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Abstract

Movements of human arm in a horizontal plane are very
stereotyped in the sense that the corresponding paths
are mainly straight lines and the velocity pro�les are
\bell-shaped like" functions. A dynamics of two link
model of the human arm has been studied with the
goal of synthesizing the torques which accomplish the
desired transfer. For that purpose a set of parameters
which describes the desired transition (initial position,
�nal position, peak velocity, etc.) is chosen randomly
according to a certain distribution. The parameters
of the desired trajectory as well as the system vari-
ables (angles and angular velocities) are encoded us-
ing populations of di�erent number of neurons, usually
100� 150. The underlying mathematics including in-
tegration, di�erentiation and other algebraic relation-
ships, has been done at the level of neuronal activity.
Finally, the driving torques are generated from the cor-
responding activities using an optimal decoding rule.

1 Introduction

It has been experimentally veri�ed that humans tend
to reach from one point in a horizontal plane to another
in a stereotyped fashion, that is, the path of a human
wrist is primarily a straight line, while the correspond-
ing velocity pro�le is a bell-shaped function. Moreover,
the peak velocity and the distance traveled by a wrist
are not independent, i.e. the longer the distance, the
higher the peak velocity, which implies that the total
time of transfer remains fairly constant over di�erent
experimental trials, see [1].

2 Mathematical Model

The model of a human arm is represented as a two link
rigid body (no muscles are assumed at this point), see
Fig. 1. Using standard tools from analytical mechanics
(kinetic and potential energy, Lagrangian and Lagrange
equations of motion) the nonlinear
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Figure 1: Two link system in horizontal plane.

model of the two link system has been obtained:

_x = f(x) + g(x)u (1)

where x = [�; �; _�; _�]T . Equation (1) can be rewritten
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where

T (x) =
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t1 + t2 + 2t3 cos(x2) t2 + t3 cos(x2)
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represents the inertial matrix, and

C(x) =

�
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is the matrix of Coriolis and centripetal terms. Since
the problem is de�ned in a horizontal plane, there are
no gravity forces in the model (2). The friction forces
have been neglected for this analysis. The terms t1; t2
and t3 are de�ned as follows:
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where mi is the mass of the i� th link, li is its length
and Ji represents its moment of inertia with respect to
its center of gravity (i = 1; 2).

3 Control

The vector of external inputs u = [�s; �e]
T contains the

two torques �s (shoulder) and �e (elbow), both applied
in a horizontal plane, which are to be synthesized by a
population of neurons. The torques are �rst found an-
alytically using feedback linearization, a procedure for
stabilizing certain class of nonlinear systems, see [2].
This provides an elegant solution i.e. the synthesized
torques depend both on the desired parameters (via
desired angles and desired velocities) and the actual
position and velocity, and thus can be viewed as a com-
bination of feedforward/feedback signal. The feedback
linearization technique is based on a local change of
coordinates which de�ne so called normal form of the
system (2). Let us �rst de�ne two output equations
for the system (2), where y1 and y2 are chosen such
that the system has de�ned the vector relative degree

r = [r1; r2], see [2]:

y1 = h1(x)

(3)

y2 = h2(x)

where h1(x) = x1 and h2(x) = x2. Note that the def-
inition of y1 and y2 is only for the purpose of exact
feedback realization, and is chosen arbitrarily. How-
ever the choice of the functions h1(x) and h2(x) is sen-
sible, as x1 = � and x2 = � are readily available for
measurements (feedback). Thus the system (2) can be
rewritten as:�
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y1 = h1(x)

y2 = h2(x)

For this system it is easily found that:

Lg1h1 = 0 Lg2h1 = 0

and

Lg1Lfh1 6= 0 Lg2Lfh1 6= 0

Likewise

Lg1h2 = 0 Lg2h2 = 0

and

Lg1Lfh2 6= 0 Lg2Lfh2 6= 0

where Lfh
:
= @h(x)

@x
f(x) represents the derivative of

the vector �eld h along f . Therefore the system (4)
has de�ned vector relative degree r = [2; 2] at some
initial point x�. This, together with the fact that
rank(g(x�)) = 2 necessarily imply the solvability of
exact linearization problem i.e. there exists a change
of coordinates de�ned locally around x�:

z1 = h1 = x1

z2 = Lfh1 = x3

z3 = h2 = x2

z4 = Lfh2 = x4

and a smooth feedback law

u = �A�1(x)b(x) +A�1(x)v (5)

where
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such that the obtained system is in Brunowsky canon-
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Note that the system (6) is completely decoupled
i.e. it can be considered as two second order systems,
which are completely controllable and completely ob-
servable, but are not asymptotically stable. There-
fore the asymptotic tracking problem can easily be
solved, since the poles of the two systems can be ar-
bitrarily assigned. Introducing the new feedback law
vi = vi

� + FiZi, see [3], each of the decoupled second
order linear systems become
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where
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The second equation of the system (7) can be rewritten
by back substitution as

�� = �f11� � f12 _� + v1
� (8)

for i = 1, and likewise

�� = �f21�� f22 _�+ v2
� (9)

for i = 2. Thus, v�1 and v�2 have to be chosen so that
the error di�erential equation has the following form

��+ fi2 _�+ fi1� = 0 (10)

where � = �d � � or � = �d � � and the subscript d
stands for desired. For asymptotic stability, we need
fi1; fi2 > 0. From (8), (9) and (10) readily follows

v1
� = ��d + f12 _�d + f11�d

(11)

v2
� = ��d + f22 _�d + f21�d

Hence, the torque pair which will cause the system
(4) to follow the desired trajectory parameterized by
(�d; �d) and the desired velocity pro�le parameterized

by ( _�d; _�d) is given by�
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The similar result can be obtained using so called in-

verse dynamics approach, as the synthesized torques
yield a cancellation in the dynamics of an arm, see [4].
The block diagram of the system has been shown in
the �gure below.
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Figure 2: Block diagram of an arm control system, show-
ing both a feedback and an adaptive (error
modulated) feedforward control. Internal dy-
namics is a dynamical system comprising a tim-
ing circuit as well as a path planner.

4 Neural Dynamics

The point of departure in synthesizing the controlling
torques using a population of neurons is a path plan;
straight line path and bell-shaped velocity pro�le with
known parameters such as the distance, direction and
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Figure 3: The velocity pro�le plot; Vm{ peak velocity, T{
total time of transfer.

peak velocity of the movement (Fig. 3), clearly con-
strain the desired angular velocities.

The initial position of the arm has been randomized by
choosing the initial angles from a uniform distribution.
The �nal position is also random in the sense that it
is determined by a human decision (where we want to
reach). The peak velocity is chosen randomly but with
high correlation to the total distance, which is known
once the initial and �nal position have been speci�ed,
see Fig. 4. This assumption has a biological relevance;
if we want to reach farther, we do it with higher velocity
so that the total reaching time remains fairly constant
over di�erent trials. The average time of the transfer is
assumed to be 0:5 (sec). Using the obvious kinematic
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Figure 4: Correlation between the peak velocity Vm and
the distance.

relationship, the velocity of the wrist can be expressed
as

�!
V (t) =

Vm
2
(1� cos(

2�t

T
))
�!rf ��!ri

�
(12)

where �!ri and �!rf are the vectors of the initial and
�nal positions of the arm, � =k �!rf � �!ri k, and
Vm
2 (1�cos( 2�t

T
)) is a mathematical �t of the bell shaped

function described earlier, which can be thought of as



a solution to the second order di�erential equation

�u+ !2u = !2 (13)

with zero initial conditions, where ! = 2�t=T . The
equation (13) is solved using a population of neurons
approach, where the neurons are assumed to be respon-
sible for encoding analog variables/vectors using their
activities. The neuronal activity is a frequency in its
nature and represents the instantaneous �ring rate as-
sociated with the neurons. The �ring rates of neurons
are assumed to be piecewise linear, positive semide�-
nite functions of analog meta variables, see [5]. In the
case of scalar variables taking both positive and neg-
ative values, the concept of so called on/o� cell has
been used see Fig. 5. For vectors, a preferred direction
is what determines the extent of population response.
Therefore the analog variable u is being encoded by a
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Figure 5: The normalized activity a(x) as a function of
an analog variable which takes values between
�1 and 1.

population of neurons using a nonlinear transformation
u! a(u) where the shape of activity function depends
on a choice of the �ring neuron model, and is chosen
as a piecewise linear function in our study i.e.

ai(u) = [�iu+ �i]+

where [ ]+ stands for a recti�cation symbol, as the neg-
ative activities are not physically meaningful. On the
other hand, the analog variable u can be reconstructed
form the activities by using a linear decoding rule, i.e.

uest(u) =

NX
i=1

Xiai(u)

where Xi represent optimal decoding weights (see [6])
in the sense that they minimize the error de�ned as

Error =
1

umax � umin

� umaxZ
umin

[u� uest(u)]2du

�
�

and � is an additive zero mean Gaussian noise with the
variance �. The symbol < >� stands for an average

over noise � (see [7]), which is incorporated in the model
via

uest(u) =

NX
i=1

Xi[ai(u) + �i]

where �i are independent identically distributed ran-
dom variables �i � N (0; �2) and N is the total num-
ber of neurons within a population. Likewise, there is
another population of M neurons which encodes _u via
a nonlinear transformation i.e.

bj( _u) = [
j _u+ �j ]+

with the corresponding decoding rule

_uest( _u) =
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Yjbj( _u)

The di�erential equation (13) can now be translated at
the level of activities
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where the coupling weights for the oscillator (13) are
given by

!
(int)
ni = �nXi !

(ext)
nj = �nYj

!
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mj = 
mYj !

(ext)
mi = 
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The solution u and _u and the corresponding activities
a(t) and b(t) are given in Fig. 6 and 7, respectively.
Once the timing circuit function has been generated, it
is used as a driving signal for the path planner which
indeed provides the desired angles and their �rst and
second derivatives. Using (12) as well as basic kine-
matics of the system, the path planner is described by
the nonlinear di�erential equation

�
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Figure 6: The solution of the oscillator (timing circuit)
given by (13).
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Figure 7: The neuronal activities as functions of time.
The activities a(u(t)) (left) and b( _u(t)) (right).
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Figure 8: The initial (left) and �nal position of the arm
together with the path (right).

The equation (14) is to be solved by another popu-
lation of neurons, where �!ri and �!rf are encoded using
a rule of preferred direction. This can be thought of
as internal dynamics, see [8], and represents a feed-
forward path in the synthesis of the control torques
(Fig. 2). Likewise, the actual position and velocities
can be encoded using another populations of neurons,
which comes from the human sensory system and is
included in the structure of the torques as a feedback
path. The neuronal activities are often referred to as
explicit space, because biologists can make direct mea-
surements on them, see [5]. Finally, the two torques
are encoded by ensembles of neurons, whose activities
(�ring rates) involve the whole set (vector) of analog
variables e.g. the desired and actual angles, desired
and actual velocities, etc. The torques are then ob-
tained from the activities using optimal decoding rule,
in the same way it was described earlier. Note that
this procedure represents the reconstruction of analog
variable/vector as a weighted sum of suitably chosen
basis functions, see [6], and where the weights are cho-
sen in such a way that the reconstruction error is mini-
mized. In this case, the basis functions are actually the
neuronal activities, and the desired torques are simply
linear (weighted) combination of these functions.
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velocities (right).

5 Simulation Results

The procedure described above has been tested by
simulations, and the deviations of the actual path from
the desired one (straight line) are negligible, see Fig.
8. Also the speci�ed velocity pro�le and angles have
been followed quite accurately, Fig. 9 which is not
surprising as a population of 100 � 150 neurons does
fairly well in terms of the precision of representation.

6 Conclusion

The experimental evidence shows that the movements
of human arm in a horizontal plane are very simple.
Very often in a task of reaching from one point to an-
other, we use a straight line path and a bell shaped ve-
locity pro�le. The question of interest is how do we gen-
erate the torques which will make the arm accomplish
the desired transfer while following the constraints im-
posed on it? In robotics, tracking the desired trajectory
is a very standard problem, which can easily be solved
using feedback linearization. This procedure is elegant
in the sense that the generated control (torques) are
synthesized through feedforward/feedback subsystems,
where the feedforward action can be attributed to a
speci�c neural circuitry such as the cerebellum. On
the other hand, the source of the feedback is yet to
be speci�ed, even though there is no doubt about its
existence. We assumed it originates from the sensory

system, and is incorporated in the model with a delayed
action, as any other feedback law would be. It might
be even coming from a visual system, although the de-
lays would be much higher in that case. Of course the
combination of the two is the most realistic scenario.
The future work would be in the direction of making
the more realistic model of human arm, using muscles
and their dynamics. The activities will then be driving
the muscles, which will respond by exerting forces and
torques, consequently. Also, the other types of move-
ments can be studied, not necessarily in a horizontal
plane, which certainly is a harder and more challeng-
ing problem.
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