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Abstract

The control operations on a charged non-relativistic particle
by variable external fields are examined. Contrasting with
the static theory, the effective Hamiltonians for the sequen-
cies of field pulses have not necessarily lower bounds. In
particular, the Floquet systems of rotating fields can gener-
ate the harmonic oscillators turned upside down, with infi-
nite ladders of negative levels. The Floquet Hamiltonians re-
duced to pure negative kinetic energy can be also achieved;
they permit to invert the free evolution of the Schrödinger’s
particle, opening new perspectives in the control techniques.
The manipulation Hamiltonians without lower bounds imply
instability at the level of the quantum field theory

1 The manipulation problem

In its long past the theoretical physics was dominated by the
scheme of a dynamical system in static external conditions,
represented by a fixed, time independent Hamiltonian. The
time dependent external fields and/or conditions appear now
and then, as a secondary aspect. Yet, if any physical theory
was at all created, this is only since we live in a variable
universe, where the physical conditions can be changed and
the experiments can be performed. As the matter of fact, the
information contained in a fixed Hamiltonian (and in the as-
sociated one parameter dynamical group) is extremely poor.
It tells only how the system actually behaves, but it does
not tell how it could behave in different external conditions.
Thus, e.g., the information encoded in the free (empty space)
Schrödinger’s equation
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t

h̄2

2m
(1)

is almost void. To verify (1), the empty space is simply in-
sufficient: the space must contain at least some obstacles
on which the wave packet could diffract and some screens
on which it could be detected. The same concerns all other

cases of fixed Hamiltonians. From the operational point of
view they are not self-sufficient: no physical law can be
checked without elements of the manipulation theory [1, 2].
This turns quite explicit in particle trapping and mass spec-
troscopy [3]-[13], in trends of quantum control [14]-[49];
for microsystems driven by pulses of time dependent exter-
nal fields [14, 30, 48, 49].

Having this in mind, we propose that the dynamics of
a quantum system should be represented not by a single
Hamiltonian (or a single one-parameter group) but by a
wider collection G of manipulation operators U1 U2

which express not so much the actual evolution of the sys-
tem, but rather its entire capacity to evolve [50]. Assum-
ing that the manipulation operations U1 U2 can be su-
perposed, G should be a semigroup, and assuming that the
collection of the control (manipulation) parameters is non-
trivial, G is wider than the traditional one-parameter groups
of unitary operators. Let U G be one of the accessi-
ble operations, performed in a given time interval t1 t2 ,

t2 t1 0. Obviously, U can be represented as:

U e i H (2)

where H is a self-adjoint generator, called further the effec-
tive Hamiltonian for the operation (2). In the laboratory,
each ‘manipulated evolution’ (2) is induced by some time-
dependent instantaneous hamiltonians h t t t1 t2 ; yet,
the structure of H may be very different than that of h t .
The point is that H obeys the Baker- Campbell- Hausdorff
(BCH) composition [16]. Thus, e.g., if U in (2) is achieved
as the result of n manipulation steps, U Un U1, where
Uk exp i kHk are generated by the Hamiltonians Hk in
the time lapses k , then H is given by the discrete BCH for-
mula:

e i H e i nHn e i 1H1 (3)

where 1 n. Notice that neither H and Hk k
1 n are uniquely defined, nor the spectrum of H must
be similar to the spectra of H1 Hn. The manipulation
scheme which shows the closest analogy with the traditional



1-parameter dynamical groups concerns the periodic system
driven by a sequence of identical manipulation steps:

U e i H U n U n e in H (4)

If this is the case, (2) generates a Floquet process and H be-
comes a Floquet Hamiltonian. If U differs very little from
1, then the Floquet process might be a good strategy to ap-
proach a desired manipulation effect by a sequence of lit-
tle, careful steps resembling the approximation processes of
the traditional theory. The practical value of the method, of
course, depends on our ability to control the Floquet Hamil-
tonian and this is precisely the subject of our talk.

Below, we shall consider the simple case of a Schrödinger’s
particle in R3 controlled by electromagnetic field pulses. We
are interested in answering the following questions: (1) can
any unitary operation U : be induced as a manipula-
tion operation? (2) is the manipulation process stable, or can
it show some resonance sensitivity to the external radiation
of definite frequencies?

2 The positivity breaking: inverted oscillators

In the axiomatic quantum theories it is quite customary to
believe that the Hamiltonians must be positive. The intense
effort to assure the positivity property has lead some authors
to pay a high price, accepting even the negative probabilities.
Yet, the localization problems might inspire some doubts
[43]. The purely negative Hamiltonian (inverted oscillator)
have been proposed by Glauber and coworkers as the model
for the superfluorescence phenomena [44]. As subsequently
proved, the positivity fails for the effective Hamiltonians,
even if the instantaneous Hamiltonians H t are positive.
A simple case when this happens was described in 1989
[27, 28]. The charged, nonrelativistic particle of mass m
and charge e is placed in a homogeneous, rotating magnetic
field B t B ncos t m sin t , where n, m are two or-
thogonal unit vectors; the vector potential (in the laboratory
approximation) reads:

A t
1
2

x B t (5)

The instantaneous Hamiltonians H t in the Schrödinger’s
representation are defined by:

H t 1
2m p e

c A 2

1
2m p2 eB t

2c

2
x2 eB t M

2mc (6)

where x is the projection of x onto the plane orthogonal to
B t and M is the angular momentum. The evolution opera-
tor obeys:

dU t
dt

iH t U t (7)

For each fixed t , H t is manifestly positive, but this is no
longer true for the Floquet Hamiltonian. Indeed, after an el-

ementary transformation, using the simplified units and as-
suming that z is the rotation axis, one has:

U t eit Mz e it F (8)

F
1
2

p2 a2 y2 z2 aMx Mz (9)

where the algebraic type of (9) depends on one dimension-
less constant a eB 2mc (B = the constant norm
of the rotating magnetic field). If 0 579982655 , the
system is stable on quantum mechanical level (no paramet-
ric resonance); yet:

F 0A†
0A0 1A†

1A1 2A†
2A2 (10)

where A†
jA j are three commuting 1-dimensional oscillators,

j j , with j defined as 3 real roots of the 3-rd
order algebraic equation:

3 2 1 2 2 2 1 3 2 2 0 (11)

The first term in (8) is just the rotation and reduces to 1
for any t nT T 2 . Henceforth, F is a natural
Floquet Hamiltonian for the sequence of the time intervals
nT n 1 T n 1 2 3 Yet, F is not positive and has

no lower bound. Can it participate in a conservative energy
balance with the rest of the universe? The similar problem
was also detected in [51, 52, 53]. Before answering, let us
report more cases of the manipulation Hamiltonians.

3 Evolution loops: free evolution inverted

Some curious manipulation effects correspond to the exact
cases of the (BCH)-formula. An elementary example is the
following sequence of 12 unitary operations which closes to
unity [19]:

e i 1 q2
2 e i p2

2 e i 1 q2
2 e i p2

2 1 (12)

(the equivalence means the operator proportionality up
to a phase factor). Note that all operations in (12) have a
dynamical sense: the 6 exponentials exp i p2 2 are just
the incidents of the free evolution, while the exp iq2 2
represent limiting cases of sharp kicks of the oscillator po-
tential. The entire sequence of the 12 dynamical events pro-
duces an echo phenomenon for the non-spin states: at the
end of the process the Schrödinger’s particle always returns
to its initial state (compare the recent ideas about cooling
the particle clouds by potential kicks [47]). Since 6 of the
operators in (12) represent the free evolution incidents, the
identity implies that the free evolution can be inverted by the
sequence of 11 remaining operations:

e i 1 q2

2 e i p2

2 e i p2

2 e i 1 q2

2 ei p2

2 (13)



Note, that the echo formula (12) is just a particular case in
an ample family of the circular identities permitting to in-
vert the free evolution process (cf. [24], [29]). Some other
examples are:

e 3 i p2

2 e i 1 q2

2

3

e 2 i p2

2 e i 1 q2

2

4

1 (14)

implying again inversion formulae, e.g.:

e3i p2
2 e

i q2

2 e 3i p2
2 e

i q2

2 e 3i p2
2 e

i q2

2 (15)

with the effective Hamiltonians proportional to p2 2. The
geometric phases of Aharonov-Anandan type for the loop
processes (12, 14) are a separate problem [54, 55]; one of
possible techniques to determine them is based on the ob-
servation of the Gaussian packets (see [56]).

Figure 1. The triangular diagram of a simple evolution loop. The
vertices symbolize the kicks of the oscillator potential, while the
sides stand for the intervals of the free evolution.

Due to the identities (12-15) an ample class of dynamical
manipulations can be engineered just by deforming the loop
process [24, 45]. An elementary example is the two kick
operation:

e i p2

2 e i 1 1 q2

2 e i p2

2 e i 1 q2

2 ei ln qp pq
2 (16)

permitting to squeeze the wave packets in the coordinate
space [20, 46]. Note that the formulae analogous to (15-16)
are quite easy to implement inside of the ion traps [7].

It is quite essential that all these operations, i.e., the expo-
nential kicks in (12-16), the time manipulations (13-15) and
the squeezing (16), can be alternatively produced by softly
varying fields, without any abrupt potential shocks. The op-
erational key lies in a simple case of the Sturm Liouville
problem, known as the Helmholtz eigenvalue problem [57].
The Helmholtz differential equation is:

d2

dt2 t t 0 (17)

and the Helmholtz spectral problem consists in selecting the
values for which (17) has non-trivial solutions obeying the

boundary condition:

a b 0 (18)

where a b is a certain fixed interval. Suppose t in (17)
is non-negative in a b . Then, consider the quantum, time-
dependent oscillator piloted by t :

H t
p2

2
t

q2

2
(19)

Let U t a be the corresponding evolution operator given by
(7). It turns out, that if n is one of the spectral values

1 2 for (17-18), then the evolution operator U b a is
the product of parity, squeezing, and a q-dependent phase
factor:

U b a Pn ei q2
2 ei ln qp pq

2 (20)

(see [41, 46]). If moreover the ‘manipulation function’ t
is symmetric in the operation interval a b with respect to
the center a b 2, then the squeezing turns trivial (
1) and the evolution operation (20) yields a ‘soft imitation’
of a sharp oscillator kick. Henceforth, the ‘kick formulae’
(12-16) can be implemented by continuously varying fields,
without any -like pulses.

The parameters for generating the free evolution inversion
can be read as well from the Helmholtz equation (17),
though the boundary condition now must be of Neumann
type:

a b 0 (21)

If n is the n-th spectral value for the Sturm-Liouville
problem (17) and (21), and if t is symmetric in the oper-
ation interval a b , then the Hamiltonian (19) generates in
a b a ‘distorted free evolution’:

U b a Pn ei p2

2 (22)

where the ‘effective time’ , in general, does not coincide
with the real operation time b a. (The value of
for each particular manipulation function t can be very
easily determined by applying Prüfer method to solve the
1-dimensional spectral problems [58, 41]).

Note, that the manipulation operations (20), (22) can be
quite easily implemented in 2 space dimensions by plac-
ing a charged microparticle in a homogeneous, time depen-
dent magnetic field inside of an ideal cylindrical solenoid
[41, 45].

The analogous magnetic operations in 3 space dimen-
sions require just some more involved algebra. Thus, the
magnetically induced evolution loop (i.e., an echo phe-
nomenon for non-spin variables) in 3 dimensions is an el-
ementary phenomenon [24, 45]. The simplest such ef-
fect occurs for a charged Schrödinger’s particle affected
by a sequence of 6 rectangular, homogeneous magnetic
pulses in 6 time lapses T 2 along 3 orthogonal axes:
Bn Bn Bm Bm Bs Bs where n m s are three or-
thogonal unit vectors. If the process is periodically repeated,
the resulting Floquet operator depends just on one dimen-
sionless constant eBT 2mc. If:

r 2cos sin 0 (23)



then the 4 repetitions of our 6-pulse pattern closes the
evolution loop, creating a magnetic equivalent of the 3-
dimensional quantum oscillator. Some more general mag-
netic oscillators in R3 are created by n repetitions of the
6-pattern whenever r 2cos 2 l

n n 3 4 ; 0 2l n
[24]. The deformations of this process opens the door to
new manipulation techniques useful for the ‘quantum engi-
neering’. One of most interesting cases is the deformation
described in [45], which instead of closing to unity, produces
an operation inverse to the free evolution in R3

U e i p2

2 (24)

The existence of such a phenomenon in 3-space dimensions
implies that the evolution operations in the interaction frame
(normally superposed with the unavoidable free evolution)
may now appear alone, as the exact manipulation effects.
In particular, (24) makes possible a process composed of n
evolution steps U1 Un of the form U j e i jH j where

1H1 nHn 0. If Vj are small, the mechanism of the
BCH formula must then produce a precession effect:

U Un U1 e i He f (25)

1 n where the main part of the Hamiltonian

He f i
p2

2
q

1
2

q p p q (26)

generates a ‘nonlinear squeezing’. By applying the same
rule many times, one can approximate the manipulation op-
erations exp i He f with:

He f i
p2

2
ip2

2
q (27)

Note, that the operators of the form (27) are a natural basis
in the subspace of the hermitian polynomials f q p (with
Weyl’s ordering). Though the topological problems (strong
convergence) remain open, this indicates that there is no al-
gebraic barrier, which could forbid us to generate dynami-
cally quite an arbitrary unitary operation [19, 24].

4 Energy conversion

While to engineer any unitary operation might be only a
matter of patience, the stability and the energy exchange of
the manipulated system with rest of the universe are open
problems. Tentatively, two types of instability might be ex-
pected.

(1) The instability of the Floquet (periodic) systems due to
the parametric resonance. The phenomenon does not inval-
idate the manipulation designs; inversely, it can be a neces-
sary ingredient. An example is the generation of the squeez-
ing for the charged particle states, an effect (from the defini-
tion) belonging to the parametric resonance area.

(2) A different kind of instability occurs if the manipula-
tion Hamiltonian has no lower bound. It is quite surpris-
ing that the problem was almost overlooked in the literature.
Thus, e.g., Zeldovich himself, in his pioneer work of 1967
(where the hypothesis of the quasi-energy was formulated)
seemed convinced that the Floquet Hamiltonians must be
always bounded from below. He writes about: “... the tran-
sitions from the lowest quasienergy state (d) into an excited
state (2) with Ed E2 0” [59]. As if the quasienergy had
to possess always the ‘ground state’! This is not the case,
however; an elementary counter-example is the inverted har-
monic oscillator H p2 2 2q2 2 persistently en-
tering into the Floquet Hamiltonians of the rotating systems
[27, 28, 51, 52].

The ‘polemic incidents’ around this phenomenon seem quite
creative. Thus, Ford and O’Connel [53] notice the existence
of the “upside down oscillator” in the Floquet Hamiltonian
of the rotating systems but take it as a “serious defect” of
the rotating wave approximation, adding also that “... the
reservoir is not passive (...) and the second law of thermody-
namics is not satisfied”! Glauber comments his own model
almost ironically: “To be in actual possession of an inverted
oscillator would be a fantastic thing: it would solve the
world energy problem” (R. Glauber, in Proc. of VI Interna-
tional school in Ustroń, September 1985 [44]). Bialynicki-
Birula, Eberly and Kalinski construct a quantum analogue
of Trojan asteroids as the wave packets sustained by the ro-
tating electric field [51]. They notice the existence of an in-
verted oscillator but limit their discussion to the bound states
and quasienergy spectrum. Their work has met an objection
that the well in the rotating field is too shallow to sustain
a bound state [60, 61]. In the exchange of polemic notes
in Phys. Rev. Lett. both sides (the authors and the adver-
saries), seem to forget that the inverted oscillator cannot be
discussed on purely quantum mechanical ground. Indeed, if
one is interested only in quantum mechanical level, the ‘top
state’ of the inverted oscillator is as stable as the ‘ground
state’ of the traditional one. It is the level of quantum field
theory, which makes difference. While the ground state is
stationary, the “top state” is not: it is our hypothesis that the
particle in the rotating field, obeying the ‘negative oscilla-
tor’ will radiate spontaneously, sinking down into an infinite
ladder of the negative energy values. (The reservoir indeed
is not passive!). Yet, one has to remember that the system
in time dependent fields is not conservative: so, it can sink
ad infinitum, emitting endlessly, not as a perpetuum mobile
but at the cost of the external source maintaining the rotating
field. If so, the Floquet Hamiltonian would work as a ‘con-
version machine’, realistic case of Glauber’s model, which
absorbs the energy of the ‘mother field’ to reemit it as a ra-
diation of Floquet frequencies.

To check our hypothesis, we propose to observe the emis-
sion spectra of a charged particle gas distributed in the nodal
points of a coherent, standing electromagnetic wave. Nor-
mally, the charged particles in nodal points of a quickly os-
cillating electromagnetic field are supposed to be stable due



to the Kapitza-Landau ponderomotric force [28, 30]; but if
we are right, the gas will be unstable and will radiate spon-
taneously the Floquet frequencies.
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