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Abstract

Many control problems of interest can be cast as an
optimal hybrid system control problems, wherein an
objective function represents some global goals and the
input at each time instant is a choice among a �nite set
of control laws. There are many approaches to solving
such problems in the literature, all based on dynamic
programming in some form or another, and all su�ering
from overwhelming computational complexity. Herein,
we attempt to lower this complexity by examining tech-
niques that take advantage of the underlying proper-
ties of the individual controllers among which we are
switching. We call this process \behavioral program-
ming," since we are now attempting to perform dy-
namic programming at the more abstract level of be-
haviors of the constituent systems. We present our
paradigm and discuss two arenas of its use: motion
planning for autonomous agents and LQR with state
and input constraints. Applications to helicopter and
wheel slip control are used to illustrate problem-solving
in each of these arenas, respectively.

1 Behavioral Programming

A hybrid system consists of a �nite number of con-
stituent dynamical systems, or behaviors, plus rules for
switching and selecting among them [2]. Thus, there
are discrete or higher-level switching dynamics (which
can be captured as an automaton or graph struc-
ture) combined with the lower-level dynamics (usually
continuous-state and given by di�erential or di�erence
equations). An optimal control theory for such systems
has been developed (see, e.g., [3, 5, 4]).

Unfortunately, such solutions are based on dynamic
programming and inevitably su�er from a curse of di-
mensionality. Lately, we have been intrigued with the
possibility of speeding up the solution to such prob-
lems by considering techniques that take advantage
of the underlying properties of the individual behav-
iors among which we are switching. We call this pro-
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cess \behavioral programming" [6], since we are now
attempting to perform dynamic programming at the
more abstract level of behaviors of the constituent sys-
tems.

Related to this viewpoint, is the idea of \temporally ab-
stract behaviors" developed in the reinforcement learn-
ing literature for Markov decision processes (MDPs).
See [18] for an overview.

It is possible to explain behavioral programming in a
continuous time framework (see [6]). Indeed, the prob-
lem arenas we explore in Sections 3 and 4 possess un-
derlying continuous-time models. For simplicity, how-
ever, we present the overall idea of behavioral program-
ming in the discrete, MDP framework, following [19].

In the MDP framework, an agent interacts with the
environment at a discrete, lower-level time scale. The
system description includes: a discrete state space, S;
an action space, A; and a reward function r : S�A! <

The one-step transition model can be represented by a
one-step transition probability and a one-step expected
reward.

pass0 = Prfst+1 = s0 j st = s; at = ag (1)

ras = Efrt+1 j st = s; at = ag (2)

for all s; s0 2 S and a 2 A.

A Markov Policy is de�ned as a mapping from states
to probabilities when taking each speci�c action in the
action space, � : S � A! [0; 1]. The agent's objective
is to learn an optimal Markov policy, which is one max-
imizing the expected sum of discounted future rewards
from each state s if the system takes action according
to this policy. First, we examine the value of following
a particular policy �:

V �(s) = Efrt+1 + 
rt+2 + ::: j st = s; �g: (3)

Here, �(s; a) is the probability with which the policy
� chooses action a 2 A in state s and 
 2 [0; 1) is a
discount factor. We have thus obtained the state-value

function (or utility value function) under the policy �:
V � .

The optimal state-value function gives the value of a



state under an optimal policy:

V �(s) = max
�

V �(s) = max
a2A

"
ras + 


X
s0

pass0V
�(s0)

#

(4)

The temporally abstract action can be represented as
a Behavior, which is a triple, b = hI; �; �i, as follows:
an input set, I � S; a policy, �, which describes the
action that should be taken in a speci�ed state under
this behavior; and a stop condition, �, of the behavior.

The transition model of the behavior can be repre-
sented by the reward and state prediction functions,
both under the behavior b and from state s:

rbs = Efrt+1 + 
rt+2 + :::+ 
k�1rt+k j bg;

pbss0 =
1X
j=1


jPrfst+k = s0; k = j j bg

Here k is the termination time and s0 2 S.

Now, we can plan with only behaviors, and not with
primitive actions. We can de�ne the policy over behav-

iors. First, the set of the behaviors available in state
s can be represented as Bs. Now we have a behavior
set B = [s2SBs. The policy over behaviors is de�ned
similarly as the primitive action case. A policy over
behavior � : S � B ! [0; 1]. So at any arbitrary state
s 2 S, we can select (proper) behavior b according to
the probability �(s; b). In this way, we can de�ne state-
value function over policy �:

V �(s) = Efrt+1 + 
rt+2 + ::: j �; s; tg (5)

For any general Markov policy � over behavior set B,
its state-value function satis�es the Bellman equation:

V �(s) =
X
b2B

�(s; b)

"
rbs +

X
s0

V �(s0)

#
(6)

Then the synchronous value iteration (SVI), with only
behaviors, can be obtained as follows:

� start with arbitrary initial values V0(s)

� iterate the update:

Vk+1(s) max
b2Bs

 
rbs +

X
s02S

pbss0Vk(s
0)

!
; 8s 2 S

(7)

� Repeat until two consecutive values are close
enough

Here, we should notice that if we select one behavior
b at state s, we will take the action according to the
policy under this behavior b.

The optimal state-value function with behaviors V �
B

is normally less than the optimal state-value function
with only primitive actions V �. But, we can obtain V �

B

with a faster procedure than we can obtain V �.

The key of course is to pick the right behaviors: ones
which lead to performance that is near the optimal (for
primitive actions) and whose rewards and policies are
readily computable. In our application arenas below,
we choose them to be trim trajectories in motion plan-
ning and linear controllers for constrained LQR.

2 Motion Planning for Autonomous Vehicles

One of the basic problems which have to be faced by
autonomous vehicles or moving robots is the generation
and the execution of a motion plan, that enables the
robot to move to some desired place to perform a given
task, while avoiding collisions with obstacles, or other
undesired behaviors. Moreover, we would like the gen-
erated motion plan to be compatible with the system
dynamics: this is particularly true when the exploita-
tion of the vehicle's maneuvering capabilities is key to
the successful completion of the mission.

In many cases of interest, including for example au-
tonomous aerospace vehicles, the state space is typi-
cally large: in the simple case in which the vehicle is
modeled as a rigid body subject to commanded forces
and torques, the state space has dimension 12. If ad-
ditional dynamics are considered (e.g. engine, actua-
tor, or structural dynamics), the dimension of the state
space can be even larger. In such cases the \curse of
dimensionality" makes the solution of motion planning
problems in such large-dimension spaces computation-
ally intractable.

An alternative approach is represented by the formula-
tion of the system dynamics, and hence of the motion
planning problem, in what can be regarded as the ma-

neuver space of the vehicle[10, 11]. Such an approach
entails the de�nition of a hybrid control architecture (a
hybrid automaton), based on quantization of the system
dynamics into a library of feasible \trajectory primi-
tives", or behaviors. See Figure 1. There, each node
represents a trim trajectory (cf. behavior) of the he-
licopter, and transitions between edges are maneuvers
driving the craft from the initial trim trajectory to the
next chosen trim trajectory. Trajectories are composed
by traversing the states of the machine, i.e., switching
among the behaviors of the system. Control actions
include the dwell times in each trim trajectory and the
times and the destinations of the transition maneuvers.

2.1 Motion Planning Algorithm

We begin by considering the (obstacle-free) problem of
�nding the control input that, given a target equilib-
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Figure 1: Simpli�ed Robust Hybrid Automaton

rium point xeq, minimizes the total cost:

J(x0; xeq) =

Z tf

t0

g(x; xeq; u)dt+ �(x(tf ); xeq; tf )

for some initial conditions x0, under the dynamics con-
straints (and possibly state and control constraints).

The solution to an optimal control problem in the free
space thus provides us with a control policy � that en-
sures that the system is driven towards an equilibrium
point, e�ectively parameterized by all con�gurations
of the agent. Additionally, we notice that, once a cost
function has been computed for all states, it can be
used as a meaningful measure of the \distance" from
points in the state space to equilibrium points at ar-
bitrary locations (under the invariance hypothesis; see
[11]).

Based on the optimal control policy (over behaviors)
so derived, and on the fundamental ideas behind prob-
abilistic roadmaps in robotics [15, 17], we have de-
�ned a motion planning algorithm that determines a
time-parameterized sequence of randomized \attrac-
tion points" xeq(t) that e�ectively steers the system
to the desired con�guration while avoiding obstacles.

In the following, we will present a brief outline of the
algorithm. More details on the algorithm, and an anal-
ysis of its completeness and performance can be found
in [9]. Starting with a node representing the initial
condition, we build a tree by iteratively adding new
\milestones", which are connected to the tree by a fea-
sible trajectory segment. Each new milestone is gener-
ated through the generation of a random equilibrium
state xrand; the control policy �(�; xrand) is applied
to a randomly chosen node of the current tree, and
if the ensuing propagated trajectory is feasible, xrand
is added to the tree. The milestones generated accord-
ing to the above procedure can be regarded as primary

milestones. In the following, we will assume that xrand
is generated from a uniform distribution on the subset
of C de�ning our workspace.

C

V

Target

Figure 2: Example of generated roadmap (projected on
X ). Primary milestones are marked as circles,
and secondary milestones as squares

As it can be easily recognized, the algorithm outlined
above consists of jumps from equilibrium point to equi-
librium point, and as such cannot be expected to pro-
vide impressive performance, especially in terms of
time. In order to increase the performance, we will
introduce the following step: at random points along
the trajectory to the new randomly generated point,
we add ns � 1 additional, secondary, milestones. Sec-
ondary milestones are likely to be at points in the state
space that are \far" from equilibria. From secondary
milestones we can apply the control policy to the des-
tination �(�; xf ): if the resulting trajectory is feasible,
we have solved the feasibility problem. In this case,
we climb the tree back towards root, updating the es-
timates on the upper bound on the cost-to-go. Both in
the case in which a feasible trajectory is found, and in
the case in which a collision is detected, the secondary
milestones are added to the tree, and can be selected
as the starting point for later iterations. Note that
each secondary milestone, by construction, will have a
primary milestone in a child subtree (see Fig. 2).

2.2 Application: Autonomous Helicopter

In this section, we will present simulation results for a
test case involving a small autonomous helicopter. The
simulations are carried out on a fully non-linear heli-
copter simulation, based on a widely used minimum-
complexity model [16]. The motion planning algo-
rithms operating on the hybrid automaton structure
[10, 11] are complemented by the control law presented
in [12] to ensure tracking of the reference trajectory.
The cost function used in all the examples is the total
time needed to go to the destination (we are solving
a minimum-time problem). The algorithm was imple-
mented in C on a 300 MHz Pentium II computer.

A �rst example involves navigating the helicopter
through a set of obstacles represented as spheres in
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Figure 3: Example 1: trace of the trajectory tree, and
best trajectory found
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Figure 4: Example 2: trace of the trajectory tree, and
best trajectory found

the con�guration space. This case was tackled very
easily by our algorithm, both in the case of �xed ob-
stacles and in the case of moving obstacle. A feasi-
ble, almost optimal trajectory was found in real-time,
while the helicopter was already in motion. See Figure
3. Navigation through a maze (Figure 4) was slightly
more problematic, since a feasible solution is found sev-
eral seconds into the 
ight. However, we must remark
that the algorithm we presented always retain safety
guarantees, by ensuring that all the leaves of the tree
(i.e. the terminal states) are safe, primary milestone.
Thus, even in situations where the helicopter is 
ying
\aggressively", we are retaining the capability to \stop
and think" in a safe location, if need arises.

3 LQR with State and Input Constraints

The problem of Linear Quadratic Regulation with Con-
straints (LQRC) is studied in [14]. Therein, they pro-

pose a suboptimal solution strategy, where an approxi-
mation of the optimal cost function is utilized and with
restrictions on the switching that is allowed between
active constraint sets for a given prediction horizon.
Speci�cally, the technique involves a search over the set
of behaviors given by linear feedback controllers. The
technique tends to require less amounts of real-time
computer memory and processing power than other
proposed solutions (based on dynamic programming),
since all possible linear feedback controllers (behaviors)
have been calculated o�-line.

3.1 Explicit Feedback Solution

Consider the continuous-time LTI system _x = Acx +
Bc
cuc + Bd

cud and its sampled discrete-time version

x(t+ 1) = Ax(t) + Bcuc(t) +Bdud(t) (8)

where x 2 Rn, ud 2 Ud � Rrd and uc 2 Rrc .
The elements of ud are discrete control inputs that
are restricted to take values in a �nite set Ud, while
the elements of uc are continuous control inputs that
take real values, possibly restricted to a convex subset
Uc � Rrc . For convenience, denote u(t) = (uTc ; u

T
d )

T

and Bc = (Bc
c ; Bd

c ); B = (Bc; Bd), such that
_x = Acx + Bcu and its sampled discrete-time version
x(t+ 1) = Ax(t) +Bu(t).

The optimal constrained LQ feedback controller mini-
mizes the in�nite horizon quadratic cost

J(u(t); u(t+ 1); : : : ;x(t)) =
1X
�=t

lQR(x(� ); u(� ))

lQR(x; u) = xTQx+ uTRu

subject to the constraints

Gx(� + 1) � g; ud(� ) 2 Ud; Huc(� ) � h (9)

for all � � t, where R > 0, Q � 0, G 2 Rq�n, and
H 2 Rp�r. It is assumed that g; h > 0 to ensure that
the origin is an interior point in the admissible region.
The optimal cost function is de�ned as

V (x(t)) = min
u(t);u(t+1);:::

J(u(t); u(t+ 1); : : : ;x(t)) (10)

where the minimization is subject to the dynamics of
the system (8), and the constraints (9) are imposed
at every time instant � 2 ft; t + 1; t + 2; :::g on the
trajectory. The cost of moving from the state x(t) to
the origin in an optimal manner is given by V (x(t)).
The Hamilton-Jacobi-Bellman (HJB) equation charac-
terizes the optimal cost function and optimal control
action for the problem:

V (x(t)) = min
ud(�)2Ud;Gx(�+1)�g;Huc(�)�h

�2ft;t+1;t+2;:::;t+N�1g 
V (x(t+N )) +

t+N�1X
�=t

lQR(x(� ); u(� ))

!



where N � 1 is some horizon, and V (0) = 0. In order
to determine a solution, it is rewritten as follows:

0 = min
k2C

0
B@ min

~uc(t)2RrcN

Lk~uc=Mkx(t)+M
g

k
g+Mh

k
h

(V (x(t+ N ))

�V (x(t)) +
N�1X
�=0

lQR(x(t+ � ); E�+1~uc(t))

!!

where the outer minimization is also subject to the in-
put and state inequality constraints, although this is
not written explicitly. The �nite set C enumerates all
the feasible active constraint set sequences correspond-
ing to the original inequality constraints in addition to
combinations of the discrete inputs. Notice that for
each k 2 C, one can compute an explicit optimal solu-
tion to the innermost optimization problem, and due
to the linearity of the constraints and quadratic cost,
these state feedbacks are linear. The associated feed-
back matrices are thus computed o�-line and stored
in computer memory for real-time use. The optimal
constrained LQ control can be reconstructed by opti-
mal switching between a �nite number of known linear
control behaviors. The solution to the optimal switch-
ing problem is now given by the discrete optimization,
which can either be (partially or completely) solved o�-
line and stored in real-time computer memory in terms
of a state space partition, or solved in real-time using
discrete search, i.e. a form of behavioral programming.
These aspects are discussed in [14, 1].

A remaining problem is how to compute V (x). It is
known from [20, 8] that V (x(t+N )) = xT (t+N )Px(t+
N ) provided N is su�ciently large and P > 0 is the
solution of the algebraic Riccati equation of the uncon-
strained LQ problem. However, to address the compu-
tational complexity, N will typically be chosen to be
smaller with resulting suboptimality.

3.2 Application: Wheel Slip Control

A wheel slip controller is the core of automotive ABS
brakes. The continuous-time slip dynamics of a quarter
of a car are [7]

_� = �
1

v

�
1

m
(1� �) +

r2

J

�
Fz�(�; �H ; �) +

1

v

r

J
Tb

where � is the slip (i.e. the normalized relative speed
of the wheel and vehicle), v is the speed of the vehicle,
J is the wheel moment of inertia, r is the wheel ra-
dius, 4m is the mass of the vehicle (assuming braking
on 4 wheels), Fz is the vertical force on the tire, � is
the lateral wheel slip angle, �H is the road/tire friction
coe�cient, Tb is the clamping torque (control input),
and �(�) is the nonlinear tire friction curve. For con-
trol purposes, these dynamics are discretized and lin-
earized. Furthermore, the controller contains a model
of the actuator and integral action.

The inherent constraints of the problem are due to ac-
tuator saturation and rate limits. With the present
control formulation the activation of some of these
constraints leads to the controller switching behavior.
However, the controller may also switch behavior as a
consequence of external variables and events, such as
(smooth) changes in the vehicle speed v (this is essen-
tially gain scheduling), driver commands, lateral wheel
slip angle � and instantaneous changes in the road/tire
friction coe�cient �H due to driving on a heteroge-
neous surface. In Figure 5, we show simulation results
using a simulator that includes full body dynamics, ac-
tuator dynamics, sensor noise, observers and Kalman
�lters for non-measured signals and computer commu-
nication delays. The objective is to control the slip
� to �� = 0:14, which gives close to optimal braking
e�ciency without too much loss of steer-ability. We
observe several control behavior switches during the
simulation scenario. The actuator rate constraints are
active initially, until a LQ controller determines the
control input. At time t = 1:5 s, the road/tire fric-
tion coe�cient changes from �H = 0:8 to �H = 0:4
and it can be seen that the wheels then lock for a
short period (since � is close to 1). In order to un-
lock the wheels the controller switches behavior (actu-
ator rate constraints are activated) in order to decrease
the clamping force, and to reduce the slip. The small
transients after t � 4:5 s and t � 5:3 s are caused by
controller switching due to gain scheduling on the ve-
hicle speed. We observe that when the speed becomes
very low, the problem is singular and the controller is
switched o�.
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4 Conclusions and Future Work

We are currently exploring how heuristic search tech-
niques like A� [13, 21, 22] and branch-and-bound can
be used to speed up the on-line techniques described
above even further. Basically, our idea is to use A�

search at the abstract level of behaviors instead of at
the primitive action level. Below, we quickly review
the work at the primitive action level by [13, 21].

The framework presented in [13] starts with optimal
control problems de�ned in continuous state spaces and
with continuous controls, state and input constraints,
and obstacle and goal regions (in state space). Through
discretization in time and space, he converts these to
�nite-state decision problems (though of immense size).
He then performs the search for minimum-cost trajec-
tories (from a given start point to a goal region) using a

avor of the heuristic search technique A�. Speci�cally,
he uses the A�� algorithm, which allows a controlled loss
of optimality|to within a factor of (1 + �)|with the
bene�t of accelerating the search. In [21], these ideas
are applied to analyze the e�ects of using on-line op-
timization to obtain a sub-optimal controller guaran-
teed to asymptotically stabilize systems of linear dif-
ference equations. In our applications, the specialized
sub-structure of each constituent behavior (trim tra-
jectories and linear systems, respectively) will be like-
wise exploited to quickly produce bounds on incremen-
tal cost (of each behavior) as well as overall cost-to-go.
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