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Abstract

It is wellknown that classical decoding of Reed-Solomon
error-correcting block codes is equivalent to system-
theoretic minimal partial realization. In the �rst part
of the paper we show how this type of decoding can
also be formulated as minimal polynomial interpola-
tion. We compare this type of interpolation with
system-theoretic interpolation techniques that are used
for control applications. We then present a procedure
that achieves minimal polynomial interpolation by it-
eratively constructing a row reduced representation of
an interpolating behavior.

Motivated by the need for improved decoding tech-
niques, in particular soft-decision decoding, we turn to
\list decoding" in the second part of the paper. Here
the aim is to construct a list of all codewords that are
within a pre-speci�ed Hamming distance from the re-
ceived word. A connection is made with recent work
in the coding-theoretic literature that performs list de-
coding in two steps: in step one a minimal bivariate in-
terpolating polynomial Q(�; �) is constructed whereas
in step two Q(�; �) is factorized into factors that are
linear in �.

We point out that this new development opens up yet
another connection between coding theory and system
theory, namely the connection between list decoding
and minimal multivariable interpolation.

1 SISO behavioral interpolation, control and

classical decoding

Interpolation techniques play an important role in var-
ious system-theoretic problems, see [1] and references
therein. In particular, internal stability of a closed-
loop system can be formulated as a set of interpolation
constraints, see e.g. [8]. In its most general form, scalar
minimal rational interpolation asks for a rational in-
terpolant y(�) of minimal McMillan degree that maps

points �i to values �i;j with multiplicity j as

y(j�1)(�i) = �i;j

(for i = 1; : : : ; �; j = 1; : : : ; ji). Here the McMillan
degree of the rational interpolant y(�) = n(�)=d(�) is
de�ned as max f deg n; deg dg. The above problem
formulation comprises the minimal partial realization
problem which arises as interpolation at one point �1 =
0.

In the case where all interpolation points are distinct
and all multiplicities equal one, the interpolant y(�) =
n(�)=d(�) is simply required to be of minimal McMillan
degree and to satisfy

y(�i) = �i i = 1; : : : ; �:

Note that in this formulation the interpolant is required
to be a rational function, i.e. any common factors be-
tween the polynomials n and d are to be cancelled.
Thus this minimal rational interpolation problem dif-
fers from the minimal polynomial interpolation prob-
lem, which requires

d(�i)�i = n(�i);

with max f deg n; deg dg minimal. In this paper we
will see that it is the minimal polynomial interpolation
problem (with the added constraint deg n � deg d)
which is important in a coding theoretic context: com-
mon factors between the polynomials n and d turn out
to play a crucial role. In this paper we adopt an ap-
proach based on behavioral modeling and see that this
approach is particularly suitable since it naturally gen-
erates solutions with common factors.

For preliminaries on the behavioral approach, in partic-
ular the theory of exact modeling, the reader is referred
to [12]{[18],[21],[26]{[28]. In the behavioral approach,
a system is essentially de�ned as a set of trajectories,
taking values in a �eld F. For system-theoretic applica-
tions, F is usually in�nite (R or C ); in a coding-theoretic



context, F is a �nite �eld. We will be concerned with
linear shift-invariant behaviors on the time-set Z+ of
the form B = ker R(�), where R is a polynomial matrix
of, say, size p� q and � is the backward shift operator:

�(w0; w1; w2; : : :)) := (w1; w2; : : :):

The behavior B consists of trajectories w : Z+ 7! Fq ,
for which

R(�)w = 0: (1)

The representation (1) is called a kernel representation
of B.

In this paper we focus on a particular type of error-
correcting block codes, namely Reed-Solomon codes.
They are widely used in a range of applications, in-
cluding the Compact Disc and deep space image trans-
mission. It is wellknown that syndrome-based decod-
ing of these codes has its equivalent in system theory,
namely as minimal partial realization. In particular, it
was shown in [18] how the Berlekamp-Massey algorithm
can be interpreted as a special instance of the model-
ing procedure of [28, p. 289], involving a clever choice
of update matrix at each step. This work formed the
basis for the multivariable algorithm of [12] which was
then used to achieve improved decoding of the related
BCH codes in [13]{[15].

Recently, alternative decoding methods that are based
on the original code de�nition by Reed & Solomon [22]
have obtained increased attention. Let F be a �nite
�eld, consisting of n elements, say f�1; : : : ; �ng. A (n; �)
Reed-Solomon code is a �-dimensional linear subspace
of the space Fn . The encoder maps vectors of length
� (\message words") into vectors of length n (\code-
words"), thus providing redundancy and the possibil-
ity of retrieving the original message from codewords
that are perturbed by noise. More particularly, a (n; �)
Reed-Solomon code consists of codewords c given by

c = (m(�1);m(�2); : : : ;m(�n) ; (2)

where m is a polynomial of degree < �. Denoting the
perturbed word by r (received word), error correction
then amounts to curve �tting:

given a received word r = (r1; : : : ; rn), �nd
a polynomial m of degree < � such that2
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for n� � entries, with � minimal.

In Reed & Solomon's original paper [22] this was solved
by repeated Lagrange interpolation followed by major-
ity voting, a method which is conceptually clear but
computationally ine�cient.

An alternative approach is readily obtained by refor-
mulating the above curve �tting problem as an inter-
polation problem:

given a received word r = (r1; : : : ; rn), �nd
polynomials e and d such that

d(�i)ri = e(�i) (3)

for i = 1; : : : ; n with

1. deg d minimal

2. e = dm with deg m < �.

Note that the common factor m between d and e is of
crucial importance. In this section our aim is to refor-
mulate this problem in a behavioral setting, see also [17]
which is a summarized version of this section. In partic-
ular, we would like to simplify the above constraints 1)
and 2) on the polynomials d and e. For this purpose we
re-encode the last � entries of r, resulting in a codeword
c = (c1; : : : ; cn) such that (recall that � = n� �)

ci = ri for i = � + 1; : : : ; n:

De�ning ~r := r � c we can, without restrictions, per-
form decoding on ~r since r and ~r di�er by a codeword
and are therefore disturbed by the same error pattern.
In the following we use the fact that the last � entries
of ~r are zero to reformulate our problem statement as
a case of behavioral minimal modeling.

For i = 1; : : : ; n, we �rst introduce trajectories ~bi :
Z+ 7! F2 given by

~bi :=

��
~ri
1

�
;

�
~ri�i
�i

�
;

�
~ri�i

2

�i
2

�
; : : :

�
:

Next, we de�ne the polynomial g as g(�) := (� �
��+2) � � � (� � �n) and we de�ne B as the behavior
spanned by trajectories

�bi :=

�
1 0
0 g(�)

�
~bi (i = 1; : : : ; n)

(recall that � denotes the backward shift operator). As
a result of the fact that g(�i) = 0 as well as ~ri = 0, it
follows that �bi = 0 for i = � + 2; : : : ; n, so that B is of



dimension � + 1. Furthermore, for i = 1; : : : ; � + 1, we
have

�bi :=

��
~ri

g(�i)

�
;

�
~ri�i

�ig(�i)

�
;

�
~ri�i

2

�i
2g(�i)

�
; : : :

�
:

Let us now de�ne, for i = 1; : : : ; � + 1,

�i :=
~ri

g(�i)
and bi :=

1

g(�i)
�bi

(note that ��+1 = 0). Then for i = 1; : : : ; � + 1

bi =

��
�i
1

�
;

�
�i�i
�i

�
;

�
�i�i

2

�i
2

�
; : : :

�

and the decoding problem is now readily formulated as
the problem of �nding a minimal representation

R(�)w = 0 (4)

for B = fb1; : : : ; b�+1g. Indeed, the row [d � n] of the
polynomial matrix R that has minimal row degree and
for which deg n � deg d gives rise to error locations
and values as follows: the error locations �1; : : : ; �` are
the zeros of d, whereas the error values are obtained
from the polynomial ~n := ng, namely by writing ~n =
~md with deg ~m < � and calculating ej := ~rj � ~m(�j)
(j = 1; : : : ; `). In other words, the decoding problem
can be reformulated as follows:

Given a received word r = (r1; : : : ; rn),
compute �i as above for i = 1; : : : ; � + 1.
Now �nd polynomials d and n such that

d(�i)�i = n(�i) (5)

for i = 1; : : : ; � +1 with deg d minimal and
deg n � deg d.

Observe that we are thus concerned with minimal poly-
nomial interpolation at distinct points �1; : : : ; ��+1 and
that common factors between d and n are of impor-
tance.

Let us now construct an algorithm that computes a
minimal, i.e. row reduced representation (4) for the be-
havior B. We outline an iterative algorithm that, at
each step k, constructs a row reduced representation
Rk(�)w = 0 of the MPUM corresponding to the inter-
polation data (�i; �i) (i = 1; : : : ; k), i.e. the interpola-
tion data processed so far. The algorithm is structured

along the lines of the general iterative modeling proce-
dure of [28, p. 289] and strongly resembles the Welch-
Berlekamp algorithm [25, 4, 5]. Like the Berlekamp-
Massey algorithm [2, 3, 19, 18], our algorithm makes
use of the solution's degree ` at each step to determine
which type of update matrix is used. In this respect it
di�ers from the Welch-Berlekamp algorithm which uses
a di�erent integer parameter. At each step k, our al-
gorithm produces a row reduced matrix Rk whose �rst
row contains the solution corresponding to the interpo-
lation data processed so far.

Algorithm 1.1

For k = 0; : : : ; � denote Rk :=

�
dk �nk
!k �qk

�
. Initially

de�ne

R0 :=

�
1 0
0 � � ��+1

�
; and `0 := 0:

Proceed iteratively as follows for k = 1; : : : ; �. Com-
pute, after processing (�i; �i) for i = 0; : : : ; k, the num-
bers �k and �k as follows:

�k := dk�1(�k)�k � nk�1(�k)

�k := !k�1(�k)�k � qk�1(�k):

Compute the matrix Rk and the integer `k as follows:

Rk := VkRk�1;

where, if �k 6= 0 and (`k�1 < k=2 or �k = 0),

Vk(s) :=

�
� � �k 0
��k �k

�
; `k := `k�1 + 1;

and, if otherwise,

Vk(s) :=

�
�k ��k

0 � � �k

�
; `k := `k�1:

The next theorem shows that the above algorithm pro-
duces a solution to equation (5) under accompanying
constraints.

Theorem 1.1 Let the above algorithm operate on the
interpolation data (�i; �i) (i = 1; : : : ; � + 1), as given
above. Then for k = 1; : : : ; � the polynomials dk and
nk satisfy

dk(�i)�i = nk(�i) for i = 1; : : : ; k; � + 1



with `k = deg dk minimal and deg nk � deg dk. In
particular, d� and n� are a solution of equation (5) with
`� = deg d� minimal and deg n� � deg d� .

Furthermore, a parametrization of all solutions of row
degree ` is obtained from

[d � n] :=
�
q1 q2

�
R� ;

where q1 is a polynomial of degree ` � `� and q2 is a
polynomial of degree `� ((�+1)=2� `�). In particular,
uniqueness occurs if and only if

`� < (� + 1)=2:

Proof De�ne trajectories bi : Z+ 7! F2 as above (i =
1; : : : ; � + 1):

bi =

��
�i
1

�
;

�
�i�i
�i

�
;

�
�i�i

2

�i
2

�
; : : :

�
:

In the following we show that Algorithm 1.1 is a spe-
cial instance of the general iterative modeling procedure
of [28, p. 289] applied to the data set fb�+1; b1; : : : ; b�g,

starting with R�1 :=

�
1 0
0 1

�
. Then the error tra-

jectory e0 = b�+1, whereas for k = 1; : : : ; �, ek =
Rk�1(�)bk is given by

ek =

��
�k

�k

�
;

�
�k�k
�k�k

�
;

�
�k�

2
k

�k�
2
k

�
; : : :

�
:

Here �k and �k are given as in Algorithm 1.1. In par-
ticular, �0 = 0, �0 = 1 and R0(�)w = 0 is a minimal
representation of the MPUM of fe0g. Further, the up-
date matrices Vk, de�ned in Algorithm 1.1, represent
the MPUM for fekg (k = 1; : : : ; �), so that Rk(�)w = 0
represents the MPUM for fb�+1; b1; : : : ; bkg. In the al-
gorithm the integer `k denotes the �rst row degree of
Rk. Denoting the second row degree of Rk by ~̀

k, we
have `k + ~̀

k = k + 1, so that the algorithm's condition
`k�1 < k=2 is nothing else than `k�1 < ~̀

k�1. It now
follows by induction that the choice of Vk 's ensures that
each Rk has minimal row degrees. Indeed, this holds
trivially for k = 1 and the assumption that Rk�1 has
minimal row degrees implies that Rk has minimal row
degrees because of the fact that Vk increases the degree
of only one row of Rk�1 by 1. It also follows by in-
duction that deg qk > deg !k, so that, because of row
reducedness of Rk,

deg nk � deg dk = `k k = 1; : : : ; �:

Now any solution of (5) of smaller degree that satis-
�es the accompanying constraints leads to a row re-
duced MPUM representation with smaller sum of row
degrees. This contradicts the minimality of the row
degrees of the matrix Rk and proves the theorem (the
parametrization follows straightforwardly from Theo-
rem 2.5.4 in [21]).

2 List decoding and multivariable behavioral

interpolation

The type of decoding that we considered up till now is a
classical type of decoding in the sense that the method
aims at the derivation of a unique solution (d(�); n(�).
By Theorem 1.1 this solution is the true solution when-
ever the number of errors that actually occurred is less
than (� + 1)=2, i.e. (n� �+ 1)=2.

In recent years, a new approach to Reed-Solomon de-
coding has been initiated by Sudan [23, 24] who, in-
spired by the Welch-Berlekamp algorithm, introduced
an interpolation-based method for performing so-called
list decoding for Reed-Solomon codes. In this type of
decoding the decoding radius around a received word is
increased beyond (n� �+ 1)=2, thus allowing for mul-
tiple solutions. Decoding � errors may then result in a
list of several codewords, all within distance � from the
received word. List decoding is particularly important
as it naturally leads to soft-decision decoding, enabling
the decoder to pick the most likely codeword based on
reliability information of all codeword components.

Sudan's list decoding method consists of two parts,
namely interpolation and factorization. To understand
the method, we should �rst realize that condition (3) is
readily reformulated as

Q(�i; �i) = 0 for i = 1; : : : ; n

for Q(�; �) := d(�)� � e(�). The most straightforward
way to get from classical decoding to list decoding
would be to use the parametrization of Theorem 1.1.
We are then essentially creating bivariate polynomials
of the type d(�)� � e(�) of increasing degree and ar-
rive at feasible candidates by checking the zeros of each
d(�). Apart from being computationally intensive, it
turns out that this method does not use the available
information in an e�cient way, as shown by the expo-
sition below.

In Sudan's approach, the step from classical decoding
to list decoding is accomplished by allowing Q(�; �) to
be nonlinear in �. Thus, the basic strategy is to �nd a
nonzero bivariate polynomial Q(�; �) = �i;j qij�

i�j for



which

Q(�i; �i) = 0 for i = 1; : : : ; n: (6)

This can be solved if we allow for > n monomials in
Q. If we constrain the \degree" of Q to a certain upper
bound, we then need to make sure that this bound is
high enough. For our notion of \degree" we use the
following de�nition (in e.g. [24]):

De�nition 2.1 For positive integers wx and wy, the
(wx; wy)-weighted degree of a bivariate polynomial
Q(�; �) = �i;j qij�

i�j is de�ned to be max fiwx +
jwy j qij 6= 0g.

Let �� be the smallest integer such that the (1; �� 1)-
weighted degree of �� allows for > n monomials. Then
we can trivially �nd Q(�; �) of (1; ��1)-weighted degree
� �� such that (6) holds. It is less trivial to �nd Q(�; �)
of minimal (1; � � 1)-weighted degree, say `, see [20]
for an algorithm. In the case that � < n � ` errors
occurred, there exists a polynomial m of degree < �
such that m(�i) = �i for > ` locations. As a result,
the polynomial Q(�;m(�) has > ` zeros and is thus of
degree > `. On the other hand, because of the fact
that the (1; �� 1)-weighted degree of Q(�; �) equals `,
we have that deg Q(�;m(�) � `. We conclude that
Q(�;m(�) � 0, i.e. � �m(�) divides Q(�; �).

Because of the above, the second step in Sudan's strat-
egy is to factorize Q into linear factors � �m(�). Note
that this approach thus aims directly at the message
polynomial and does not involve an intermediate step
(crucial in classical decoding) in which error locations
and values are derived. It is easy to verify that for
� < (n � � + 1)=2, the polynomial Q(�; �) of mini-
mal (1; �� 1)-weighted degree necessarily has the form
d(�)(� �m(�))|in this case minimization and factor-
ization are equivalent.

Algorithms that achieve the above factorization can be
found in e.g. [20] and references therein, see also refer-
ences in [10].

Sudan's approach is extended in [7] by requiring the
interpolation condition Q(�i; �i) = 0 to hold with pre-
speci�ed multiplicity s, meaning that the smallest de-
gree monomial in Q(� + �i; � + �i) has degree s. Obvi-
ously this imposes s(s + 1)=2 constraints per interpo-
lation point and leads to list decoding of � < n � `=s
errors. An upper bound on the probability that the
list contains more than one codeword is derived in [20]
and is found to be very small so that Sudan's approach
usually leads to unique decoding beyond (n� �+ 1)=2
errors, a result which is a major breakthrough in this
area. For increasing multiplicity s and codelength n it

can be proven that any fraction �=n � 1 �
p
�=n of

errors can be corrected. By comparison, classical de-

coding gives an error rate of �=n = 1��=n
2 .

All of the above is concerned with hard-decision decod-
ing. In the recent papers [9, 10] a soft-decision decoding
procedure is presented that builds on the above inter-
polation approach. More speci�cally, soft decision re-
liability information is converted in a probabilistically
optimal way into a set of interpolation points with vary-
ing multiplicities.

As outlined above, the step from classical decoding to
list decoding is accomplished by allowing Q(�; �) to be
nonlinear in �. From a behavioral point of view this can
be seen as a conversion from a scalar minimal interpola-
tion problem to a multivariable interpolation problem.
Indeed, the aim is no longer to derive just two poly-
nomials d0(�) and d1(�), leading to Q(�; �) = d1(�)� +
d0(�), but to derive m + 1 polynomials that make up
Q(�; �) = dm(�)�

m + dm�1(�)�
m�1 + � � � + d0(�), see

also [6]. It is a topic of current investigation to convert
this problem into a multivariable minimal behavioral
interpolation problem in the most general case of soft-
decision decoding with varying multiplicities. Such a
reformulation would then allow for an e�cient and in-
sightful algorithm in the form of the multivariable ex-
tension of Algorithm 1.1. In particular it would be of
interest to establish a connection with the algorithms
of [6, 20].

3 Conclusions

The aim of this line of research is to create a concise
framework for soft- and hard-decision decoding on the
basis of minimal interpolation. For this, we seek to
extend our formulation of classical decoding as scalar
minimal behavioral interpolation to a formulation of list
decoding as multivariable minimal behavioral interpo-
lation. This opens up the possibility of discovering more
connections between coding theory and system/control
theory|in particular, it would be interesting to relate
to applications in control that allow for a similar usage
of bivariate polynomials.
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