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Abstract

This paper characterizes Lyapunov functions for hybrid
control systems and, more generally, to impulse di�er-
ential inclusions. This is useful to govern the evolution
of an asymptotically stable solution of a an hybrid sys-
tem around an equilibrium and can also be used for
designing a global optimization algorithm.

1 Introduction

Controlling a solution asymptotically stable around an
equilibrium or a viable1 closed subset can be studied
with the century old Lyapunov method. Two questions
arise:

1. Characterize such a Lyapunov function and then,
�nd the regulation map (or feedback maps) gov-
erning the evolution of asymptotically | or even
better, exponentially stable | solutions,

2. Knowing the dynamics and an equilibrium, �nd
such a Lyapunov function, and actually, the best
one.

Viability theory and set-valued analysis allows us to
answer these two questions for usual control systems.
Actually, they are also relevant for hybrid control sys-
tems.

A key towards success requires simpli�cation of the
problem to use only the relevant properties of the prob-
lem, the price to pay is abstraction. The abstraction
process amounts to

1. regard control systems as di�erential inclusions,
i.e., di�erential equations with set-valued right
hand sides,

2. regard hybrid control systems as \impulse di�er-
ential inclusions" de�ned below,

3. regard dynamical inequalities of the form

8 t � 0; v(x(t)) � w(t)

1A subset is said to be viable under a control system if from
every initial state starts a solution to the control system \viable"
in this subset in the sense that it remains in this subset at each
instant.

as viability (or state) constraints

8 t � 0; (x(t); w(t)) 2 Ep(v)

where the epigraph Ep(v) of the function v is de-
�ned by

Ep(v) := f(x;w) 2 X �R j w � v(x)g

The standard example is to choose the distance
v(x) := kx� ck to an equilibrium c of the system
and w(t) := w0e

�at so that the above inequality
boils down to Lyapunov exponential | also called
inertial | stability:

8 t � 0; kx(t)� ck � w0e
�at

A �rst advantage is to summarize the usually pro-
tracted description of an hybrid system by only two
set-valued maps F | the right-hand side of the di�er-
ential inclusion governing the continuous evolution of a
hybrid system | and R, describing the reset map reini-
tializing the system when required and a constrained
set K inside which the evolution of the \run" or \ex-
ecution" must remain. Hence, for instance, the exis-
tence of a run of an hybrid system for every initial set
becomes a viability problem of an adequate auxiliary
subset under an impulse di�erential inclusion, that can
be characterized elegantly end eÆcaciously.

The second advantage of regarding the characterization
of a Lyapunov function as a viability problem requires
that we do no longer assume the di�erentiability of the
candidate for a Lyapunov function, but just the fact
that its epigraph is closed (i.e., that it is lower semi-
continuous in mathematical jargon). This is not just a
fancy of mathematician, because this allows us to use
extended functions taking in�nite values, that encap-
sulate state constraints, and also, when the candidate
fails to be a Lyapunov function, to �nd the smallest Lya-

punov function larger than the candidate, that provides in
the same time the basin of exponential attraction (also
called the inertial manifold). We refer to [4,5, Aubin]
for this issue.

And, on top of it, it is so much simpler and handier.

Outline: We begin by giving our de�nition of hybrid
systems, that can be embedded in the framework of hy-
brid impulse di�erential inclusions. We then recall the
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characterization of viable subsets under an impulse dif-
ferential inclusion an derive from it a necessary and suf-
�cient condition for the existence of solutions to hybrid
di�erential inclusions. Next, we recall the characteri-
zation of Lyapunov functions of usual control systems,
that we adapt to the case of impulse di�erential inclu-
sions. We conclude with an application to an hybrid
gradient method for global optimization.

2 Hybrid Di�erential Inclusions

\Hybrid control systems", as they are called by en-
gineers, or \multiple-phase dynamical economies", as
they are called by economists, or \Integrate and Fire"
models in neurobiology | may be regarded as hybrid
di�erential inclusions.

First, any solution to a control system with state-
dependent constraints on the controls�

i) x0(t) = f(x(t); u(t))
ii) u(t) 2 P (x(t))

can be regarded as a solution to the di�erential inclu-
sion x0(t) 2 F (x(t)) where the right hand side is de�ned
by F (x) := f(x; U(x)) := ff(x; u)gu2U(x).

Therefore, from now on, as long as we do not need to
implicate explicitly the controls in our study, we shall
replace control problems by di�erential inclusions.

Here, X := Rn and Y := Rm denote �nite dimensional
vector spaces. We denote by

Graph(F ) := f(x; y) 2 X 2 Y j y 2 F (x)g

the graph of a set-valued map F : X ; Y and
Dom(F ) := fx 2 X jF (x) 6= ;g its domain.

Let us set x(�t) := lim� 7!t� x(�) when x(�) is de�ned on
some interval [t��; t[ where � > 0, and, for consistency
purposes, x(s) = x(�t) if s = t.

De�nition 2.1 An hybrid di�erential inclusion
(K;F;R) is de�ned by

1. a �nite dimensional vector space E of states e

called locations,

2. a set-valued map K : E ; X associating with any
location e a (possibly empty) subset K(e) � X

3. a set-valued map F : Graph(K) ; X with which
we associate the di�erential inclusion x0(t) 2
F (e; x(t)),

4. a set-valued map2 (reset map) R : Graph(K) ;
E �X.

2Usually, R is a single-valued de�ned on a subset C � X.
We extend it to a set-valued map de�ned on the whole space X
by setting R(x) := ; for any x =2 C, so that its extension is a
set-valued map.

A run of the impulse di�erential inclusion is a map
(e(�); x(�)) from [0; T [ to X�E which is associated with
a non decreasing sequence T (e(�); x(�)) := ftngn�0 of
impulse or switching times t0 := 0 � t1 � � � � � tn �
� � � < T such that

1. either
tn+1 = tn, (e(tn+1); x(tn+1)) 2 R(e(tn); x(tn))
and x(tn+1) 2 K(e(tn+1)),

2. or tn+1 > tn, and, for all t 2 [tn; tn+1[,
x(�) is a solution to the di�erential inclusion
x0(t) 2 F (e(tn); x(t)) viable in K(e(tn)) and we
take (e(tn+1); x(tn+1)) 2 R(e(tn); x(

�tn+1)) and
x(tn+1) 2 K(e(tn+1)).

We observe right away that a map (e(�); x(�)) is a run of

the hybrid di�erential inclusions if and only if (e(�); x(�))
is a run of

�
i) e0(t) = 0
ii) x0(t) 2 F (e(t); x(t))

\viable" in Graph(K) until it reaches the domain of the
reset map R.

Indeed the locations remaining constant in the intervals
[tn; tn+1[ since their velocities are equal to 0.

This leads us to regard (e(�); x(�)) as a run of the an
auxiliary system of impulse di�erential inclusions that
we are about to de�ne. We shall replace E�X by X , F
and R by set-valued maps F : X ; X and R : X ; X

and the graph Graph(K) 2 E � X of the set-valued
map K by a subset K � X .

3 Impulse Di�erential Inclusions

Given a control system or a di�erential game described
under the form of a di�erential inclusion x0 2 F (x)
and constraints on the states represented by a closed
subset K, there are no reasons why an arbitrary subset
K should be viable under the di�erential inclusion x0 2
F (x).

Hence, the problem of reestablishing viability arises.
One can imagine several mechanisms for this purpose:

1. Change either the dynamics or the set of con-
straints

(a) either by changing the controls according to
feedbacks or dynamic feedbacks that can be
constructed (see for instance [1,2, Aubin]),

(b) or by changing the dynamics by, for instance,
projecting the velocities onto the contingent
cones and introducing viability multipliers
(see for instance [1,2, Aubin]),
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(c) or by restricting the constrained set to its
viability kernel, which is by de�nition the
largest subset viable under the dynamics,

(d) or by letting the set of constraints evolve
according to mutational equations, as in [3,
Aubin].

2. or change the initial conditions by introducing a
reset map R mapping any state ofK to a (possibly
empty) set R(x) � X of new \initialized states".

This is the latter strategy we choose to use here: An im-

pulse di�erential inclusion (and in particular, an impulse

control system) is described by a pair (F;R), where the
set-valued map F : X ; X mapping the state space
X := Rn to itself governs the continuous evolution of
the system in K and where R, the reset map, governs
the discrete switches to new \initial conditions" when
the continuous evolution is doomed to leave K.

Such a hybrid evolution, mixing continuous evolution
\punctuated" by discontinuous impulses at impulse
times is called in the \hybrid system" literature a \run"

or an \execution".

De�nition 3.1 Let us consider a �nite dimensional
vector space X, a closed subset K � X, a set-valued
map F : X ; X and a set-valued map R : X ; X,
regarded as a reset map. We denote by S := R � 1 the
associated switching map.

We regard the pair (F;R) | or (F; S) | as the dy-
namics of an impulse di�erential inclusion.

A run of the impulse di�erential inclusion is a map x(�)
from [0; T ] to X if T < +1 or from [0;+1[ to X if T =
+1 which is associated with a non decreasing sequence
T (x(�)) := ftngn�0 of impulse or switching times t0 :=
0 � t1 � � � � � tn � � � � � T such that

1. x(tn+1) 2 R(x(tn)) if tn+1 = tn,

2. or else, on the interval [tn; tn+1[, x(�) is a solution
to the di�erential inclusion x0 2 F (x) starting at
x(tn) at time tn until time tn+1 at which we take
x(tn+1) 2 R(x(�tn+1)).

We say that a run x(�) is viable in K if for any t � 0,
x(t) 2 K.

We shall denote by R(F;R)(x0) the set of runs of the
impulse di�erential inclusion starting from x0 and by
RK

(F;R)(x0) the set of runs viable in K.

At this stage, a run x(�) can just be a (discrete) se-
quence of states xn+1 2 R(xn) at a �xed time, or just
a (continuous) solution x(�) to the di�erential inclusion
x0 2 F (x), or an hybrid of these two modes, the discrete
and the continuous.

4 The Characterization Theorem

Most of the results of viability theory are true whenever
we assume that the dynamics is Marchaud:

De�nition 4.1 (Marchaud Map) We shall say that
F is a Marchaud map if8>><
>>:

i) the graph domain of F is closed
ii) the values F (x) of F are convex
iii) the growth of F is linear: 9 c > 0 j 8 x 2 X;

kF (x)k := supv2F (x) kvk � c(kxk+ 1)

This covers the case of Marchaud control systems where
(x; u) 7! f(x; u) is continuous, aÆne with respect to
the controls u and with linear growth and when U is
Marchaud.

Our purpose is to characterize the viability of a subset
K under an impulse di�erential inclusion:

De�nition 4.2 We shall say that a subset K is viable3

under an impulse di�erential inclusion (F;R) if from
any initial state x of K starts at least one run viable in
K.

The Viability Theorem4 and its consequences imply the
following

Theorem 4.3 Let (F;R) be an impulse di�erential in-
clusion and K � X be a closed subset. Assume that F
is Marchaud and that R is upper semicontinuous with
compact images5. Then the following statements are
equivalent

1. K is viable under (F;R),

2. The subset6 KnR�1(K) is locally viable under F ,

3. K, F and R are linked through the tangential
condition7

8 x 2 KnR�1(K); F (x) \ TK(x) 6= ;

Since the existence of solutions to hybrid di�erential
inclusions amounts to the viability of the graph of the

3Viability issues (\positively invariance") for hybrid systems
has been studied in [12, Hespanha & Morse] (Lemma 3).

4See for instance Theorems 3.2.4, 3.3.2 and 3.5.2 of [1, Aubin].
5This assumption implies that R�1(K) is closed, which is the

property we really need. It remains true when we assume only
that the subsets K \ (R(x) + B) are compact, where B denotes
the unit ball.

6The subset KnC denotes the intersection of K and the com-
plement of C, i.e., is the set of elements of K which do not belong
to C.

7The contingent cone TL(x) to L � X at x 2 L is the set of
directions v 2 X such that there exist sequences hn > 0 converg-
ing to 0 and vn converging to v satisfying x+hnvn 2 K for every
n (see for instance [6, Aubin & Frankowska]) or [13, Rockafellar
& Wets] for more details).
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set-valued mapK under an associated auxiliary impulse
di�erential inclusion, we obtain a necessary and condi-
tion for the existence of solutions to hybrid di�erential
inclusions thanks to Theorem 4.3.

For that purpose, we need the de�nition of the contin-
gent derivative DK(e; x) : E ; X of a set-valued map
K : E ; X at a point (e; x) of its graph: It can be
de�ned by

Graph(DK(e; x)) := TGraph(K)(e; x)

We also need to introduce the set-valued mapK1 : E ;
X de�ned by

Graph(K1) := Graph(K)nR�1(Graph(K))

We observe that whenever R(e; x) := RE(e) � RX(x),
the map K1 can be de�ned through the formulas

8 e 2 E; K1(e) = K(e) \ R�1X (K(RE(e))

Theorem 4.4 Let (K;F;R) be a hybrid di�erential in-
clusion. Assume that F is Marchaud and that R is
upper semicontinuous with compact images. Then the
hybrid di�erential inclusion has a solution for every ini-
tial state if and only if

8 e 2 E;8 x 2 K(e)nK1(e); F (e; x) \DK(e; x)(0) 6= ;

5 Lyapunov Functions

5.1 Lyapunov Functions for Di�erential Inclu-
sions
Let us consider the dynamics (F;R) of an impulse dif-
ferential inclusion and a time-dependent function w(�)
de�ned as a solution to the di�erential equation

w0(t) = �'(x(t); w(t)) (1)

where ' : X �R+ ! R is a given continuous function
with linear growth.

This section is devoted to speci�c viability constraints
| called, dynamical inequalities | which can be writ-
ten in the form

8 t 2 [0; T ]; v(x(t)) � w(t)

where v : X 7! R+ [ f+1g is a given nontrivial non-
negative extended function.

We recall that the epigraph of the contingent epideriva-
tive D"v(x) of v at x is the contingent cone to the
epigraph of v at (x;v(x)):

Ep(D"v(x)) := TEp(v)(x;v(x))

and that

8 u 2 X; D"v(x)(u) = lim inf
h!0+; u02u

v(x + hu0)� v(x)

h

See for instance Chapter 6 of [6, Aubin & Frankowska]
or [13, Rockafellar & Wets]for more details. One can
�nd in Chapter 9 of [1, Aubin] the following results:
When F is Marchaud and ' continuous with linear
growth, we know that the two following statements are
equivalent:

1. From every x0 2 Dom(v) starts a solution x(�)
to the di�erential inclusion x0 2 F (x) and from
v(x0) starts a solution w(�) to the di�erential
equation w0 = '(x;w) such that v(x(t)) � w(t)
for all positive times

2. the dynamics F and the extended function v are
linked by the property8

8 x 2 Dom(v); inf
v2F (x)

D"v(x)(v)+'(x;v(x)) � 0

If these equivalent properties do not hold true, there ex-
ists an extended lower semicontinuous function v/ � v
which is the smallest of the lower semicontinuous func-
tions v � v satisfying the above equivalent properties.

5.2 Lyapunov Functions for Impulse Di�erential
Inclusions
These results can be also extended to the case of im-
pulse di�erential inclusions:

Theorem 5.1 Let v be a nontrivial nonnegative lower
semicontinuous extended function, F : X ; X, be a
Marchaud map, R : X ; X be an upper semicontinu-
ous map with compact images and ' : X �R+ ! R be
continuous with linear growth. We set

1. vR(x) := infy2R(x) v(y), the marginal function,

2. RvR(x) := fy 2 R(x) j v(y) = vR(x)g, the
marginal map.

Then the two following conditions are equivalent:

1. for any initial state x0 2 Dom(v), there exist
a run x(�) to the impulse di�erential inclusion
(F;R) and a solution to the di�erential equation
w(�) to (1) satisfying property

8 t � 0; v(x(t)) � w(t); w(0) = v(x(0) (2)

2. v is a contingent solution to the Hamilton-Jacobi
variational inequalities: whenever v(x) < vR(x),
then

inf
v2F (x)

D"v(x)(v) + '(x;v(x)) � 0 (3)

8We recognize the classical de�nition of one brand of Lya-
punov functions because when v is di�erentiable, F � f is single-
valued, it boils down to

hv0(x); f(x)i + '(x;v(x)) � 0
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Proof | We set F(x;w) := F (x) � f�'(x;w)g and
R(x;w) := R(x)�fwg. Obviously, the impulse di�eren-
tial inclusion (F;R) has a run satisfying (2) if and only
if the auxiliary impulse di�erential inclusion (F;R) has
a run starting at (x0;v(x0)) viable in Ep(v).

Let us set vR(x) := infy2R(x) v(y). We then
note that R�1(Ep(v)) = Ep(vR) and that (x;w) 2
Ep(v)nR�1Ep(v) if and only if

v(x) � w < vR(x) := inf
y2R(x)

v(y)

Since F is Marchaud and R is upper semicontinuous
with compact images, this is equivalent to say that for
all (x;w) 2 Ep(v)nR�1Ep(v), there exists u 2 F (x)
such that (u;�'(x;w)) 2 TEp(v)(x;w).

This condition implies (3) because by taking w =
v((x)), we infer that

(v;�'(x;v(x))) 2 TEp(v)(x;v(x)) = Ep(D"v(x))

for some v 2 F (x). Hence v is a contingent solution to
the Hamilton-Jacobi variational inequality (3).

Conversely, since F (x) is compact and v 7! D"v(x)(v)
is lower semicontinuous, (3) implies that there exists
v 2 F (x) such that the pair (v;�'(x;v(x))) belongs to
TEp(v)(x;v(x)). If v(x) < w < vR(x), we observe that
for every � 2 R, (v; �) belongs to TEp(v)(x;w), and in
particular, for � := �'(x;w). 2

Therefore, a run (x(�); w(�) of the auxiliary impulse dif-
ferential inclusion (F;R) is de�ned in the following way:
At impulse time tn and initial conditions xn and w(tn)
such that v(xn) � w(tn), then

1. if vR(xn) � w(tn), we take tn+1 = tn and
xn+1 2 R(xn) such that v(xn+1) = vR(xn), so
that v(xn+1) � w(tn+1) = w(tn),

2. if w(tn) < vR(xn), there exist a solution x(�) to
the di�erential inclusion x0 2 F (x) starting at
time tn from xn and a solution w(�) to the di�er-
ential equation w0 = '(x;w) starting at time tn
from w(tn) satisfying v(x(t)) � w(t) until a time
tn+1 such that vR(x(

�tn+1)) = w(tn+1) if

w(tn) < min(v/(xn);vR(xn))

We thus reset the initialized state by taking
xn+1 2 R(x(�tn+1)) such that v(xn+1) =
vR(x(

�tn+1)) and wn+1 := w(tn+1), so that
v(xn+1) = w(tn+1). 2

Example: Exponential Lyapunov Func-
tions of a Impulse Di�erential Inclusion
Let us assume that the nontrivial lower semicon-
tinuous extended function v : X 7! R [ f+1g is
bounded from below: we set

v0 := inf
x2X

v(x)

The function v : X 7! R+ [ f+1g is said to
enjoy the a-Lyapunov property if and only if for
any initial state x0, there exists a run x(�) of the
impulse di�erential inclusion (F;R) satisfying

8 t � 0; v(x(t)) � w(t) := (v(x0)�v0)e
�at+v0

(4)
Such inequalities allow us to deduce many prop-
erties on the asymptotic behavior of v along some
runs of the impulsive di�erential inclusion, such
as the fact that v(x(t)) converges to v0.

We deduce from Theorem 5.1 with '(x;w) :=
a(w�v0) that property (4) holds true if and only
if whenever v(x) < infy2R(x) v(y), then

inf
v2F (x)

D"v(x)(v) + a(v(x) � v0) � 0 (5)

In particular, when v(x) := kx� ck2 and v0 := 0:

inf
v2F (x)

hx� c; vi+ 2akx� ck2 � 0

We call them exponential Lyapunov functions of a
impulse di�erential inclusion (with respect to a).

5.3 Lyapunov Functions for Hybrid Con-
trol Systems
Since a hybrid control systems de�ned by

�
i) x0(t) = f(e(t); x(t); u(t))
ii) x(t) 2 U(e(t); x(t))

(6)

reset by a set-valued map R : E � X ; E �
X is the impulse di�erential inclusions f0g �
f(K(e); x; U(x)), we can translate Theorem 5.1
to this case for characterizing an \hybrid" Lya-
punov function, de�ned as an extended functions
v : E � X 7! R [ f+1g possibly depending on
the locations (for instance v(e; x) := kx � c(e)k
where c(e) 2 K(e) is an equilibrium, i.e., a so-
lution to the equation f(e; c(e); u(e)) = 0 where
u(e) 2 U(c(e))).
Theorem 5.2 Let v : E �X ; R [ f+1g be a
nontrivial nonnegative lower semicontinuous ex-
tended function, U : E � X ; E � X, be a
Marchaud map, f : E � X � Y be a continu-
ous map with linear growth aÆne with respect to
the controls and R : E �X ; E �X be an up-
per semicontinuous map with compact images and
' : X�R+ ! R be continuous with linear growth.
We set

(a) vR(e; x) := inf(f;y)2R(e;x) v(f; y), the
marginal function,

(b) RvR(e; x) := f(f; y) 2 R(e; x) j v(f; y) =
vR(e; x)g, the marginal map.

Then the two following conditions are equivalent:

(a) for any initial state x0 2 Dom(v), there
exist a run (e(�); x(�) to the hybrid control
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system (6) and a solution to the di�erential
equation w(�) to (1) satisfying property:

8 t 2 [tn; tn+1[; v(e(tn); x(t)) � w(t)

(b) v is a contingent solution
to the Hamilton-Jacobi variational inequal-
ities: whenever v(e; x) < vR(e; x), then

inf
v2F (e;x)

D"v(e; x)(v) + '(x;v(e; x)) � 0

6 Hybrid Gradient Methods for Global
Optimization

Let us consider the minimization problem

v0 := inf
x2X

v(x)

where v : X 7! R [ f+1g is a nontrivial lower
semicontinuous extended function assumed to be
bounded from below.

A way to introduce the \Gradient Method" is to
use the simple di�erential inclusion

8 t � 0; x0(t) 2 B

where B denotes the unit ball of the �nite dimen-
sional vector space X , leaving open the direction
to be chosen by the algorithm. Instead of choos-
ing the velocities at random as in the methods of
simulated annealing and being satis�ed by con-
vergence in probability, we shall ask whether v
can be an exponential Lyapunov function for the
di�erential inclusion x0 2 B.

We introduce the function v/ � v which is the
smallest of the lower semicontinuous a-Lyapunov
functions larger than or equal to v, the minima
of which coincide with the global minima of v.
The gradient algorithm for v/ converges to global
minimal of v (see [9, Aubin & Najman] and Chap-
ter 8 of [2, Aubin] about the \Montagnes Russes
Algorithm").

Instead of using this (costly but eÆcient) algo-
rithm, we can use a reset map R as a discrete
search algorithm which can be paired with the
usual gradient method for jumping over local min-
ima.

Theorem 5.1 implies that whenever v(x) <

infy2R(x) v(y), then

inf
u2B

D"v(x)(u) + a(v(x) � v0) � 0 (7)

is necessary and suÆcient for the existence of
one run x(�) to the impulse di�erential inclu-
sion (B;R) starting from any given initial state
x0 2 Dom(v).

Therefore, a run (x(�); (�) of the auxiliary impulse
di�erential inclusion B�f�a(v(x)�v0)g; R�1) is

de�ned in the following way: At impulse time tn
and initial conditions xn and (v(x0)� v0)e

�atn +
v0 such that v(xn) � (v(x0)�v0)e

�atn+v0, then

(a) if vR(xn) � (v(x0) � v0)e
�atn + v0, we

take tn+1 = tn and xn+1 2 R(xn) such
that v(xn+1) = vR(xn), so that v(xn+1) �
(v(x0)� v0)e

�atn+1 + v0,

(b) if (v(x0) � v0)e
�atn + v0 < vR(xn), there

exist a solution x(�) to the gradient method

x0(t) 2 fw 2 BjD"v(x)(w)+a(v(x)�v0) � 0g

starting at time tn from xn satisfying
v(x(t)) � (v(x0)� v0)e

�at + v0 until a time
tn+1 such that vR(x(

�tn+1)) = w(tn+1) if

(v(x0)�v0)e
�atn+v0 < min(v/(xn);vR(xn))

We thus reset the initialized state by taking
xn+1 2 R(x(�tn+1)) such that v(xn+1) =
vR(x(

�tn+1)), so that v(xn+1) = (v(x0) �
v0)e

�atn+1 + v0. 2

References

[1] AUBIN J.-P. (1991) Viability Theory

Birkh�auser, Boston, Basel, Berlin

[2] AUBIN J.-P. (1997) Dynamic Economic The-

ory: A Viability Approach, Springer-Verlag

[3] AUBIN J.-P. (1999) Mutational and morpho-

logical analysis: tools for shape regulation and

morphogenesis, Birkh�auser

[4] AUBIN J.-P. (1999) Impulse Di�erential Inclu-

sions and Hybrid Systems: A Viability Approach,
Lecture Notes, University of California at Berkeley

[5] AUBIN J.-P. (2000) Optimal Impulse Control Prob-
lems and Quasi-Variational Inequalities Thirty Years

Later: a Viability Approach, in Contrôle optimal et

EDP: Innovations et Applications, IOS Press

[6] AUBIN J.-P. & FRANKOWSKA H. (1990) Set-
Valued Analysis, Birkh�auser, Boston, Basel, Berlin

[7] AUBIN J.-P. & HADDAD G. (to appear) Cadenced
runs of impulse and hybrid control systems, International
Journal Robust and Nonlinear Control

[8] AUBIN J.-P., LYGEROS J., QUINCAMPOIX. M.,
SASTRY S. & SEUBE N. (preprint) Impulse Di�erential

Inclusions: A Viability Approach to Hybrid Systems,

[9] AUBIN J.-P. & NAJMAN L. (1998) The Russian

Mountain Algorithm for Global Optimization, J. Mathe-
matical Methods of Operations Research

[10] BENSOUSSAN A. & LIONS J.-L. (1984) Im-

pulse control and quasi-variational inequalities,
Gauthier-Villars

[11] BENSOUSSAN A. & MENALDI (1997) Hybrid

Control and Dynamic Programming, Dynamics of Con-
tinuous, Discrete and Impulse Systems, 3, 395-442

[12] HESPANHA J.P, & MORSE A.S. (to appear)
Stabilization of nonhonolomic integrators via logic-based

switching,

[13] ROCKAFELLAR R.T. & WETS R. (1997) Vari-
ational Analysis, Springer-Verlag

p. 6


