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Abstract

A controlled hybrid automaton is a hybrid automaton
whose continuous-state trajectories satisfy inhomoge-
neous differential equations. This paper presents suffi-
cient conditions for the existence of periodic global so-
lutions of piecewise-linear controlled hybrid automata.

1 Introduction

The hybrid automaton [1] has emerged as an important
model for the analysis and design of hybrid dynamical
systems. In spite of its popularity, there is a significant
technical obstacle associated with verification of such
systems. This obstacle is that the verification problem
is undecidable for most interesting classes of systems
[3]. As a consequence, recent research has focused on
developing sophisticated tools that can only approxi-
mately verify the system’s safety [2] [4].

One way to get around this obstacle is to reframe the
verification question. In [8], such an approach was at-
tempted for the class of piecewise-linear controlled hy-
brid automata. Controlled hybrid automata have con-
tinuous states that satisfy inhomogeneous differential
equations driven by control inputs. Rather than asking
the traditional question of whether or not the system
reaches a specified state set, we ask whether or not
there exists a control forcing the system to that set. In
[8] it was shown that this question could be answered
in a necessary and sufficient manner for periodic so-
lutions of piecewise-linear controlled hybrid automata.
This paper summarizes and reports on recent progress
in extending that earlier work.

The remainder of this paper is organized as fol-
lows. Section 2 states preliminary definitions. Sec-
tion 3 states and proves the main result of the pa-
per; a sufficient condition for the existence of global
non-chattering non-terminating solutions of controlled
piecewise-linear hybrid automata. Section 4 shows how
we can verify this condition by solving a linear program.
If we cannot verify the existence of a solution, then sec-

tion 5 presents a method that systematically searches
for controller parameters enforcing the existence condi-
tions.

2 Preliminary Definitions

Definition 1 A controlled hybrid automaton H is
characterized by the T-tuple, (X,2,U, A, G, F, qo) where

e X is a smooth manifold in Euclidean n-space, R".
X is usually called the continuous state space of
the system.

e Y is a discrete set of symbols representing the dis-
crete states (also called modes) of the system.

o U is a compact subset of the real line, R, repre-
senting the control inputs to the system.

e A C XY x X isa set of ordered pairs representing
discrete events that are generated when the sys-
tem’s discrete state changes.

e G:A— P(X) maps each event (a,3) € A onto
a closed set G((a,3)) C X. The set G((«, B)) is
called the guard for event («, 3).

o F': X xU x X — R™ maps the current state
(z,a) € X x ¥ and the current control input u €
U onto a vector F(z,u,a) in R".

e go = (mo, ) € X x X is the initial state of the
system

Foragivena € ¥, welet F,, : X xU — R" represent the
vector field associated with mode «. The differential
equation

is called the modal equation associated with mode a.

Consider a controlled hybrid automaton, H, with initial
state go = (zo, ). The state machine associated with



‘H is represented by the ordered triple, (X, A, ap) where
Y is a set of vertices, A C ¥ x X is a set of arcs between
vertices, and ay € X is the initially marked vertex of
the machine. If a € ¥, then the postset of a (denoted
as ae) consists of all § € ¥ such that (a, ) € A. The
preset of a denoted as ea consists of all # € ¥ such
that (8,a) € A. Given a discrete set X, we let X*
denote the set of all finite length sequences formed by
concatenating elements of ¥. An element of ¥* is called
a string. A string o = {w1,ws, -, wn} is accepted by
the state machine (X, A, ap) if and only if w; = wp and
(wi,wi+1) € Afori= 1,...,N—1.

A trajectory is a function ¢ : I — X xX where I is an in-
terval in R. The value that a trajectory ¢ takes at time
7 € I is represented by the ordered pair (x(7),w(7))
where (1) € X and w(7) € ¥. The interval I is called
the interval of existence for the trajectory.

Given a trajectory q we say a time 7 € I is reqularif q is
continuous at 7. Otherwise, 7 is said to be a switching
instant. If a trajectory ¢ has an infinite number of
switching instants, then ¢ is non-terminating. If g has
an infinite number of switching instants over a finite
subinterval of its interval of existence, then ¢ is said to
be chattering.

Definition 2 A trajectory q I - X x X isa
solution of the controlled hybrid automaton H =
(X,X,U,A,G, F,q) if and only if

* q(0) = qo

e for all closed interals [14,m] C I that contain no
switching instants, there exists a € X, an ab-
solutely continuous trajectory x : [1q,7] — X,
and a measureable control u;[re, 7] — U such
that w(t) = a, and &(1) = Fo(z(7),u(r)) for all

T € [Ta, To)-

o At any switching instant 75 € I, there exist a, 3 €

Y such that
(,8) € A
z(rs) € G((a, ),
g = lim+ w(T)

3 Global Non-Terminating Solutions

This section states and proves two results concerning
the existence of global non-terminating solutions. The
first proposition is a well-known result that recursively
calls the Preset-operator to verify the existence of a
non-terminating trajectory. The second proposition di-
rectly solves the fixed point equation associated with
this Preset operator for the class of so-called piecewise-
linear controlled hybrid automata.

In order to state and prove the first result we need the
following definitions about reachable states and the so-
called Pre operator.

Definition 3 Consider a controlled hybrid automaton
H=(X,2,UAG,F,q). A state qf € X xX is reach-
able from qq if there exists a finite time T > 0 such that
the trajectory q : [0,T] = X XX is a solution of H where

qo = q(0) and q(T) = q;.

Definition 4 Consider a controlled hybrid automaton
H = (X,%,U,AG,Fq) and let K C X x X, then
go € Pre(K) if and only if there exists qf € K such
that g is reachable from qq.

The following proposition is a variation on a well known
result that has appeared numerous times in the litera-
ture [1] [7] for traditional hybrid automata.

Proposition 1 LetH = (X,%,U, A, G, F,q) be a con-
trolled hybrid automaton. Let the initial state be qo =
(®o,wo). If there exists a wy € X such that the recursion

K[n+1] = Pre(Kn]) N K[n]
K[0] = G((wy,wo))

converges to a nonempty set K* that contains qo, then
there exists a non-terminating solution q to H.

Proof: Clearly the sequence { K[n]} is a monotone non-
increasing sequence of closed sets. Therefore {K[n|}
converges to a closed set K*. By assumption ¢y € K*,
so K* is non-empty. Moreover K* C K[n] for all n. In
particular, K* C K[0] = G((8,a)).

Clearly Pre(K*) N K* C K*. So assume q € K* but
that ¢ ¢ Pre(K*) N K*. The fact that ¢ € K* implies
that ¢ € KJn] for all n. If ¢ ¢ Pre(KX*) N K*, then
g ¢ Pre(K*). This set is closed so we can find some
N such that for n > N, ¢ ¢ Pre(K[n]). This means,
however, that ¢ ¢ K[n + 1] = Pre(K[n]) N K[n]. Which
contracts our earlier assumption. So ¢ must also be in
Pre(K*) N K* and this implies K* = Pre(K*) N K* =
Pre(K*).

This final fact is necessary and sufficient for a non-
terminating solution to exist. For if K* = Pre(K™*) then
any point in K* is reachable from some other point in
K*. We assume qo € K*. The fact that K* = Pre(K*)
means we can always return to this set. Moreover since
K* C G((B,a)) we can select a trajectory that fires
the discrete event (3, «) infinitely often. The selected
trajectory therefore is non-terminating. e

Remark: The preceding proposition is the founda-
tion for many algorithmic approaches to the verifica-
tion problem. To establish that K* is non-empty, one



simply applies the recursion to one of the guards (or
some subset of desirable states). If the recursion con-
verges to a non-empty set, iK{*, then provided the initial
state starts in K*, we are assured of eventually reach-
ing K[0]. The problem with this approach is that the
recursion may not converge after a finite number of it-
erations. If finite termination does not occur, then it
is impossible to conclude that K* is non-empty. This
simple observation lies at the heart of the verification
problem’s undecidability [3].

Instead of attempting to compute K* through this re-
cursion, we attempt to compute K* directly from the
fixed point equation, K* = Pre(K*). This computation
may, in general, be very difficult. So we confine our at-
tention to the case of piecewise-linear controlled hybrid
automata because we can parameterize the guards as
convex combinations of extreme points.

Definition 5 A controlled hybrid automaton H =
(X,X,U,A,G, F,q) is piecewise-linear if and only if

e for all (o, B8) € A, there exists an integer N > 0
and a set of vectors v; (j =1,...,N) such that

N
G((o,B)) = {xE?R” : m:Z)\kvk,
k=1

N
1=\, and A, > 0 for all k}
k=1

e and the modal equation associate with mode o € X
has the form

Fy(z,u) = Ayz + Byu

where A, € R"*"™ and B, € R".

We now state the main result of this section. This
proposition is a sufficient condition for the exis-
tence of a measureable control, u, generating a non-
chattering non-terminating global solution of a con-
trolled piecewise-linear hybrid automaton. In the fol-
lowing result, we use the notation ¢|N to denote i mod-
ulo N.

Proposition 2 Let H be a piecewise-linear controlled
hybrid automaton. Assume there exists a string o =
Wo,Wwi, - -, WN_1 tn X* that is accepted by the state
machine associated with H. Let (A;, B;) denote the
pair of system matrices associated with mode w; (i =
0,...,N—1). Let V; (i =0,...,N — 1) be an n x p;
matriz whose jth column, vi; € R™ for j =0,...,p;—1
, is an extreme point of the guard G((wi,w(iy1)|n))- Let
C; be the controllability matriz

Ci=[ B; A;B; AB; AM'B; |

associated with mode w;. Let E; be an n X r; matriz
whose [th column vector, e € R™ for 1 =0,...,r; — 1,
is a standard basis vector for the subspace Im((C;).

If there exist real numbers T;, Ai;, and B; such that for
alli=0,...,N —1,

ri—1 pi—1 pi—1

0 = > Buea+eMT Y Njuig — Y Ajorg (1)
=0 7=0 j=0

1 = Z/\ij (2)
0 Z >\ij7 for allj:O,...,pi—l (3)

where k = (i + 1)|N in equation 1, then there exists
a global non-terminating and non-chattering trajectory
q:[0,00) = X x X that is a solution to H.

Proof: Note that any point z € Im(C;) can be repre-
sented as

where [; is some set of real numbers. Note that a point
z in the guard G((wi, w(;+1)/n)) can be written as

pi—1

T = E /\ijvij
Jj=0

subject to the constraints that A;; > 0 and Z;’!Ol Aij =
1.

In view of these above observations, we see that equa-
tion 1 can be rewritten as

eAiTiw; —w;yy € Im(C;) (4)
where w; is in G((wi—1)n,wi)) and wirp is in
G((wi,wit1n)). From linear systems theory [6], we
know that equation 4 is necessary and sufficient for
w;y1 to be reachable from w; in time T;. Substitut-
ing the explicit expressions for w;, w;+1 and a vector
in Im(C;) into equation 4 yields equation 1 and we can
infer that equation 1 is necessary and sufficient for the
mode w(;1)|n to be reachable in time T; from wy .
This relation holds for all 7 and coupling this with the
assumption that o is accepted implies that we have a
non-terminating solution to H. This non-terminating
solution is global because of the finite time 7; between
mode switches and it is obviously non-chattering. e

Remark: While the condition in the preceding propo-
sition is only sufficient for the existence of global non-
terminating solutions, it is necessary and sufficient for
the existence of a periodic solution that has the inter-
event switching times T5.



4 Verifying a Periodic Solution

This section shows how the condition in proposition 2
can be verified by solving a linear program. We begin
by reframing equation 1 and 2 as the following matrix
vector equations

c = S,
= [GT|FT [i] 5
[T |¥r [ g
where
GT _ [ blocleag(El) :|
L 0N><r
FT = - L }
| blockDiag(11xy,)
r erTOVO -V .. 0
r o 0 eAlT1\f1 0
[ Vo 0 o ANV,

N-1
where r =3"." " r; and

500 >\00
501 >\01

z= Bo,ro—1 , Y = A0,po—1

L ﬁN*l,’l"Nflfl i L AN*l,prlfl i

Equation 5 is a nonlinear algebraic equation because of
the matrix exponential functions in the I' matrix. If we
fix the time intervals T;, however, then this equation
is a linear algebraic equation in variables 8; and Aj;.
In particular, we simply seek a solution to this linear
algebraic equation in which A;; > 0.

Necessary and sufficient conditions for the existence of
an admissible solution to equation 5 subject to A;; > 0
are given by one of the theorems of the alternative [5].
The theorem of the alternative states that equation 5
has a solution subject to the constraints in equation 3
if and only if there exists no vector x such that

Gx<0,Fx=0,c'x>0 (7)

Finding such an x is accomplished by solving the fol-
lowing linear program.

maximize: cTx
subject to: Gx <0 (8)
Fx =0

Solutions to the above linear program have a special
form due to the fact that the vectors x satisfying Gx <
0 form a polytopic cone whose apex is at the origin. In

this case, there are two possible solutions. The solution
is either unbounded and positive or bounded and equal
to zero. Let the solution be x = 0. This means that
the original problem has a non-negative solution and we
can therefore infer that a global solution exists. If an
unbounded solution occurs, then our original algebraic
equation has no solution where y > 0 and this means
that no global solution exists for the specified switching
intervals T; .

In practice, we actually solve the following linear pro-
gram,

maximize: c¢Tx

subject to: Gx <0 )
Fx=0
—100 < x <100

The last constraint assures that the linear program re-
turns a bounded feasible point x. We can then read-
ily check to see if this solution corresponds to an un-
bounded solution of the original linear program in equa-
tion 8 by checking the Lagrange multipliers associated
with the upper and lower bound inequality constraints.
These constraints are active if the Lagrange multiplier
has nonzero components and if this is the case then
the original linear program clearly has an unbounded
solution. In this case, we can immediately infer that
the specified set of switching times T; does not admit a
non-terminating solution.

As an example consider the controlled hybrid automa-
ton shown in figure 1. This is a simple system whose
system matrices are

(4o, Bo) = <[1(/)4 3][ﬂ>

(A1, B1) = ([_f/g _09-’{110})

)
o= Bl

We let Th = 1 and 77 = 1 and solve the linear program
associated with this problem. For the case when Ty = 1
and T} =1, the largest Lagrange multipliers associated
with the lower bound inequality constraint had a value
of 0.4560. This means that one of the lower bounds is
active. We can therefore conclude that this choice of
Ty and T does not admit a non-terminating solution.
If we change these inter-event times to Tp = 1.7 and
T = 0.29, then the Lagrange multipliers associated
with the bounds are zero, indicating a non-terminating
trajectory exists.

The intermediate results of the linear program allow
us to characterize the switching sets and from these



r(1,2):{V11 V12, oo, Vip, }

(A1,B1) (A2, B2)

FRD={Var, Va2, ..., Vap,}

Figure 1: Hybrid Automaton for Example

sets we can identify control trajectories, u that enforce
the desired periodic behavior. This additional informa-
tion is contained in the solution vectors satisfying our
original system, S = c. This set of solutions can be
parametrized as 7 € 7, + null(S) where 7,0 is a par-
ticular solution to the inhomogeneous equation ¢ = S7.
From these parameterized solutions we can then pick
two specific points z(71) and x(7p) that we know are
mutually reachable from each other.

Once a pair of mutually reachable points have been
found, there are many choices for the open loop con-
trol driving the state between these two points. The
minimum energy control w(¢) that transfers the first
modal system from initial state z(7o) to a target state
z(r) is given by

ug(t) = Bg’eAg(Toit)no
wehre 7 is the solution of the equation
Wo (0, To)m = z(m) — e*T0x(rp)

Wo(0,T,) is the controllability Gramian of (Ag, Bp).
For this specific example, the details were worked out
in [8].

5 Searching for Periodic Solutions

If the optimizer of the linear program in equation 9
indicates a periodic solution doesn’t exist, then it may
be possible to adjust the times 7; to force a solution
at x = 0. This approach was originally proposed in [8]
where an ad hoc approach of searching for feasible T;
was proposed. This section presents a more systematic
search strategy based on the fact that optimal solutions
to the linear program in equation 9 are Karush-Kuhn-
Tucker (KKT) points [5].

The optimal solution, x, of the linear program in equa-
tion 9 will satisfy the Karush-Kuhn-Tucker (KKT) con-
dition

GTz+FTy + Ao =c (10)

where z, y, and A0 are Lagrange multipliers associated
with the inequality, equality, and bounding constraints,

respectively. If any of the bounding Lagrange multipli-
ers, Ay are nonzero, then we know that the system does
not have a non-terminating trajectory with the speci-
fied inter-event times T;.

So let’s consider perturbing the times T; by d7;. This
will change the F matrix. If the perturbation admits
a feasible solution, then the Lagrange multipliers asso-
ciated with the bounds, é,; will be zero. We force our
perturbation to still satisfy the KKT condition, which
means that our perturbed solution will still be an op-
timal solution to the perturbed linear program. The
perturbed KKT condition, therefore becomes

N
dFTy
5T = ¢ (11)

GTz+Fly +
i=1

From equations 10 and 11 we can infer that

dFTy] —
Y| 6T = —, 12
[ dT } 0 (12)

where T = [T, Ty, -+, Tv—1]" and 8T is a vector of the
perturbations ¢7;. Equation 12 immediately suggests
that the ”desirable” perturbation 67" will be

+

dFT
Y1 buo (13)

5?:[ ~
drT

where [A]T is the pseudo-inverse of matrix A.

The perturbation vector in equation 13 is chosen so
that the new optimal solution will reduce the non-zero
components in d,;9. So the basic idea is to use the per-
turbed times 07 to perturb the times T; and see if this
results in an optimizer in which the activity of the up-
per and lower bounds has been reduced. We simply re-
peat this until the Lagrange multipliers associated with
these bounds are reduced to zero.

A Matlab script was written to test this approach. It
was found however, that simply perturbing T; provided
insufficient freedom to null out the Lagrange multipliers
Awo- We therefore used a slightly different A; matrix
in which a control matrix K; is used. The controlled
system matrix multiplied by 7; becomes

AiT; = AT, + BiK;

This means that our I' matrix in equation 6 becomes

erTOVO -V, . 0
r — 0 eA1Th v, --- 0
-V, 0 AN Iy

We now have more free parameters to play with in at-
tempting to null out the nonzero Lagrange multipliers
AulO-



We used a simple Matlab script to test this particu-
lar idea on the problem shown above. The algorithm
converged after a finite number of iterations to a set
of gains Ky, K1, and times Ty and T3 that formed a
non-terminating solution. Figure 2 shows the largest
Lagrange multiplier associated with the active bound-
ing constraint. Note that this mutliplier decreasing in
an exponential manner to zero. Most of the simulations
we ran exhibited similar behavior.

0.8

Figure 2: Convergent Behavior of Search

Remark: For some test cases, the search decreased ex-
ponentially to a nonzero Lagrange multiplier d,;9. This
means that our search couldn’t locate one. Nonetheless,
in all cases the performance measure |J,,0| decreased in
the same manner as shown in figure 2. We suspect that
by using a more sophisticated conjugate gradient search
we should get better results.

Remark: In originally running these examples we used
Matlab’s function linprog. In some test cases, the op-
timal points returned by the function were not KKT
points. This was due to the fact that linprog was run-
ning a dual-primal interior point algorithm in which
some of the scaling transformation used in computing
the Lagrange multipliers suffered from round-off error
instabilities. By switching to the traditional simplex
algorithm, these problems were avoided.

6 Conclusions

This paper summarized an approach to the verification
of hybrid systems in which we verify the existence of
measureable controls enforcing a desired periodic be-
havior. The approach was first presented in [8]. In this
paper, we formally state and prove the proposition in a
somewhat more general context. Moreover, we present
an algorithm to search for controller parameters enforc-
ing a global non-terminating trajectory. This algorithm
appears to be a significant improvement over our earlier
search algorithm.
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