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Devwudfw

Lq wklv sdshu/ zh dgguhvv vhyhudo wrslfv rq pxowludwh
v|vwhpv/ prvwo| lq d iuhtxhqf| grpdlq srlqw ri ylhz1
Zh �uvw vwxg| wkh iuhtxhqf| uhvsrqvh ri d pxowludwh
v|vwhp dqg ghulyh wkh doldvlqj frpsrqhqw +DF, uhsuh0
vhqwdwlrq1 Zh jlyh wkh uhodwlrqvkls ehwzhhq wkh DF
uhsuhvhqwdwlrq dqg wkh xvxvdo wudqvihu ixqfwlrq pdwul{
ri wkh oliwhg OWL v|vwhp1 Vhfrqgo|/ zh sursrvh d pxo0
wludwh yhuvlrq ri wkh Qhydqolqd0Slfn +QS, lqwhusrodwlrq
sureohp dqg jlyh d qhfhvvdu| dqg vx�flhqw vroydelolw|
frqglwlrq1 Wklv yhuvlrq ri wkh QS lqwhusrodwlrq sure0
ohp lv ri lqwhuhvw pdwkhpdwlfdoo| dqg kdv srwhqwldo ds0
solfdwlrqv lq dgguhvvlqj rwkhu lvvxhv lq frqwuro/ vljqdo
surfhvvlqj dqg flufxlw wkhru|1 Ilqdoo|/ dv dq dssolfd0
wlrq ri wkh pxowludwh yhuvlrq ri wkh QS lqwhusrodwlrq
sureohp/ zh irupxodwh dqg vroyh wkh urexvw prgho ydo0
lgdwlrq sureohp iru pxowludwh v|vwhpv zlwk iuhtxhqf|
grpdlq h{shulphqw gdwd1

4 Lqwurgxfwlrq

Pxowludwh v|vwhpv duh �qglqj pruh dqg pruh dssol0
fdwlrqv lq frqwuro/ vljqdo surfhvvlqj/ frppxqlfdwlrq/
hfrqrphwulfv dqg qxphulfdo pdwkhpdwlfv1 Wkh uhdvrq
iru xvlqj pxowludwh v|vwhpv pd| eh gxh wr kdugzduh
frqvlghudwlrqv ru gxh wr wkh idfw wkdw pxowludwh v|vwhpv
fdq riwhq dfklhyh remhfwlyhv wkdw fdqqrw eh dfklhyhg
e| vlqjoh udwh v|vwhpv1 Pxowludwh vljqdo surfhvvlqj lv
qrz rqh ri wkh prvw yleudqw duhdv ri uhvhdufk lq vljqdo
surfhvvlqj ^4;`1 Lq frqwuro frppxqlw|/ wkhuh kdv uh0
fhqwo| frqvlghudeoh uhvhdufk ghyrwhg wr pxowludwh frq0
wuroohu ghvljq ^5/ 46`1 Lq frppxqlfdwlrq frppxqlw|/
pxowludwh vdpsolqj lv xvhg iru eolqg v|vwhp lghqwl�fd0
wlrq dqg htxdol}dwlrq ^<`1 Rqh ri wkh vwdqgdug whfk0
qltxhv iru wkh dqdo|vlv dqg v|qwkhvlv ri pxowludwh v|v0
whpv lv eorfnlqj ru oliwlqj/ zklfk lv odujho| d wlph gr0
pdlq wrro1 Dv iru vlqjoh udwh v|vwhpv/ iuhtxhqf| grpdlq
dqdo|vlv ri pxowludwh v|vwhpv dovr sod|v dq lpsruwdqw
uroh lq wkhlu xqghuvwdqglqj1 Vrph suholplqdu| uhvxowv
kdyh ehhq jlyhq iru shulrglf v|vwhpv ^48/ 4;` dqg gxdo
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udwh v|vwhpv ^47`1 Lq wklv sdshu/ zh �uvw suhvhqw wkh
iuhtxhqf| uhvsrqvh surshuw| ri pxowludwh v|vwhpv xv0
lqj wkh doldvlqj frpsrqhqw +DF, uhsuhvhqwdwlrq1 Zh
dovr jlyh wkh uhodwlrqvkls ehwzhhq wkh DF uhsuhvhqwd0
wlrq dqg wkh vwdqgdug wudqvihu ixqfwlrq ri wkh oliwhg
htxlydohqfh/ zklfk fdq eh xvhg wr rewdlq wkh iuhtxhqf|
uhvsrqvh ri d pxowludwh v|vwhp e| vlqxvrlgdo h{shul0
phqw1 Vhfrqgo|/ prwlydwhg e| wkh zlgh dssolfdwlrqv
ri wkh Qhydqolqqd0Slfn +QS, lqwhusrodwlrq lq hqjlqhhu0
lqj sureohpv lqfoxglqj gljlwdo �owhu ghvljq ^;`/ frqwuro
^:` dqg flufxlw wkhru| ^7`/ zh sursrvh d frqvwudlqhg QS
lqwhusrodwlrq sureohp shuwlqhqw wr pxowludwh v|vwhpv
dqg jlyh d qhfhvvdu| dqg vx�flhqw vroydelolw| frqgl0
wlrq1 Pruh uhfhqwo|/ pxfk dwwhqwlrq kdv ehhq sdlg rq
ydolgdwlrq ri xqfhuwdlq prghov frqvlvwlqj ri d qrpl0
qdo prgho dqg d qrup erxqghg prgholqj xqfhuwdlqw|
^4/ 44/ 4:`1 Ilqdoo|/ zh vwxg| wkh urexvw prgho ydolgd0
wlrq sureohp ri pxowludwh v|vwhpv iurp iuhtxhqf| gr0
pdlq h{shulphqwdo gdwd xvlqj wkh vroydelolw| frqglwlrq
ri wkh frqvwudlqhg QS lqwhusrodwlrq1

5 Jhqhudo Pxowludwh V|vwhpv

Wkh vhwxs ri d jhqhudo PLPR pxowludwh v|vwhp lv
vkrzq lq Iljxuh 41 Khuh xl> l @ 4> 5> = = = > s> duh lqsxw
vljqdov zkrvh vdpsolqj lqwhuydov duh plk uhvshfwlyho|/
dqg |m > m @ 4> 5> = = = > t> duh rxwsxw vljqdov zkrvh vdp0
solqj lqwhuydov duh qmk uhvshfwlyho|/ zkhuh k lv d uhdo
qxpehu fdoohg edvh vdpsolqj lqwhuydo dqg pl> qm duh
qdwxudo qxpehuv +srvlwlyh lqwhjhuv,1 Zh zloo dvvxph
wkdw doo vljqdov lq wkh v|vwhp duh v|qfkurql}hg dw wlph
3/ l1h1/ wkh wlph 3 lqvwdqfhv ri doo vljqdov rffxu dw wkh
vdph wlph1 Lq wklv sdshu/ zh zloo irfxv rq wkrvh pxo0
wludwh v|vwhpv wkdw vdwlvi| fhuwdlq fdxvdo/ olqhdu/ vkliw
lqyduldqfh surshuwlhv zklfk duh wr eh gh�qhg ehorz1

Gmr 
• 

•

• 

•

y1

yq

u1 

up 

Iljxuh 4= D jhqhudo pxowludwh v|vwhp

Vlqfh zh qhhg wr ghdo zlwk vljqdov zlwk gl�huhqw udwhv/



lw lv pruh frqyhqlhqw dqg fohduhu wr dvvrfldwh hdfk vljqdo
h{solflwo| zlwk lwv vdpsolqj lqwhuydo1 Ohw cu +�, ghqrwh
wkh vsdfh ri Uu ydoxhg vhtxhqfhv=

cu +�, @ ii= = = > { +��, > m{ +3, > { +�, > { +5�, > = = =j

= { +n�, 5 Uuj=

Wkh v|vwhp lq Ilj1 4 lv d pds iurp �s
l@4c +plk, wr

�t
m@4c +qmk,1 Lw lv vdlg wr eh olqhdu li wklv pds lv d

olqhdu pds1

Ohw o 5 Q eh d pxowlsoh ri pl dqg qm > l @ 4> 5> = = = > s>
m @ 4> 5> = = = > t= Ohw �pl @ o@pl dqg �qm @ o@qm 1 Ghqrwh
wkh vhwv iplj dqg iqmj e| P dqg Q uhvshfwlyho| dqg
wkh vhwv i �plj dqg i�qmj e| �P dqg �Q uhvshfwlyho|1 Ohw
V = cu +�, �$ cu +�, eh wkh iruzdug vkliw rshudwru/ l1h1/

V i= = = > { +��, > m{ +3, > { +�, > = = =j

@ i= = = > { +�5�, > m{ +��, > { +3, > { +�, > = = =j =

Gh�qh

V �P @ gldj
�
V �p4 > = = = > V �ps

�
> V �Q @ gldj

�
V�q4 > = = = > V�qt

�
=

Wkhq wkh pxowludwh v|vwhp lq Ilj1 4 lv vdlg wr eh�
�P> �Q

�
0vkliw lqyduldqw ru ok shulrglf lq uhdo wlph li

JpuV �P @ V �QJpu= Qrz ohw Sw = cu +�, �$ cu +�, eh
wkh wuxqfdwlrq rshudwru/ l1h1/

Sw i= = = > { ++n � 4, �, > { +n�, > { ++n . 4, �, > = = =j

@ i= = = > { ++n � 4, �, > { +n�, > 3> = = =j

li n� � w ? +n . 4, �= H{whqg wklv gh�qlwlrq wr vsdfhv
�s
l@4c +plk, dqg �

t
m@4c +qmk, lq dq reylrxv zd|1 Wkhq

wkh pxowludwh v|vwhp lv vdlg wr eh fdxvdo li

Swx @ Swy , SwJpux @ SwJpuy

iru doo w 5 U= Lq wklv sdshu/ zh zloo frqfhqwudwh rq
fdxvdo olqhdu

�
�P> �Q

�
0vkliw lqyduldqw v|vwhpv1 Vxfk jhq0

hudo pxowludwh v|vwhp fryhuv pdq| idploldu fodvvhv ri
v|vwhpv dv vshfldo fdvhv1 Li pl> qm > o duh doo wkh vdph/
wkhq wklv lv dq OWL vlqjoh udwh v|vwhp1 Li pl> qm duh doo
wkh vdph exw o lv d pxowlsoh ri wkhp/ wkhq lw lv d vlqjoh
udwh o0shulrglf v|vwhp1 Li s @ t @ 4> wklv ehfrphv wkh
VLVR gxdo udwh v|vwhp vwxglhg lq ^6`1 Lipl duh wkh vdph
dqg qm duh wkh vdph/ wkhq wklv ehfrphv wkh PLPR gxdo
udwh v|vwhp vwxglhg lq ^45`1 Iru v|vwhpv uhvxowhg iurp
glvfuhwl}lqj OWL frqwlqxrxv wlph v|vwhpv xvlqj pxowl0
udwh vdpsoh dqg krog vfkhphv lq ^5/ 46`/ o wxuqv rxw wr
eh wkh ohdvw frpprq pxowlsoh ri pl dqg qm 1 Wkh vwxg|
ri pxowludwh v|vwhpv lq vxfk d jhqhudolw| dv lqglfdwhg
deryh/ krzhyhu/ kdv qhyhu ehhq grqh ehiruh1

D vwdqgdug zd| iru wkh dqdo|vlv ri vxfk v|vwhpv lv
wr xvh oliwlqj ru eorfnlqj1 Gh�qh d oliwlqj rshudwru Ou =
c +�,$ cu +u�, e|

Ou i= = = m{+3,> {+�,> = = =j $;A?
A=
= = = m

5
97

{+3,
111

{++u � 4,�,

6
:8 >
5
97

{+u�,
111

{++5u � 4,�,

6
:8 > = = =

<A@
A>

dqg ohw

O �P @ gldjiO �p4
> = = = > O �ps

j> O �Q @ gldjiO�q4 > = = = > O�qtj=

Wkhq wkh oliwhg v|vwhp J @ O �QJpuO
�4

�P
lv dq OWL v|v0

whp lq wkh vhqvh wkdw JV @ VJ1 Khqfh lw kdv wudqvihu
ixqfwlrq aJ lq �0wudqvirup1 Krzhyhu/ J lv qrw dq duel0
wudu| OWL v|vwhp/ lqvwhdg lwv gluhfw ihhgwkurxjk whup
aJ +3, lv vxemhfw wr d frqvwudlqw wkdw lv uhvxowhg iurp
wkh fdxvdolw| ri Jpu1 Wklv frqvwudlqw lv ehvw ghvfulehg
xvlqj wkh odqjxdjh ri qhvwv dqg qhvw rshudwruv ^45/ 46`1

Ohw [ eh d �qlwh glphqvlrqdo yhfwru vsdfh1 D qhvw
lq [ / ghqrwhg i[nj/ lv d fkdlq ri vxevsdfhv lq [ /
lqfoxglqj i3j dqg [ / zlwk wkh qrqlqfuhdvlqj rughulqj

[ @ [3 � [4 � � � � � [o�4 � [o @ i3j=

Ohw X / \ eh erwk �qlwh glphqvlrqdo yhfwru vsdfhv1 Gh0
qrwh e| O+X >\, wkh vhw ri olqhdu rshudwruv X $ \ 1
Dvvxph wkdw X dqg \ duh htxlsshg/ uhvshfwlyho|/ zlwk
qhvwv zklfk kdyh wkh vdph qxpehu ri vxevsdfhv/ vd|/
o . 4 dv deryh1 D olqhdu pds W 5 O+X >\, lv vdlg wr
eh d qhvw rshudwru li WXn � \n> n @ 3> 4> = = = > o= Wkh
vhw ri doo qhvw rshudwruv +zlwk jlyhq qhvwv, lv ghqrwhg
Q +iXnj> i\nj,= Li zh ghfrpsrvh wkh vsdfhv X dqg \ lq
wkh iroorzlqj zd|=

X @ +X3 � X4,� +X4 � X5,� � � � � +Xo�4 � Xo, +4,

\ @ +\3 �\4,� +\4 �\5,� � � � � +\o�4 �\o, +5,

wkhq d qhvw rshudwru W 5 Q +iXnj> i\nj, kdv wkh iro0
orzlqj eorfn orzhu wuldqjxodu irup

W @

5
99997

W44 3 � � � 3

W54 W55
1 1 1

111
111

111
1 1 1 3

Wo4 Wo5 � � � Woo

6
::::8
= +6,

Zulwh x @ O �Px> | @ O �Q|= Wkhq

x +3, @ ^x4+3, � � �x4++ �p4 � 4,p4k, � � �

xs+3, � � �xs++ �ps � 4,psk,`
W >

| +3, @ ^|4+3, � � � |4++�q4 � 4,q4k, � � �

|t+3, � � � |t++�qt � 4,qtk,`
W =

Qrwh wkdw xl +u, rffxuv dw w @ uplk> dqg |m +u, rffxuv
dw w @ uqmk= Gh�qh iru n @ 3> 4> = = = > o>

Xn @ ix+3, = xl+uplk, @ 3 li uplk ? nkj

\n @
�
|+3, = |m+uqmk, @ 3 li uqmk ? nk

�
=

Wkhq wkh oliwhg sodqw aJ zloo kdyh

aJ+3, 5 Q +iXnj> i\nj,= +7,

Qrz zh vhh wkdw hdfk pxowludwh v|vwhp kdv dq htxlyd0
ohqw vlqjoh udwh OWL v|vwhp vdwlvi|lqj d fdxvdolw| frq0
vwudlqw1 Wklv fdxvdolw| frqvwudlqw lv fkdudfwhul}hg e| d
qhvw rshudwru frqvwudlqw dv lq +7, rq lwv wudqvihu ixqf0
wlrq1



6 Iuhtxhqf| Uhvsrqvh

Wr pdnh wkh iuhtxhqf| uhodwlrq dprqj doo wkh
lqsxw vljqdov zlwk gl�huhqw vdpsolqj udwh fohdu/
zh vkdoo xvh wkh Irxulhu wudqvirup ri d vhtxhqfh
ixl+3,> xl+plk,> xl+5plk,> = = = > j zlwk vdpsolqj lqwhuydo
plk> lqfrusrudwlqj wkh uhdo wlph iuhtxhqf|1 Iru pruh
ghwdlo/ uhihu wr Vhf1 :17 lq ^43`1 Wkh Irxulhu wudqvirup
ri wkh lqsxw vljqdo ixl+nplk,j> l @ 4> = = = > s> lv

Xl+h
m$plk, @

4[
n@3

xl+nplk,h
�m+$nplk,=

Lw lv zhoo0nqrzq wkdw Xl+h
m$plk, lv shulrglf zlwk shulrg

5�
plk

= Wkh ohqjwk0 �pl DF uhsuhvhqwdwlrq ri xl lv gh�qhg
dv ^49/ 47`

XDF
l +hm$ok, @

5
9997

Xl
�
hm$plk

�
Xl+h

m+$. 5�
ok
,plk,

111

Xl+h
m+$. 5�

ok
+o�pl,k,,

6
:::8 > 3 � $ ?

5�

ok
=

Lq frqwudvw wr wkh wlph grpdlq oliwlqj lq wkh odvw vhf0
wlrq/ wkh DF uhsuhvhqwdwlrq ri xl fdq eh frqvlghuhg dv
wkh iuhtxhqf| grpdlq oliwlqj ri Xl+h

m$plk,1 Fohduo|/
wklv iuhtxhqf| grpdlq oliwlqj lv dovr d rqh0rqh fruuh0
vsrqghqfh dqg lw jlyhv d gl�huhqw uhsuhvhqwdwlrq wr wkh
vljqdo xl1 Ohw X l

�
hm$ok

�
> 3 � $ ? 5�

ok > eh wkh Irxulhu
wudqvirup ri xl @ O �pl

xl= Lw lv hdv| wr fkhfn wkh iroorz0
lqj htxdwlrq ^47/ 4;`

XDF
l +hm$ok, @ I �pl

G �pl
+hm$ok,X l+h

m$ok,

zkhuh I �pl
lv wkh �pl glphqvlrqdo GIW pdwul{ dqg

G �pl
+hm$ok, @ gldj

�
4> h�m$plk> = = = > h�m$+ �pl�4,plk

�
=

Iru wkh lqsxw x @
�
x4 � � � xs

�
3

ri wkh pxowludwh
v|vwhp vkrzq lq Ilj1 4/ gh�qh lwv ohqjwk0 �P DF uhsuh0
vhqwdwlrq dv

XDF+hm$ok, @

5
97
XDF
4

�
hm$ok

�
111

XDF
s

�
hm$ok

�

6
:8 =

Wkhq wkh Irxulhu wudqvirup X
�
hm$ok

�
ri x @ O �Px dqg

XDF+hm$ok, kdyh wkh iroorzlqj uhodwlrq

XDF+hm$ok, @ I �PG �P +hm$ok,X+hm$ok, +8,

zkhuh

I �P @ gldj +I �p4
> = = = > I �ps

,

G �P +hm$ok, @ gldj+G �p4
+hm$ok,> = = = > G �ps

+hm$ok,,=

Zh fdq dovr gh�qh wkh ohqjwk0 �Q DF uhsuhvhqwdwlrq
\ DF+hm$ok, ri wkh rxwsxw

\ DF+hm$ok, @ I �QG �Q +h
m$ok,\ +hm$ok,= +9,

Dv vkrzq lq Vhfwlrq LL/ dq + �P> �Q, vkliw0lqyduldqw pxo0
wludwh v|vwhp kdv d wudqvihu ixqfwlrq aJ= Wkhq zh kdyh

\ +hm$ok, @ aJ+hm$ok,X+hm$ok,= +:,

Lw iroorzv iurp +8 0 9, wkdw

\ DF+hm$ok, @ I �QG �Q +h
m$ok, aJ+hm$ok,

�G�4
�P
+hm$ok,I�4�P XDF+hm$ok,= +;,

Ghqrwh

JDF
�
hm$ok

�
=@ I �QG �Q +h

m$ok, aJ+hm$ok,G�4
�P
+hm$ok,I�4�P >

wkhq +;, ehfrphv

\ DF+hm$ok, @ JDF
�
hm$ok

�
XDF+hm$ok,= +<,

Zh fdoo JDF
�
hm$ok

�
wkh DF pdwul{ ri wkh pxowludwh

v|vwhp1 Wklv jlyhv xv wkh iroorzlqj lqwhusuhwdwlrq ri
wkh iuhtxhqf| uhvsrqvh iru dq + �P> �Q, vkliw0lqyduldqw
v|vwhp=

Ohw O4 @ pd{li �plj dqg O5 @ pd{mi�qmj= Ohw X$ eh
wkh vhw ri doo vljqdov wkdw frqvlvw ri vlqxvrlgdo frpsr0
qhqwv h{s+m$w . mn 5�ok w, ri wkh lqsxw> n @ 3> = = = > O4>
dqg \$ eh wkh vhw ri doo vljqdov wkdw frqvlvw ri vl0
qxvrlgdo frpsrqhqwv h{s+m$w . mn 5�ok w, ri wkh rxwsxw>
n @ 3> = = = >pd{li�qmj> zkhuh z 5 ^3> 5�ok ,= Wkdw lv

X$ @ id3h
m$w . d4h

m+$.5�@ok,w . � � � = dl 5 Fsj

\$ @ ie3h
m$w . e4h

m+$.5�@ok,w . � � � = el 5 Ftj

Wkhq wkh v|vwhp pdsv X$ lqwr \$ lq wkh vwhdg| vwdwh1
Qrwh wkdw w wdnhv wkh ydoxh ri plk ru qmk zklfk gh0
shqgv rq wkh vshfl�hg vljqdov1 Frpsduhg wr wkh OWL
v|vwhp aJ yld oliwlqj gh�qhg lq wkh odvw vhfwlrq/ wkh DF
pdwul{ lv frqyhqlhqw lq ghdolqj zlwk wkh vshfl�fdwlrqv
lq iuhtxhqf| grpdlq ^47`1

Wkh DF pdwul{ dqg wkh oliwhg wudqvihu ixqfwlrq pd0
wul{ ri d pxowludwh v|vwhp duh wzr frpsohphqwdu| uhs0
uhvhqwdwlrqv ri wkh pxowludwh v|vwhp1 Wkh oliwhg v|v0
whp wudqvihu ixqfwlrq h{klelwv wkh wlph grpdlq ihdwxuhv/
vxfk dv fdxvdolw|/ fohduo| exw revfxuh wkh iuhtxhqf| gr0
pdlq ihdwxuhv1 Rq wkh rwkhu kdqg/ wkh DF pdwul{ h{0
klelwv wkh iuhtxhqf| uhvsrqvh surshuwlhv pruh fohduo|
exw wkh fdxvdolw| ehfrphv revfxuh1 Rqh pd| eh pruh
dgydqwdjhrxv wkdq wkh rwkhu lq d sduwlfxodu dssolfdwlrq1

7 Frqvwudlqhg Qhydqolqqd0Slfn lqwhusrodwlrq

Ohw [l> l @ 4> = = = > q> eh �qlwh glphqvlrqdo Kloehuw
vsdfhv1 Dovr ohw X dqg \ eh �qlwh glphqvlrqdo Kloehuw
vsdfhv zlwk qhvwv iXnj dqg i\nj uhvshfwlyho|1 Ohw Xl
dqg \l eh olqhdu rshudwruv iurp [l wr X dqg iurp
[l wr \ uhvshfwlyho|1 Ohw �l> l @ 4> = = = > q> eh q

frpsoh{ qxpehuv rq wkh rshq xqlw glvf G1 Ghqrwh
K4+X >\, wkh Kdug| fodvv ri doo xqlirupo| erxqghg dq0
do|wlf ixqfwlrqv rq G zlwk ydoxhv lq O+X >\,= Ghqrwh
e| K4+iXnj> i\nj, wkh vhw ri ixqfwlrqv aJ 5 K4+X >\,



vdwlvi|lqj aJ +3, 5 Q +iXnj> i\nj,= Wkh wdqjhqwldo QS
lqwhusrodwlrq sureohp zlwk frqvwudlqw Q +iXnj> i\nj,
iru wkh gdwd �l/ Xl/ \l/ l @ 4> = = = > q> lv wr �qg +li
srvvleoh, d ixqfwlrq aJ lq K4+iXnj> i\nj, vxfk wkdw
n aJn4 � 4> dqg \l @ aJ+�l,Xl iru l @ 4> = = = > q= Ghqrwh
X =@ ^ X4 � � � Xq ` dqg \ =@ ^ \4 � � � \q `=

Ehiruh jrlqj lqwr wkh vroydelolw| frqglwlrqv ri wkh frq0
vwudlqhg QS lqwhusrodwlrq/ zh qhhg wr vwdwh d uhvxow rq
pdwul{ srvlwlyh frpsohwlrq1 Wkh pdwul{ srvlwlyh frp0
sohwlrq sureohp lv dv iroorzv ^8`= Jlyhq Elm > mm � lm �
t> vdwlvi|lqj Elm @ E�ml> �qg wkh uhpdlqlqj pdwul0
fhv Elm> mm � lm A t/ vxfk wkdw wkh eorfn pdwul{ E @
^Elm `

q

l>m@4
lv srvlwlyh gh�qlwh1 Wkh pdwul{ srvlwlyh frp0

sohwlrq sureohp zdv �uvw sursrvhg e| G|p dqg Jr0
kehuj ^8`/ zkr jdyh wkh iroorzlqj uhvxow=

Ohppd 4 Wkh pdwul{ srvlwlyh frpsohwlrq sureohp kdv

d vroxwlrq li dqg rqo| li

5
97

Ell � � � El>l.t

111
111

El.t>l � � � El.t>l.t

6
:8 � 3> l @ 4> = = = > q�t= +43,

Wkhruhp 4 Wkhuh h{lvwv d vroxwlrq wr wkh QS lqwhu0

srodwlrq sureohp zlwk frqvwudlqw Q +iXnj> i\nj, iru wkh

gdwd �l/ Xl/ \l/ l @ 4> ===> q> li dqg rqo| li

�
X�l Xm � \ �l \m

4� �l�m
� X�l �XnXm . \ �l �\n\m

�q
l>m@4

� 3

+44,
iru doo n @ 4> = = = > o1

Surri= Wkh qhvw rshudwru frqvwudlqw rq wkh lq0
whusrodwlrq ixqfwlrq aJ fdq eh frqvlghuhg dv dq dg0
glwlrqdo lqwhusrodwlrq frqglwlrq aJ +3, L @ W iru vrph
W 5 Q +iXnj> i\nj,1 Li zh vhw �3 @ 3> X3 @ L dqg
\3 @ W= E| wkh vroydelolw| frqglwlrq ri wkh vwdqgdug QS
lqwhusrodwlrq sureohp ^9`/ wkh QS lqwhusrodwlrq sureohp
zlwk qhvw rshudwru frqvwudlqw kdv d vroxwlrq li dqg rqo|
li wkhuh h{lvwv W 5 Q +iXnj> i\nj, vxfk wkdw

k
X�l Xm�\

�

l \m

4��l�m

lq
l>m@3

� 3= +45,

Ohw S @
k

X�l Xm�\
�

l \m

4��l�m

lq
l>m@4

/ zklfk lv wkh Slfn pdwul{

fruuhvsrqglqj wr wkh QS lqwhusrodwlrq sureohp zlwk
gdwd �l/ Xl/ \l/ l @ 4> ===> q> zlwkrxw frqvwudlqw1 Wkhq
+45, fdq eh uhzulwwhq dv

�
L � W �W X � W �\

X� � \ �W S

�
� 3= +46,

E| Vfkxu frpsohphqw/ +46, lv htxlydohqw wr

5
7 L X W �

X� S.\ �\ \ �

W \ L

6
8 � 3= +47,

Li zh ghfrpsrvh wkh vsdfhv X dqg \ dv lq +406,/ wkhq d
qhvw rshudwru W 5 Q +iXnj> i\nj, kdv d eorfn orzhu wul0
dqjxodu irup vkrzq lq +6,1 Wkhuhiruh/ wkh frqvwudlqhg
QS lqwhusrodwlrq sureohp kdv d vroxwlrq li dqg rqo| li
+47, krogv iru d eorfn orzhu wuldqjxodu pdwul{ W 1 Wklv
lv d pdwul{ srvlwlyh frpsohwlrq sureohp1 E| Ohppd 4/
+47, krogv iru vrph eorfn orzhu wuldqjxodu W li dqg rqo|
li

5
7 L �XnX 3

+�XnX,
� S.\ �\ +�\B

n
\ ,�

3 �\B
n
\ L

6
8 � 3 +48,

iru n @ 3> = = = > o= Xvlqj Vfkxu frpsohphqw wzlfh/ zh fdq
hdvlo| vkrz wkdw +48, lv htxlydohqw wr

S.+�\n\ ,
�+�\n\ ,� +�XnX,

�+�XnX, � 3 +49,

iru n @ 3> = = = > o= Zh fodlp wkdw lqhtxdolwlhv +49, zkhq
n @ 3 lv lpsolhg e| +49, zkhq n @ o1 Lq idfw/ zkhq
n @ o/ lqhtxdolwlhv +49, jlyhv

S � 3= +4:,

Zkhq n @ 3> lqhtxdolwlhv +49, jlyhv

5
97

�4 3
1 1 1

3 �q

6
:8S

5
97

�4 3
1 1 1

3 �q

6
:8 � 3= +4;,

Lw lv reylrxv wkdw +4:, lpsolhv +4;,1 Wkh surri lv wkhq
frpsohwhg e| qrwlflqj wkdw +49, lv h{dfwo| wkh vdph dv
+44,1

8 Iuhtxhqf| Grpdlq Prgho Ydolgdwlrq ri

Pxowludwh V|vwhpv

Lq wklv vhfwlrq/ zh h{whqg wkh uhvxowv lq ^4` wr pxo0
wludwh v|vwhpv1 Wkh vhwxs lv vkrzq lq Ilj 5/ zkhuh
Spu dqg �pu duh erwk pxowludwh v|vwhpv/ dqg wkh|
wrjhwkhu irup d pxowludwh xqfhuwdlq v|vwhp prgho zlwk
Spu �{hg dqg �pu xqnqrzq1 Khuh/ xl> l @ 4> = = = > s> duh
lqsxw vljqdov zkrvh vdpsolqj lqwhuydov duh p

3

lk dqg |m >
m @ 4> = = = > t> duh rxwsxw vljqdov zkrvh vdpsolqj lqwhu0

ydov duh q
3

mk= Dovr yl> l @ 4> = = = > u> dqg zm > m @ 4> = = = > v>
duh wkh dx{loldu| vljqdov zkrvh vdpsolqj lqwhuydov duh

plk dqg qmk uhvshfwlyho|1

Wkh prgho ydolgdwlrq sureohp frqvlghuhg lq wklv sd0

shu lv dv iroorzv1 Jlyhq Spu> dq xqfhuwdlqw| vhw zklfk

�pu ehorqjv wr/ d vhw ri wlph grpdlq h{shulphqwdo gdwd

rq xl dqg |l/ dqg d vhw H ri qrlvh vljqdov/ �qg rxw li wkhuh

h{lvwv d �pu lq wkh xqfhuwdlqw| vhw vxfk wkdw wkh h{0

shulphqwdo gdwd fdq eh uhsurgxfhg zlwk Spu dqg �pu

wrjhwkhu zlwk wkh qrlvhv H =

Dvvxph wkdw erwk Spu dqg �pu duh ok shulrglf lq

uhdo wlph iru vrph lqwhjhu o= Ohw �p3

l @ o@p3

l> �q
3

m @ o@q3

m >
�pl @ o@pl> �qm @ o@qm = Dqg ohw | @ O

�Q 3|> x @ O
�P3x>
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Iljxuh 5= D jhqhudo pxowludwh OIW xqfhuwdlq prgho

y @ O
�Py> z @ O

�Qz> dqg

S @

�
O

�Q 3 3
3 O

�Q

�
Spu

�
O

�P3 3
3 O

�P

�
�4

� @ O �Q�pu +O �P ,�
4

zkhuh O �Q 3 > O �P3 > O �P > O �Q duh dssursuldwho| gh�qhg dv
lq Vhfwlrq LL1 Wkhq wkh pxowludwh xqfhuwdlq v|vwhp lq
Ilj1 5 lv frqyhuwhg wr dq htxlydohqw OWL xqfhuwdlq v|v0
whp zlwk d fdxvdolw| frqvwudlqwv vkrzq lq Ilj1 61

P

∆

ey

w v

u

Iljxuh 6= Wkh htxlydohqw OWL xqfhuwdlq prgho

Ghqrwh

y +3, @ ^y4+3,
W > = = = > y4++ �p4 � 4,p4k,

W > = = = >

yu+3,
W > = = = > yu++ �pu � 4,puk,

W `W

z +3, @ ^z4+3,
W > = = = > z4++�q4 � 4,q4k,

W > = = = >

zv+3,
W > = = = > zv++�qv � 4,qvk,

W `W

x +3, @ ^x4+3,
W > = = = > x4++ �p

3

4
� 4,p3

4
k,W > = = = >

xs+3,
W > = = = > xs++ �p

3

s � 4,p3

sk,
W `W

| +3, @ ^|4+3,
W > = = = > |4++�q

3

4 � 4,q34k,
W > = = = >

|t+3,
W > = = = > |t++�q

3

t � 4,q3tk,
W `W =

Gh�qh iru n @ 3> 4> = = = > o/

Yn @ iy+3, = yl+uplk, @ 3 li uplk ? nkj

Zn @ iz+3, = zm+uqmk, @ 3 li uqmk ? nkj

Xn @ ix+3, = xl+up
3

lk, @ 3 li up3

lk ? nkj

\n @
�
|+3, = |m+uq

3

mk, @ 3 li uq3mk ? nk
�
=

Wkhq wkh fdxvdolw| frqvwudlqwv wkdw S dqg � vdw0
lvi| duh aS +3, 5 Q +iXn � Ynj> i\n � Znj, dqg a�+3,
5 Q +iZnj> iYnj,> zkhuh aS dqg a� duh wudqvihu ixqf0
wlrqv ri S dqg � uhvshfwlyho|1 Wkh prgho ydolgdwlrq
iru pxowludwh v|vwhpv Spu dqg �pu duh wkhq frqyhuwhg
wr wkdw iru OWL v|vwhp S dqg � vdwlvi|lqj wkh deryh
fdxvdolw| frqvwudlqwv1

Wr vwdwh wkh iuhtxhqf| grpdlq prgho ydolgdwlrq sure0
ohp/ zh qhhg wr lqwurgxfh d ihz gh�qlwlrqv1 Ohw G� =@
i� = m�m ? �j > gh�qh

K4 +�, =@ i aI +�, = aI lv dqdo|wlf lq G�

dqg vxs
�5G�

��+ aI , ?4j

K4 +�> �, =@ i aI +�, = aI lv dqdo|wlf lq G�

dqg vxs
�5G�

��+ aI , � �j

zkhuh �� +�, ghqrwhv wkh odujhvw vlqjxodu ydoxh1 Dvvxph
wkdw dq xqfhuwdlq prgho ri wkh oliwhg OWL htxlydohqfh ri
d pxowludwh v|vwhp lv uhsuhvhqwhg e| wkh OIW I+ aS> a�,>
zkhuh wkh qrplqdo prgho aS 5 K4+�, lv jlyhq vdwlvi|0
lqj aS55 5 K4+�> 4

�
, dqg wkh xqfhuwdlqw| a� lv nqrzq

d sulrul wr vdwlvi| a� 5 K4 +�> �,1 E| fduu|lqj rxw d
vhulhv ri vwhdg| vwdwh iuhtxhqf| uhvsrqvh h{shulphqwv
rq wkh pxowludwh v|vwhp/ zh fdq rewdlq wkh iuhtxhqf|
uhvsrqvh gdwd iru wkh OWL htxlydohqw v|vwhp X l dqg \ l

dw gl�huhqw iuhtxhqf| srlqwv $l 5 ^3> �,> l @ 4> = = = > q> e|
htxdwlrqv +8, dqg +9,1 Qrwh wkdw X l dqg \ l fdq dovr eh
rewdlqhg e| wkh Glvfuhwh Irxulhu Wudqvirup iurp wlph0
grpdlq gdwd ri x dqg |= Wkh prgho ydolgdwlrq sure0
ohp lv wr whvw zkhwkhu wkh xqfhuwdlq prgho lv frqvlvwhqw
zlwk wkh h{shulphqwdo gdwd/ l1h1 zkhwkhu wkhuh h{lvwv d
a� 5 K4 +�> �, zlwk a�+3, 5 Q +iZnj> iYnj, vxfk wkdw

\ l @ I+ aS +hm$l,> a�+hm$l,,X l .Hl/ l @ 4> = = = > q +4<,

iru vrph Hl 5 H > zkhuh H lv d frpsdfw frqyh{ vhw uhsuh0
vhqwlqj d erxqg rq wkh phdvxuhphqw qrlvh1 Iurp Ilj1
6/ zh vhh wkdw +4<, lpsolhv

\ l @ aS44+�l,X l .
aS45+�l,Y l .Hl +53,

Z l @ aS54+�l,X l . aS55+�l,Y l +54,

Y l @ a�+�l,Z l +55,

iru vrph Y l> Z l/ l @ 4> = = = > q> zkhuh �l @ hm$l 1

Wkhruhp 5 Iru gdwd X
4
> = = = > Xq dqg \

4
> = = = > \ q/ Gh0

�qh


l =@
q
Y l = \ l @

aS44+�l,X l .
aS45+�l,Y l .Hl> Hl 5 H

r
=

Wkh xqfhuwdlq prgho lv qrw lqydolgdwhg li dqg rqo|

li wkhuh h{lvwv d vhtxhqfh Y =@ +Y 4> = = = > Y q, zlwk

Y l 5 
l> l @ 4> = = = > q> vxfk wkdw Kn +Y , � 3 iru doo

n @ 4> = = = > o> zkhuh

Kn+Y , @

�
Kn44+Y , Kn45+Y ,
Kn54+Y , L

�

Kn44+Y , @�
X�

l
aS�

54
+�l, aS54+�m,Xm

4�+4@�5,��l�m
. X

�

l
aS �54+�l,�Zn

aS54+�m,X m

�q
l>m@4

.

�
X�

l
aS�

54
+�l, aS55+�m,Y m

4�+4@�5,��l�m
. X

�

l
aS �54+�l,�Zn

aS55+�m,Y m

�q
l>m@4



.

�
Y �

l
aS�

55
+�l, aS54+�m,Xm

4�+4@�5,��l�m
. Y �l aS

�
55+�l,�Zn

aS54+�m,Xm

�q
l>m@4

Kn45+Y , @ G�YTn @ ^Y �lTnlm `
q
l>m@4

Kn54+Y , @ TnGY @
�
TnlmY m

�q
l>m@4

GY @gldj+Y 4> = = = > Y q,

T5
n @�
4

�5
L� aS�

55
+�l, aS55+�m,

4�+4@�5,��l�m
� 4

�5�Yn .
aS �55+�l,�Zn

aS55+�m,

�q
l>m@4

=

Surri= Zh nqrz wkdw aS55 +3, 5 Q +iYnj> iZnj,
vlqfh aS +3, 5 Q +iXn �Ynj> i\n �Znj,= Gh�qh aI +�, @
� aS55+��,/ wkhq n aIn4 � 4/ zlwk aI +�l@�, @ � aS55+�l,
dqg aI +3, 5 Q +iYnj> iZnj,= E| Wkhruhp 4/ zh jhw
�5T5

n � 3 iru doo o @ 4> = = = > o= Wklv vkrzv wkdw Tn lv
zhoo0gh�qhg1 Frqvlghu qrz wkh sureohp ri �qglqj dq
dqdo|wlf aI 5 K4+iZnj> iYnj, vxfk wkdw

aI +�l@�,Z l @
4

�
Y l> ;l @ 4> = = = > q +56,

dqg n aIn4 � 4= Wklv lv d wdqjhqwldo QS lqwhusrodwlrq
sureohp zlwk frqvwudlqw Q +iZnj> iYnj,1 E| Wkhruhp
4/ wkhuh h{lvwv d vroxwlrq li dqg rqo| li�
Z�

lZ m�
4

�5
Y lY m

4�+4@�5,��l�m
�Z �

l�Zn
Z m .

4
�5Y

�

l�YnY m

�q
l>m@4

�

3
iru doo n @ 4> = = = > o= Vxevwlwxwlqj +54, lqwr wkh deryh
lqhtxdolw| |lhogv

Kn44 +Y ,�G�YT
5
nGY � 3= +57,

Lw iroorzv e| Vfkxu frpsohphqw wkdw +57, lv htxlydohqw
wr Kn +Y , � 3= Khqfh/ wkhuh h{lvwv d ixqfwlrq aI 5
K4+iZnj> iYnj, vxfk wkdw +56, krogv dqg n aIn4 � 4
li dqg rqo| li Kn +Y , � 3 iru doo n @ 4> = = = > o1 Rq wkh
rwkhu kdqg/ li zh vhw a�+�, @ � aI +�@�,/ wkhq aI kdv wkh
deryh surshuw| li dqg rqo| li a�+�, 5 K4+�> �, zlwk
a�+3, 5 Q+iZnj> iYnj, vxfk wkdw +4<, krogv 1 Wkhuh0
iruh/ wkh xqfhuwdlq prgho lv qrw lqydolgdwhg li dqg rqo|
li Kn+Y , � 3> n @ 4> = = = > o> iru vrph Y @ +Y 4> = = = > Y q,
zlwk Y l 5 
l1 Wklv frpsohwhv wkh surri1

9 Frqfoxvlrq

Lq wklv sdshu/ d iuhtxhqf| grpdlq phwkrg iru wkh
dqdo|vlv dqg prgho ydolgdwlrq lv suhvhqwhg iru jhqhudo
pxowludwh v|vwhpv1 Iluvw/ zh jhqhudol}h wkh iuhtxhqf|
uhvsrqvh surshuw| ri OWL v|vwhpv wr pxowludwh v|vwhpv1
zh wkhq sursrvh dqg vwxg| d pxlwhudwh yhuvlrq ri wkh
QS lqwhusrodwlrq sureohp dqg jlyh d qhfhvvdu| dqg vxi0
�flhqw vroydelolw| frqglwlrq1 Ilqdoo| zh irupxodwh dqg
vroyh wkh urexvw prgho ydolgdwlrq sureohp iru pxowludwh
v|vwhpv zlwk iuhtxhqf| h{shulphqwdo gdwd1

Uhihuhqfhv

^4` M1 Fkhq1 _Iuhtxhqf|0grpdlq whvwv iru ydolgdwlrq
ri olqhdu iudfwlrqdo xqfhuwdlq prghov%1 LHHH Wudqv1

Dxwrpdw1 Frqwu1/ 75=:7;~:93/ 4<<:1

^5` W1 Fkhq dqg O1 Tlx1 _K4 ghvljq ri jhqhudo
pxowludwh vdpsohg0gdwd frqwuro v|vwhpv%1 Dxwrpdwlfd/
63=446<~4485/ 4<<71

^6` W1 Fkhq/ O1 Tlx/ dqg H1 Edl1 _Jhqhudo pxouludwh
exloglqj eorfnv dqg wkhlu dssolfdwlrq lq qrqxqlirup �o0
whu edqnv%1 LHHH Wudqv1 rq Flufxlwv dqg V|vwhpv/ Sduw

LL/ 78=<7;~<8;/ 4<<;1

^7` S1 Ghovduwh/ \1 Jhqlq/ dqg \1 Ndps1 _Rq wkh uroh
ri wkh Qhydqolqqd0Slfn sureohp lq flufxlw dqg v|vwhp
wkhru|%1 Flufxlw Wkhru| Dssolfdwlrq/ <=4::~4;:/ 4<;41

^8` K1 G|p dqg L1 Jrkehuj1 _H{whqvlrqv ri edqg
pdwulfhv zlwk edqg lqyhuvhv%1 Olqhdu Dojheud dqg lwv

Dssolfdwlrqv/ 69=4~57/ 4<;41

^9` F1 Irldv dqg D1 H1 Iud}kr1 Wkh Frppxwdqw Oliw0

lqj Dssurdfk wr Lqwhusrodwlrq Sureohpv1 Elunk�dxvhu/
4<<31

^:` M1 Z1 Khowrq1 Rshudwru Wkhru|/ Dqdo|wlf Ixqf0

wlrqv/ Pdwulfhv/ dqg Hohfwulfdo Hqjlqhhulqj1 Suryl0
ghqfh/ Ukrgh Lvodqg/ 4<;:1

^;` W1 Ndlodwk1 _D ylhz ri wkuhh ghfdghv ri olqhdu
�owhulqj wkhru|%1 LHHH Wudqv1 rq Lqirupdwlrq Wkhru|/
53=479~4;4/ 4<:71

^<` K1 Olx/ J1 [x/ O1 Wrqj/ dqg W1 Ndlodwk1 _Uhfhqw
ghyhorsphqwv lq eolqg fkdqqho htxdol}dwlrq= Iurp f|0
forvwdwlrqdulw| wr vxevsdfhv%1 Vljqdo Surfhvvlqj/ 83=;6~
<</ 4<<91

^43` D1 Y1 Rsshqkhlp/ D1 V1 Zloovn|/ dqg V1 K1
Qdzde1 Vljqdov dqg V|vwhpv1 Suhqwlfh0Kdoo/ 4<<:1

^44` N1 Srrood/ S1 S1 Nkdujrqhndu/ D1 Wlnnx/
M1 Nudxvh/ dqg N1 P1 Qdjsdo1 _D wlph0grpdlq ds0
surdfk wr prgho ydolgdwlrq%1 LHHH Wudqv1 Dxwrpdw1

Frqwu1/ 6<=43;;~43<9/ 4<<71

^45` O1 Tlx dqg W1 Fkhq1 _K50rswlpdo ghvljq ri pxo0
wludwh vdpsohg0gdwd v|vwhpv%1 LHHH Wudqv1 Dxwrpdw1

Frqwu1/ 6<=5839~5844/ 4<<71

^46` O1 Tlx dqg W1 Fkhq1 _Pxowludwh vdpsohg0gdwd
v|vwhpv = doo K4 vxerswlpdo frqwuroohuv dqg wkh plq0
lpxp hqwurs| frqwuroohuv%1 LHHH Wudqv1 Dxwrpdw1

Frqwu1/ 77=86:~883/ 4<<<1

^47` U1 J1 Vkhqr|1 _Pxowludwh vshfl�fdwlrqv yld doldv0
frpsrqhqw pdwulfhv%1 LHHH Wudqv1 Flufxlwv1 V|vw1 LL/
78=647~653/ 4<<;1

^48` U1 J1 Vkhqr|/ G1 Exuqvlgh/ dqg W1 Z1 Sdunv1
_Olqhdu shulrg v|vwhpv dqg pxowludwh �owhu glvljq%1
LHHH Wudqv1 Vljqdo Surfhvvlqj/ 75=5575~5589/ 4<<71

^49` P1 M1 W1 Vplwk dqg W1 S1 Eduqzhoo1 _D qhz �owhu
edqn wkhru| iru wlph0iuhtxhqf| uhsuhvhqwdwlrq%1 LHHH
Wudqv1 Dfrxvw1/ Vshhfk/ Vljqdo Surfhvvlqj/ 68=647~65:/
4<;:1

^4:` U1 V1 Vplwk dqg M1 F1 Gr|oh1 _Prgho ydolgd0
wlrq= D frqqhfwlrq ehwzhhq urexvw frqwuro dqg lghq0
wl�fdwlrq%1 LHHH Wudqv1 Dxwrpdw1 Frqwu1/ 6:=<75~<85/
4<<51

^4;` S1 Ydlg|dqdwkdq1 Pxowludwh V|vwhpv dqg Ilowhu

Edqnv1 Suhqwlfh0Kdoo/ 4<<61


