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Abstract

We investigate the problem of driving the state
of a switched linear control system between boundary
states. We propose tight lower bounds for the mini-
mum energy control problem. Furthermore, we show
that the change of the system dynamics across the
switching surface gives rise to phenomena that can
be treated as a decidability problem of hybrid systems.
Applying recent results on controller synthesis for hy-
brid systems with linear continuous dynamics, we pro-
vide an algorithm for computing the minimum number
of switchings of a trajectory from one state to another,
and show that this algorithm is computable for a fairly
wide class of linear switched systems.

1 Introduction

The problem investigated in this paper concerns op-
timal control of hybrid dynamic systems, and it arises
in a number of situations where the task is to control a
system whose dynamics changes at given parts of the
state space. This is the case, for instance, when legged
locomotive robotic systems are controlled, where each
step-cycle consists of a swing and a stance phase,
or when autonomous helicopters make transitions be-
tween di�erent 
ight modes [4].

The reason for introducing an optimization crite-
rion into these types of planning problems is basically
twofold. First of all, it is obviously preferable to �nd
as good solutions as possible, with respect to a given
performance cost function. The second reason is, how-

ever, maybe of more importance, and it is related to
the question of feasibility. For these types of switched
control systems it is typically not an easy task to even
�nd one set of controls that drives the system between
given states. Optimal control techniques thus provide
us with means for solving this feasibility problem in a
systematic way.

The outline of this paper is as follows: In the next
section we de�ne our problem and illustrate some of
the features that it exhibits which make it hard to �nd
closed form solutions. We are going to stress its non-
convex nature, making global optimization hard. Typ-
ically, global non-convex optimization involves having
to solve branch and bound problems, where each sub-
problem produces a local minimum. In order for such
an approach to be fruitful it is vitally important that
tight lower bounds can be found in order to be able
to terminate the search with certain tolerance mar-
gins, which is the topic of Section 3. In Section 4,
we try to understand the in
uence that switching sur-
faces have on problems that, at �rst glance, appear
to present only minor diÆculties. Applying concepts
from optimal control [7], mathematical logic [3], and
recent results on controller synthesis for classes of hy-
brid systems with linear continuous dynamics [8, 9] we
show that the change of system dynamics across the
switching surface gives rise to phenomena that can be
treated as a decidability problem of controller synthe-
sis for hybrid systems.

2 Problem Description

The problem that we will examine in this paper can
be stated as follows:



Problem 2.1

min
u

Z t1

t0

uT (t)u(t)dt

subject to

_x =

�
A1x+B1u if cTx > k
A2x+B2u if cTx < k

x(t0) = x0; x(t1) = x1;

where x 2 IRn; u 2 IRp; k 2 IR, and (A1; A2; B1; B2; c)
are constant matrices of compatible dimensions.
We furthermore assume, throughout the paper, that
(A1; B1); (A2; B2) are controllable pairs, and that
(cTx0�k)(cTx1�k) < 0 as well as (cTAx0)(c

TAx1) 6=
0.

If this problem did not have a discontinuity at
fxjcTx = kg it would be a very standard and well-
studied one. However, the switching surface gives rise
to a non-convex problem, and we state this fairly ob-
vious fact as a proposition.

Proposition 2.2 The set of controls in PCp[t0; t1]
(the space of piece-wise continuous functions :
[t0; t1] ! IRp) that satis�es the boundary conditions,
under system dynamics given in Problem 2.1, is in
general non-convex.

The consequences from this fact can be illustrated
by the following example.

Example 2.3 (Non-Convexity) Given

�x =

�
u; x > 0
�u; x < 0:

The set of controls that drives this system between
(0; 1)T and (0; 1)T in time t1 = 4 is non-convex. For
instance, u1 = �1 gives a curve that crosses the
switching surface once (not counting the boundary
points), while u2 = �2 gives a curve that crosses the
surface three times while respecting the boundary con-
ditions, as seen in Figure 1. However, any convex com-
bination u� = �u1+(1��)u2 violates these conditions
for every � 2 (0; 1). Thus the set of feasible control
inputs is non-convex.

As we have pointed out in the introduction already,
this makes our general problem very hard to solve.
Thus our ambition is to come up with lower bounds
that can serve as guides when solving the problem
numerically.

However, the switching dynamics introduce yet an-
other phenomena that we have to take into account
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Figure 1: The solid line is generated with u = �1 and the
dashed line with u = �2 in Example 2.3. The dash-dotted
line is a non-feasible convex combination of these two and
the dotted line shows the switching surface x = 0.

when lower bounds are derived, and that is the pos-
sibility of sliding solutions. Sliding occurs when the
two vector �elds on the switching surface both point
towards the surface. This gives rise to a an induced

ow on the surface in the sense of Filippov [5]. What
this corresponds to is an in�nite number of switches,
which indicates that we in general can not make any
assumptions about the curve only crossing the switch-
ing surface a �nite number of times.

It should be noted that we in Problem 2.1 did not
specify the dynamics where cTx = k. This is due to
the fact that we either have an induced 
ow on this
surface, or simply have a scenario where the dynamics
on the zero-measure part of the trajectory that lies on
the surface does not e�ect the integral 
ow [5].

Example 2.4 (Sliding) Let the system dynamics
(A1; B1); (A2; B2) be given by

Ai =

�
� �i
��i �

�
; i = 1; 2

� > 0; �1 > 0; �2 = ��1
cTx = x2;

with Bi; i = 1; 2 are arbitrary non-zero vectors in IRn.

These two systems correspond to clockwise and
counter clockwise outgoing spirals that point towards
the switching surface. The optimal control that drives
this system, with a choice of � = �1 = 1, from
(�0:5;�0:5) or (�0:5; 0:5) to (2:5; 0) can easily be
found to be û = 0, and the solution is as follows.
First, 
ow along one of the spirals until the switching
surface is reached. Then slide along this surface. The
sliding solution is given by the unique, convex com-
bination of the two vector �elds that remain on the
switching surface.
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Figure 2: The solid line is the minimum energy trajectory
for the �rst control system between x0 and the optimal xc.
The dashed line corresponds to the second system. Note
that this solution intersects the switching surface without
having changed system dynamics, and thus rendering the
solution to be infeasible.

A third observation that must be made is that an
obvious attempt to solve Problem 2.1 is to �nd the
optimal (tc; xc) where tc 2 [t0; t1]; xc = x(tc) under
the system dynamics in Problem 2.1, and cTxc = k.
Then the system should simply be driven between x0
and xc with a minimum energy controller, and then
from xc to x1 in a similar way. However, there are
no guarantees that this solution is feasible, as seen in
Figure 2. Unfortunately we have to choose another
route toward solving Problem 2.1.

3 Minimum Energy Control Bounds

The main result that this section presents is that
Problem 2.1 has lower bounds that can be calculated
by �nding the intersection of minimum energy trajec-
tories with appropriate hyperplanes. But, in order to
arrive at this result we will need some preliminary re-
sults, and we start with the well-known, unconstrained
minimum energy controller [1].

Problem 3.1

min
u

Z t1

t0

uT (t)u(t)dt

subject to _x = Ax+Bu; x(t0) = x0; x(t1) = x1, where
(A;B) is a controllable pair.

Proposition 3.2 The solution to Problem 3.1 is
given by û(t) = BT�T (t1; t)W

�1(t0; t1)[x1 �
�(t1; t0)x0], where W (t0; t1) is the positive de�nite
Reachability Gramian. Furthermore, the optimal value
is [x1 ��(t1; t0)x0]

TW�1(t0; t1)[x1 ��(t1; t0)x0].

Problem 3.3

min
xc;tc;u

Z tc

t0

uT (t)u(t)dt

subject to

_x = Ax+Bu; x(t0) = x0; x(tc) = xc
cTxc = k; tc 2 [t0; t1]

where cTx0 > k and cTAx0 6= 0.

Lemma 3.4 The optimal value of Problem 3.3 has
the lower bound

min
tc2S

[x(tc)��(tc; t0)x0]
TW�1(t0; t1)[x(tc)��(tc; t0)x0];

where

x(tc) = �(tc; t0)x0 +W (t0; t1)c
k � cT�(tc; t0)x0
cTW (t0; t1)c

and S =
�
ftjcT�(t; t0)x0 = kg [ ftjcTA�(t; t0)x0 = 0g

[ft0; t1g) \ [t0; t1].
It should be noted that unless cTx0 = k and cTAx0 =
0, S is �nite which makes the computations numeri-
cally tractable. Finiteness of S thus follows directly
from our assumptions about x0 in Problem 3.3 com-
bined with the observation that only a �nite number
of oscillations can take place around cTx = k on the
�nite interval [t0; t1].

To prove this lemma we are going to need the fol-
lowing two results atht can be derived directly from
the de�nition of W (t0; t) and standard quadratic pro-
gramming respectively.

Lemma 3.5

d

dt
vTW�1(t0; t)v � 0 8v 2 IRn:

Lemma 3.6 A necessary condition for the optimal
solution of the problem

min
t;x

�
(x � f(t))TQ(x� f(t))

	

subject to cTx = k; where Q is positive de�nite is
cT _f(t) = 0 or cT f(t) = k, while x = f(t) +Q�1c(k �
cT f(t))=(cTQ�1c).

Let us now return to the proof of Lemma 3.4.
Proof (Lemma 3.4): Since, by Lemma 3.5, we can
get a lower bound by simply setting t = t1, which is
the upper bound on the interval of consideration.

Now letting f(t) = �(t; t0)x0 in Lemma 3.6 gives
us the necessary conditions cT�(tc; t0)x0 = k or
cTA�(tc; t0)x0 = 0. Including the endpoints in the
time interval directly gives us that tc 2 S, where S is
de�ned in Lemma 3.4, and thus the lemma holds.

We are now ready to state the main theorem
that provides us with computationally feasible lower
bounds.



Theorem 3.7 The cost J of Problem 2.1 satis�es the
inequality J � vT1 Q1v1 + vT2 Q2v2; where

Q�11 =W1(t0; t1) =
R t1

t0
�1(t1; t)B1B

T
1 �

T
1 (t1; t)dt

�1(t1; t) = eA(t1�t)

and Q2 is chosen similarly with A1 replaced by �A2,
and B1 by �B2. (For symmetry reasons we view the
second system as evolving backwards from the endpoint
x1.) The vectors are v1 = [x1c � �1(t1c; t0)x0]; where
t1c and x1c is chosen as in Lemma 3.4. The vector v2
is chosen in a similar fashion.

Proof: Clearly, every solution (including the optimal)
to Problem 2.1 has at least one part of the state space
trajectory going from x0 to fx : cTx = kg and one
from fx : cTx = kg to x1. Denote the two costs associ-
ated with these two parts J1 and J2. Then J � J1+J2.
But, by applying Lemma 3.4 to these two costs di-
rectly gives us lower bounds for J1 and J2 respectively.
These bounds furthermore coincide with those in The-
orem 3.7, which concludes the proof.

If we now return to Example 2.4 we saw that û � 0,
implying that J = J1 = J2 = 0, and thus the bound
is tight in this case.

When it comes to upper bounds the situation be-
comes slightly di�erent. Obviously any feasible solu-
tion to the switched interpolation problem produces
an upper bound, but, as pointed out in the introduc-
tion, feasibility is not necessarily easy to achieve. In
fact, optimization procedures draw some of their im-
portance from the fact that they produce feasible so-
lutions in a systematic way.

An example of �nding an upper bound by design-
ing a feasible solution that only crosses the switching
surface once can be seen in Example 3.8, as well as in
Figure 3.

Example 3.8 (Transversality) Let

A1 = A2 =

�
1 0
0 0

�

Bi =

�
0
�i

�
; �1 = 3; �2 = 1

cT = (1; 1); k = 2
xT0 = (0; 0); xT1 = (2; 2); t0 = 0; t1 = 2:

This switching system has a polynomial 
ow of degree
three, when driven by minimum energy controllers,
and the di�erent �i-values can be thought of as gears.
If we just pick xc = (1; 1)T ; tc = 1:5, we get the cost
J = 8:1 when driving between x0 and xc, and xc and
x1 with minimum energy controllers. This solution is

Figure 3: An example with a transversal, piecewise poly-
nomial 
ow of degree three. Depicted is a feasible solu-
tion, xc = (1; 1)T , and a locally optimal solution, x̂c =
(0:5; 1:5)T .

feasible, as seen in Figure 3, which thus provides us
with upper bounds. However, if we pick, numerically,
locally optimal (x̂c; t̂c) around (xc; tc), by for instance
checking the Weierstrass-Erdman Corner Condition,
we get an even better bound with x̂c = (0:5; 1:5)T ; t̂c =
1:14; and Ĵ = 0:6.

With this example we conclude the discussion
about how to bound the solution to Problem 2.1.

4 Switching Surfaces and Decidability

In this section, we study the in
uence that switch-
ing surfaces have on problems that at �rst glance ap-
pear to present only minor diÆculties. Let us take
another look at the switched linear system:

_x =

�
A1x+ B1u if x 2M1

A2x+ B2u if x 2M2

M1 \M2 = ;; M1 [M2 = IRn;
x(t0) = x0 2 X0; x(tf ) = xf 2 Xf :

(1)

Given a suitable objective function (minimum energy,
time, etc.) one would could ask the following list of
increasingly diÆcult questions:

� What is the minimum number of switchings of a
trajectory from some x0 2 X0 to some xf 2 Xf?

� Which trajectories have the minimum number of
switchings from some x0 to some xf?

� How many switchings does the optimal trajectory
(w.r.t. some objective function) from x0 to xf
take?

� Which controllers generate trajectories that min-
imize the objective?

A natural direction of research is to �nd classes of
switched linear systems for which we can answer one



or more of the above questions. In this section, follow-
ing the work of [6, 8, 9], we use an interesting interplay
between classical optimal control [7], and mathemati-
cal logic [3, 10] to tackle the �rst problem and prove
the following result:

Theorem 4.1 (Min switching is semi-decidable)
For normal switched linear systems the problem of
computing the minimum number of switchings of a
trajectory from some x0 2 X0 to some xf 2 Xf is
semi-decidable.

De�nition 4.2 (Normal switched linear system)
The switched linear system given in equation (1) is
called normal if: 1. the systems (Ai; Bi) are nor-
mal. 2. the dynamic matrices Ai are nilpotent
or diagonalizable with real rational eigenvalues. 3.
X0; Xf ;M1;M2 are semi-algebraic sets. 4. the input
is constrained to u 2 U , a compact rectangle with
rational vertices.

The notion of normality comes from classical op-
timal control literature. A linear system (A;B) is
normal i� (A; bi) is completely controllable for each
column bi of B. Semi-algebraic sets are important
from both a geometric and mathematical logic per-
spective. A semi-algebraic set is a �nite union of
basic semi-algebraic sets of the form: fx j f1(x) <
0; : : : ; fp(x) < 0; g1(x) = 0; : : : ; gq(x) = 0g where
fi(�); gi(�) are polynomials. Semi-algebraic sets have
very nice properties, such as: the closure, interior,
convex hull, union, intersection, and the projection
of semi-algebraic sets is semi-algebraic. The proper
setting for these results is provided by the theory of o-
minimal structures [3]. Semi-algebraic sets are exactly
those sets de�nable in the theory reals (IR;+;�; �; <
; 0; 1): for each semi-algebraic set M , there exists a
�rst-order formula � in the describes the set M =
fx 2 IRn j �(x)g, where � is a conjunction of disjunc-
tions of (possibly quanti�ed) polynomial inequalities.
The theory of reals is known to admit quanti�er elim-
ination: any �rst-order formula can be converted to
an equivalent quanti�er-free formula [10].

Consider the following algorithm for computing the
minimum number of switchings of a trajectory from
some x0 2 X0 to some xf 2 Xf . Without loss of
generality, we take Xf �M2.

Algorithm 4.3 (Minimum switchings)

initialize

S =M1 \M2, W
0 = Pre2(Xf ), j = 0

while W j \X0 = ;
W j+1 = Pre1(W

j \ S) [ Pre2(W
j \ S)

j = j + 1
end while

set J = j

To implement the above algorithm, one needs to
encode sets of states, perform intersection, union, test
for emptiness, and compute Prei of a set. If all these
conditions hold for a class of systems, then we say
the minimum switchings problem is semi-decidable for
that class of systems. If in addition, we can guaran-
tee that the algorithm terminates after a �nite num-
ber of iterations, then we say the problem for that
class of systems is decidable. If we restrict ourselves
to the semi-algebraic sets, then a framework for com-
puting intersection, union, and tests for emptiness of
sets is provided by mathematical logic and quanti-
�er elimination. For example, we can test for empti-
ness of the intersection of two semi-algebraic sets
G = fx j �(x)g; H = fx j  (x)g by quanti�er elimi-
nation: G \H 6= ; , (9x : �(x) ^  (x)) � True.
The diÆculty lies only in the computation of Prei(�)
which is now de�ned:

De�nition 4.4 (Constrained predecessor Pre)
For a system _x = Ax+Bu whose state is constrained
to x 2 M and input constrained to u 2 U , Pre(K) is
the set of all initial conditions for which there exists
a trajectory which eventually enters K:

Pre(K) , fx 2 IRn j 9t > 0; 9[u(�) : [0; t]! U ] :
y(�) = eA�x+

R �

0
eA(��s)Bu(s)ds ^

y(t) 2 K ^ [8� : 0 � � � t) y(�) 2M ]g.

In the form described above it is not at all clear
if Pre(K) is computable. However, as an immediate
corollary to Theorem 4.3 of [9], a very recent result
on the computability of the \Reach-Avoid" operator
in controller synthesis for normal linear di�erential
games, we have the following:

Theorem 4.5 (Computability of constrained Pre)
Given a normal linear system _x = Ax + Bu, where
A is nilpotent or diagonalizable with real rational
eigenvalues, the input is constrained to u 2 U a
compact rectangle with rational vertices, and the state
is constrained to a semi-algebraic set M , the problem
of computing the constrained predecessor Pre(K) for
a semi-algebraic set K is decidable.

As an immediate result of Theorem 4.5 and the fact
that the theory of reals admits quanti�er elimination
we have:

Corollary 4.6 (Computability of algorithm)
For the class of normal switched linear systems each
iteration of Algorithm 4.3 is computable.

Lemma 4.7 If Algorithm 4.3 terminates, then J is
the minimum number of switchings of system dynam-
ics that will take us from some x0 2 X0 to some
xf 2 Xf .



Proof: Put W 0 = Pre2(Xf ). For j = 0, if W j \X0 6=
;, then there exists a trajectory along the dynamics of
_x = A2x+B2u which takes xf to x0 without switching
and we are done. Otherwise, there must be at least
j + 1 switchings.

ComputeW j+1 = Pre1(W
j\S)[Pre2(W j\S), the

set of initial conditions for which a trajectory exists
along either of the dynamics of the two systems which
enters the switching surface at Wj \ S. If W j+1 \
X0 6= ;, there exists a trajectory from some x0 2 X0

which passes through some x 2 W j \ S. Since there
exist a trajectory from any x 2 W j \ S to some xf 2
Xf that switches j times, by composition we have a
trajectory that switches j+1 times which takes xf to
x0. Otherwise if W

j+1\X0 = ;, then we set j = j+1
and repeat the argument.

As an immediate corollary to Corollary 4.6 and
Lemma 4.7, we have the main result of this section,
Theorem 4.1. Figure 4 shows a conceptual depiction
of the computation performed in Algorithm 4.3.

Xf

X0

W 2

W 0

W 3

ẋ = A1x + B1u

ẋ = A2x + B2u

M1

M2

W 1

Figure 4: Graphical depiction of reachability algorithm to
compute the minimum number of switchings.

From Theorem 4.5, and the proof of Lemma 4.7 it is
clear that by a straight-forward modi�cation of Algo-
rithm 4.3 one may obtain the same semi-decidability
result on the minimum number of switchings of a
trajectory if the switched system were modi�ed to
have more than two switching regions: _x = Aix +
Biu; if x 2Mi, for i 2 f1; : : : ; Ng.

5 Conclusions

In this paper, we studied the problems that arise
when trying to drive the states of a switched linear
control system between boundary states. The control
systems are piecewise linear, with changes occurring
on hyperplanes in the state space, and we proposed
computationally feasible tight lower bounds for the
minimum energy control problem. We also discussed
the possibility to �nd upper bounds, but such bounds

were not found for general, switched, linear control
systems. As a �rst step in this direction, we provided
an algorithm for computing the minimum number of
switchings of a trajectory from one state to another,
and showed that this algorithm is computable for a
fairly wide class of switched linear systems.
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