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Abstract

Our goal is to calculate optimal vaccination pat-
terns for a rapidly spreading disease in an urban-
ized highly mobile population. The goal being to
determine if vaccination can e�ect a disease for
which there is low immunity in the population.
Di�erent types of structured SIR models are in-
vestigated. We construct a model appropriate for
a traveling urbanized population and introduce a
control in terms of a vaccination program. Lin-
ear constraints, a quadratic cost on the control
and a linear cost on the number of infected are
imposed. In this setting we calculate optimal vac-
cination patterns using the maximum principle of
Pontryagin.

1 Introduction

The classical model for the spread of an infectious
disease is the SIR model introduced by Kermack
and McKendrick [1]. It is in the form of three cou-
pled ordinary di�erential equations corresponding
to the three states susceptible, infected and im-
mune. The model has been extended in many ways
to incorporate e.g. mortality and fertility or pop-
ulation structure by age, sex and spatial distribu-
tion. In this text we will concentrate on one such
extension, although the theory is equally well ap-
plicable to the other ones. We divide the popu-
lation into smaller groups that have something in
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common that makes them in
uence other groups
in a similar way. The situation we are mainly in-
terested in is the spread of a disease from city to
city by means of travelers. We investigate four
di�erent versions of modeling the spread and �nd
one that seems to �t our setting. In this model
we introduce a control in terms of a vaccination
program.

This project was motivated by the need to under-
stand how an epidemic progresses through a na-
tion or through the world using the air routes as
the primary means of transport. Within the next
two decades we will almost surely see a new ver-
sion of a highly infectious in
uenza virus originate
in the Orient. The scenario which we might face
is the following. A passenger boards a Boeing 777
in Hong Kong bound for Los Angles knowing that
he has a slight fever and the aches and pains asso-
ciated with the common cold. During the 
ight he
develops a cough and an intestinal disturbance. In
the 15 hours that the plane is in the air he visits
the toilets many times. By coughing he is spread-
ing virus particles throughout the plane. By the
time the plane lands in Los Angles 350 passen-
gers have been exposed to a new strain of virus
and because it is new 90% will become infectious
within 36 hours. More than half board 
ights to
cities throughout the Untied States. 48 hours af-
ter landing the original passenger becomes very ill
and reports to a local hospital. Standard symp-
tomatic treatment is begun but to no avail. The
passenger dies 96 hours after landing. An alert
physician notes that the disease appears to be in-

uenza and sends samples to the Center for Disease
Control in Atlanta, Georgia. At the same time the
CDC is receiving reports of hundreds of new cases



of an in
uenza like disease in widespread cities in
the United States and the World Health Organi-
zation is receiving reports of widespread deaths
around the world. It is determined that the in-

uenza strain is close to a known strain and an
existing vaccine might be partially e�ective. Can
we institute a vaccination program that will slow
the spread and minimize the number of dead from
this epidemic?

Our task is to �nd an optimal vaccination strategy
for our model. In order to make the question of
optimization meaningful we have to agree on a cost
function. We put a linear cost on the total time
spent sick and a quadratic cost on the number of
vaccine doses used. Furthermore we allow general
linear constraints on the vaccination, i.g. limited
maximal vaccination per group or a limited supply
shared by a number of groups. With the help of
the Maximum Principle of Pontryagin we can then
�nd an optimal control strategy.

This paper is organized as follows: In section 2
we �nd and investigate a model for the spread of
the disease. In section 3 we apply the maximum
principle to our equations and �nally, in section 4
we display simulation results.

2 Structured SIR Models

A natural way of taking into account the di�er-
ences between individuals in a population model
is to introduce subpopulations of some kind. That
is subgroups of individuals with some common fac-
tor that makes them in
uence other subgroups in
a similar way. Examples are age and location. The
general subpopulation SIR model takes the follow-
ing form [2], with the di�erences accounted for in
di�erent forces of infection.

_S(i) = (��(i)�
q(i)

Ni

)S(i)

_I(i) = �(i)S(i)� 
I(i)�
_R(i) = 
I(i)+

q(i)

Ni

S(i)
�

where:

S(i) � is number of Susceptibles in i'th group

I(i) � is number of Infected in i'th group

R(i) � is number of Removed in i'th group

�(i) � is force of infection, (see below)

q(i) � is vaccination rate (or isolation rate)


 � is recovery rate (or death rate)

Since the population in every subgroup is con-
stant the last equation is redundant. Note that
the vaccination could equally well be isolation
and that recovery could be death. The im-
portant thing is that in these cases the recov-
ered/dead/vaccinated/isolated are removed from
the system.

2.1 Forces of infection

There are some di�erent ways to model the way
the subpopulations in
uence each other. The ones
below all have the nice property that in case of just
one subpopulation they simplify to � = �I

N
i.e. the

same as the unstructured SIR model. The �rst
three below are standard models. They all seem
to be somewhat inappropriate when the subgroups
di�er signi�cantly in population size. Therefore we
use a fourth to model an urbanized situation with
di�erent population sizes.
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Where:

Ni � is size of subgroup

� � is infectiousness

ci;j � is a contact rate between the subgroups

Mi;j � is number of travelers between subgroups

Lets look at the di�erent forces of infection in de-
tail:



�1 (From [2]) The force is independent of the ac-
tual population size and depends only on the
number of sick. This could correspond to
doctors being contacted by infected people
while the uninfected mind there own busi-
ness.

�2 (Proportions, from [4]) Each individual is in
contact with a certain number of others from
each subgroup, independently of the sub-
groups size. In other words, a subgroup in-

uences other groups independently of it's
size.

�3 (Scaled Mass Action) This is a decent model
when all subpopulations are equally mixed,
e.g in an age structured model. But if we're
looking for a model where adjacent sub-
groups in
uence each other a lot and others
not at all its still inadequate.

�4 (New) None of the above three forces of in-
fection take into account the sizes of both
the in
uenced and the in
uencing popula-
tions disregarding the rest. This is a rea-
sonable such force. Since we are aiming for
a traveler type of contact rate we replace the
ordinary and vague rate ci;j with the actual
number of travelers: Mi;j . In this way the in-

uence of another population is proportional
to both the fraction of infected in that pop-
ulation and how big the number of travelers
are compared to the whole population being
in
uenced.

To evaluate and compare these four �'s we simulate
the spread of the disease in a graph with four nodes
corresponding to two major cities and two smaller
ones (�g 1).

The subpopulations are connected in a hub fashion
with one in the middle. The population sizes are
1000 for the two big and 100 for the two small pop-
ulations. The contact rates and number of travel-
ers re
ect the graph and can be found in table:
1.

The initial conditions are 10% infected in one of
the cities (Subpopulation 1) and 100% suscepti-
bles in the rest. The results are seen in (Figure
2-5). When viewing the plots, remember that the
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Figure 1: The 4 city setting in which to evaluate the
di�erent �i's.

ci;j Mi;j

i; j adjacent 0.1 10
i; j not adjacent 0 0
i = j 1 Ni �

P
i6=j Mi;j

Table 1: Contact Rates and Travelers in evaluation
setting

susceptibles are monotonically decreasing, the re-
moved are increasing and the infected usually dis-
play a local maximum.

A reasonable order of infection is 1,2,3 and 4. As
can be seen �4 is the only alternative yielding such
a result and is therefore used from now on.
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Figure 2: �1: Note that the spread in subgroup 3 is
faster than in subgroup 2

2.2 Airport Graph Structure

Now lets look at the model applied to some real
traveling and population data. In a paper by
Longini, [3] we �nd such air travel statistics. Al-
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Figure 3: �2: Note that the spread in subgroup 3 is
identical to subgroup 4
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Figure 4: �3: Note how the mass action saves the
smaller populations

though the numbers are a little bit old (1969) they
will serve our purposes well. We choose six Eu-
ropean and six American cities with the following
data: (tables 2, 3).

Using �4 an epidemic starting in San Francisco
spreads like this: (�g 6) Note how the intense air
tra�c in the US propagates the disease, while the
less evolved traveling of Europe delays it. Still,
with no vaccination there is only a question of time
until the majority of the population is contami-
nated.
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Figure 5: �4: Note how the disease spreads in a rea-
sonable order

City Population Travelers per day

London 7400000 L 980 110 40
Paris 8200000 P 150 30
Rome 2800000 R 2
Berlin 3200000 B
Madrid 2900000
Stockholm 970000
New York 11570000
Los Angeles 7000000
Houston 1230000
Chicago 7800000
San Francisco 3700000
Atlanta 1260000

Table 2: Population statistics from 1969

3 The Optimization Problem

A natural thing to minimize is
R T
0 I(t)dt e.g the

total time spent sick in the population. This is a
good measure of the population inconvenience and
it's also proportional to costs for time spent in a
hospital or time not on the job. Since 
I(i) is a
term in _R it is also proportional to the total num-
ber of people who endured the disease. Thus it
is a good measure in the case of a deadly disease
as well. This approach would obviously lead to a
maximal vaccination e�ort at all times. But sup-
pose the vaccine is expensive, then you must make

Average number of travelers per day

M S NY LA H C SF A

170 120 420 130 40 80 6 40
200 50 220 30 7 20 6 0
70 11 120 50 0 50 0 0
5 8 10 0 0 0 5 0
M 14 140 40 0 0 0 0

S 50 0 0 0 0 0
NY 1780 450 1340 1090 1020

LA 340 1900 3500 1370
H 450 220 790

C 1520 1240
SF 910

A

Table 3: Airline statistics from 1969
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Figure 6: Spread through Airports, note the jump
from the USA to Europe

a tradeo� between the two costs. This is realized
in terms of adding a function of u in the integral
above.

We choose a quadratic cost on the control or a
combination of quadratic and linear. A pure linear
cost would lead to bang-bang control i.e. jumps in
vaccinations between subpopulations.

Thus the problem is as following. Minimize:

Z t1

t0

�1
2
qTAq + qT b+

nX
i=1

I(i)g(i)
�
dt

when: _S(i) = (��(i) �
q(i)
Ni

)S(i); _I(i) =
�(i)S(i)� 
I(i) and x(0) = x0; x(T ) = free; A �
positive semi de�nite nxn matrix; q 2 Q, the ad-
missible set of controls.

3.1 The Optimal Control

The control q is given by

minq2Q
�1
2
qTAq + qT b+

X
i

�yS(i)S(i)
q(i)

Ni

�
;

where yS(i) are the costates. We can thus allow lin-
ear constraints on the control vector and still have
it a continuous function of the states and costates.
Linear constraints can either be a maximum on
each control term or, more interesting, a limit on
the joint resources of vaccines. Thus more vacci-
nation in one place means less in another. With
such a limit we also have to make the positivity
constraint explicit. If we choose the unconstrained

case on the other hand, any optimal control will
contain only positive values.

4 Results

Now lets see some results of applying the al-
gorithm. When viewing the graphs, remember
that the susceptibles are monotonically decreas-
ing, marked by undashed lines. The removed are
marked by dash-dotted lines and increase. The
dashed lines are the infected and they usually dis-
play a hump. Finally, the vaccination intensity is
dotted. To emphasize the e�ect of vaccination we
draw two curves for the removed. One for only
those recovered from the disease and one for the
total number of removed (i.e. including the vacci-
nated).

4.1 The four subpopulations example

We �rst look at the setting we used to compare
the di�erent forces of infection. With a max con-
straint on each control term, qi � 200 we get the
following result: (�g 7). Note the di�erence in
numbers of recovered and vaccinated respectively.
The 200maximum penalizes the larger populations
and subpopulation number 3 is the only one where
a majority never gets infected. If we instead have a
common supply to the four populations in terms of
a linear constraint: �qi � 500 we get:(�g 8). No-
tice how subpopulation 1 is almost instantly aban-
doned in favor of the other ones where there is still
time. We see a bimodal nature in pop.3 and 4 when
resources are released from pop.2. Up until about
1.5 time units the � 500 constraint is still active.
After that the vaccination becomes less useful as
the susceptibles decay further.

4.2 Airport Graph Structure

With a epidemic started in San Francisco we ob-
serve the following unconstrained optimal vacci-
nation pattern (�g 9). With a maximal common
resource of 8000000 and a start in New York we
get (�g 10). As can be seen, the bimodal structure
of �g 8 is present here as well in the less exposed
cities.
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Figure 7: OptimalControl with individual� 200 con-
straint
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Figure 8: Optimal Control with common resources
� 500

5 Conclusion

We have shown a model for rapidly spreading dis-
eases in urbanized populations. By applying the
maximum principle to this model we have found
optimal vaccination patterns. Improvements re-
main to be done on both model and numerics to
make this kind of considerations applicable but the
issue only grows in importance in the light of the
biological warfare threat.
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