations

is θ0. The feedback defined by (15)-(16) is denoted
by u(xi, yi, ẋi, ẏi, t) . The reference projection of each
satellite is

γ1 = θ1, γ2 = θ1 − θ0, γ3 = θ3, γ4 = θ3 − θ0.
(17)

The final controller is time invariant, which is de-

fined by αi(xi, yi, ẋi, ẏi) = u(xi, yi, ẋi, ẏi,
1
ω
γi), i =

1, 2, 3, 4. In this design, Sat 1 and Sat 3 are team lead-
ers. Due to application requirement, on-line formation
reconfiguration is necessary. For example, if the mis-
sion requires a new formation in which the first three
satellites flying closely, the challenge is to smoothly
shift sat3 closer to Sat2, while keeping Sat4 stay in
its original desired trajectory (Figure 5). This can
be achieved easily in our control architecture by mod-
ifying the reference projection without changing the
feedback law u(x, y, ẋ, ẏ, t) in (15)-(16). A new set of
reference projection is defined for the reconfiguration.

γ4 = θ4, γ3 = θ1 − 2θ0 (18)

The term −2θ0 in the projection implies that Sat3 and
Sat1 form an angle of 2θ0.

In the simulation, the four satellites are flying the
formation in Figure 4. The reference projection is
(17). At the time t = 5 (days), a new formation
shown in Figure 5 is to be achieved. The reference
projections, γ3 and γ4, are switched to (18). In Fig-
ure 6, the relative angles between Sat1 and the rest
of the three satellites are shown. So, the curves in the
Figure 6 represent θ1 − θ2, θ1 − θ3 and θ1 − θ4. When
t < 5, the formation is kept by the feedback and the
reference projection (17). At t = 5, the projections
are changed to reconfigure the formation. Under the
new projections (18), the third satellite is merged to
the first formation, and Sat4 stays in the second for-
mation. In the simulation, r0 = 42241 km. In the
LQR design, the weight of control is 1017 1

ω ([3]). The
closed-loop eigenvalues are −0.3671(1±√−1)× 10−5.
The distance between the two satellites in a formation
is 1 km. So, θ0 = 0.0013564 degree. At the initial
position, the distance between Sat1 and Sat3 is 5 km.
Because of the small closed-loop eigenvalues, the mag-
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Figure 6: Formation reconfiguration

nitude of the control input is limited within the range
of 10−9 km/second2.

5 Conclusion

A general method of controller design for the for-
mation of multiple vehicles is developed in this paper.
Simulations and experiments show that the designed
controllers can coordinate multiple subsystems simul-
taneously and drive them move in a given formation.
The controller design algorithm developed in this pa-
per has several advantages. First, the controller can
follow various coordination strategies in the presence
of unexpected event. Changing from one coordina-
tion strategy to another does not require major re-
planning. The second advantage of the algorithm is its
ability of easy system reconfiguration. Adding vehicles
into or removing vehicles from the formation do not
require re-design of the lower level feedbacks. Further-
more, the feedbacks of the vehicles are not centralized
controllers, the on-line computation can be easily car-
ried out in a distributed computational environment.
The third advantage is that feedbacks of subsystems
can be designed using almost any trajectory tracking
technique in the literature.
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