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Abstract

A two-variable polynomial approach to solve the one-
variable polynomial Lyapunov equation is put forward.
Such approach yields an iterative solution method
based on the method of Faddeev for the computation
of matrix resolvents. The resulting algorithm is espe-
cially suitable for applications requiring symbolic or ex-
act computation.

1 Introduction

Let R be a real nonsingular ¢ X ¢ polynomial matrix in
the indeterminate &, i.e.,

R(€) =Ro+Ri{+...+ Rp&*

where R; is a real ¢ X ¢ constant matrix, i = 1,... , L,
and det(R) is not the zero polynomial. For some posi-
tive integer p, let @ be a real p x ¢ polynomial matrix
in the indeterminate ¢ such that QR™' is a matrix of
strictly proper rational functions. Finally, let ¥ be a
p X p signature matrix. The equation

R(=)TX () + X(=OTR(§) = Q(=)T=Q(¢) (1)

in the unknown ¢ x ¢ polynomial matrix X is called the
polynomial Lyapunov equation (in the following simply
PLE).

The PLE arises in various areas of mathematics, for
example in the computation of integrals of quadratic
functionals of the variables of a system and of their
derivatives [10, 11]. It also arises in stability theory for
higher order differential equations as a generalization of
the usual Lyapunov stability test for first order systems
[7,14]. The solution of PLEs is also required in iterative
algorithms for spectral factorization based on Newton’s
method [5]; in such case the right-hand side of the PLE
is a general para-Hermitian ¢ X q polynomial matrix
Z(€), i.e. Z satisfies Z(¢) = Z(=¢)T, and it is not
given in the factored form Q(—¢)TXQ(¢). However,
the algorithm presented in this communication can be

used to solve also such more general form of PLE; we
refer to [8] for details.

In this communication we present a new algorithm to
solve the PLE. The procedure we propose is based on
lifting the problem from the one-variable polynomial
context in which it is originally formulated to a two-
variable setting, thus associating a two-variable poly-
nomial equation called the lifted polynomial Lyapunov
equation (LPLE in the following) to the PLE (see [12]
for another application of such lifting technique). Such
an approach allows to cast the problem of solving the
PLE as that of finding the inverse image of an element
of a finite-dimensional vector space under the action of
a linear operator, a problem that can be solved in an
iterative way using the Faddeev method for finding the
inverse of a matrix (see [4] for another application of
the Faddeev method).

Iterative approaches for the solution of the scalar PLE
have already appeared in the literature, but the algo-
rithm presented in this communication significantly dif-
fers from them: it is based on a two-variable polyno-
mial approach and it uses a Faddeev sequence method.
Its advantages are manifold: it can be applied both to
scalar and to multivariable problems, it requires no pre-
processing of the matrices involved in the PLE, and it
is suitable especially for problems requiring symbolic
or exact computations. Such generality arises from the
possibility of using the calculus of quadratic differential
forms (QDEF’s) developed in [13]. QDF’s are quadratic
functionals of the variables of a system and their deriva-
tives, which are intimately related to two-variable poly-
nomial matrices.

The paper is organized as follows: in Section 2 we re-
view some notions regarding polynomial matrices and
shifts in a single variable. Such notions are extended to
the case of symmetric two-variable polynomials in Sec-
tion 3, where we define the Lyapunov operator, a two-
variable shift operator acting on a finite-dimensional
vector space associated with the PLE; such operator is
of fundamental importance in our two-variable frame-
work for the study of the PLE. In Section 4 we associate



with the PLE a two-variable polynomial equation called
the LPLE, we discuss the relationship of the PLE with
the LPLE, and we show how the Lyapunov operator
relates to the LPLE. In Section 5 we state our iterative
algorithm to solve the LPLE and we show how to use
a solution to the LPLE in order to compute a solution
to the PLE. We also apply the algorithm to a PLE in-
volving 2 x 2 matrices in a worked example. No proofs
are provided for the result presented in this commu-
nication; they can be found in the forthcoming paper

[8].

2 R-equivalence, R-canonicity,
and the shift operator in one variable

In this section we review some notions regarding poly-
nomial matrices in a single variable. The material of
this section is not new, although the terminology may
differ from that used elsewhere; see [1], [2] and [13].

Let R be an element of R7*9[¢], the set of ¢ x ¢ real
polynomial matrices in the indeterminate £. We call R
nonsingular if the polynomial det(R) does not vanish
identically. R induces an equivalence relation on the
set R1X?[¢] as follows.

Definition 2.1 Two 1 Xx q polynomial matrices
Di,Dy € RY™[E] are called R-equivalent if there
erists a polynomial matriv P € R™7[£] such that
D, — Dy = PR. A polynomial matriz D € R**7[¢]
is called R-canonical if the rational matriz DR™! is
strictly proper.

It is easily shown that every 1 x ¢ polynomial matrix
D admits a unique R-canonical polynomial matrix D’
which is R-equivalent to D. Such matrix D’ can be
computed as D' = SR = D — P'R, where P’ de-
notes the polynomial part and S the strictly proper
rational part of DR™! = P’ + S. We denote the R-
canonical representative D’ of the R-equivalence class
of D with D mod R. Uniqueness follows from the ob-
servation that if D” = D — P” R is another R-canonical
matrix R-equivalent to D with P” polynomial, then
(D' — D”)R™! = P' — P” is both strictly proper and
polynomial, and consequently zero.

We denote the subset of R1*?[¢] consisting of all R-
canonical polynomial matrices with Cll%xq[f]. It is easily
verified that Cj,“?[€] is a vector space identified in a nat-
ural way with the vector space of R-equivalence classes
in R'%9[¢]. € %¢] is finite-dimensional; the relevant
result is the following.

Proposition 2.2 The space Cj '[¢] is a finite di-
mensional vector space over R of dimension n =
deg(det(R)).

We proceed to define the one-variable polynomial shift
operator S acting on Cp*7[¢].

Definition 2.3 The one-variable polynomial shift op-
erator S : Cp [¢] — CR (€] is defined as

S(D(§)) := £D(E) mod R(E)

It is immediate to see that S is a linear operator.
Its characteristic polynomial is uniquely determined by
det(R), as stated in the following proposition.

Proposition 2.4 The characteristic polynomial xs(&)
of S is

xs(€) =L, (€= N)
where n = deg(det(R(€)) and \;, i = 1,...
roots of det(R).

,n are the

The notions of R-equivalence and R-canonicity, and the
definition of S are extended to matrices in R¥*4[¢] in a
row-wise manner. In the following we denote the sub-
space of R-canonical elements of R¥*?[¢] with C§*/[¢].

3 R-equivalence, R-canonicity,
and the shift operator in two variables

In this section we first introduce the notions of R-
equivalence and R-canonicity; such concepts were orig-
inally developed in the context of quadratic differential
forms, see [13]. We then proceed to define the shift op-
erator in a two-variable polynomial context. Such shift
operator is of fundamental importance for the develop-
ment of the algorithm that constitutes the main result
of this communication, and for reasons that will be ap-
parent in Section 4 it is called the Lyapunov operator.

We denote the set of g x ¢ real polynomial matrices
in the two indeterminates ¢ and n with R?7*9[(, n],
and we call an element Y of such space symmetric if
Y((,n) = Y(n,O)T. Tt is a matter of straightforward
verification to see that R?*¢[(,n] is a vector space over
R, and that the subset of R?*9[(,n] consisting of all
symmetric polynomial matrices is a subspace. We de-
note such subspace with RIZ[C, n].

Now consider a nonsingular one-variable polynomial
matrix R € R7*7[¢]. In Definition 2.1 we considered an
equivalence relation on the space of one-variable poly-
nomial matrices induced by R; we now define an equiv-
alence relation induced by R on the space of symmetric
two-variable polynomial matrices R\ [C, 7]

Definition 3.1 Two symmetric ¢ X q polynomial ma-
trices Y1,Ys € RIZI[C, n] are called R-equivalent if there



exists a polynomial matrix P € RI*[(,n] such that
Yi(¢m) = Ya(¢,m) = R(OTP(Cn) + Pn,¢)"R(n). A
polynomial matriz Y € RIZL[C,n] is called R-canonical
if R(O)™TY (¢, n)R(n)~" is a matriz of strictly proper
two-variable rational functions.

Every Y € R [, 1] admits a unique R-canonical two-
variable symmetric polynomial matrix ¥’ which is R-
equivalent to Y. Such R-canonical representative Y' of
the R-equivalence class of Y can be obtained as follows.
Following Section 3 of [13], compute a factorization of ¥’
as Y(¢,n) = M(¢)TN(n). Compute the (one-variable)
R-canonical representatives M’ = M mod R of M and
N' = N mod R of N. Then Y'((,n) = M'()TN'(n).
Uniqueness of Y’ can be proved as in Proposition 4.9
of [13]. In the following we will denote the R-canonical
representative of Y ((,n) with ¥ mod R.

The subset of RIX[(, 7] consisting of all R-canonical
two-variable symmetric polynomial matrices is denoted
with C}]{js?rm [¢,7n], and it can be identified in a natural
way with the vector space of R-equivalence classes in

I8¢, m. CRgnlC, ] is a finite-dimensional subspace,
as stated in the following proposition.

Proposition 3.2 C}I%ngm[c,n] is a finite-dimensional

vector space over R of dimension n(n + 1)/2, where
n = deg(det(R)).

We proceed to define the two-variable shift operator Lg
acting on C§'Y [¢,n] (compare Definition 2.3 of the
one-variable polynomial shift).

Definition 3.3 The two-variable shift operator Lg :
CE I [¢m] — CE I [¢,n) is defined as

R,sym R,sym

Lr(Y(¢,n)) :==(C+n)Y(¢,n) mod R

For reasons that will become evident in the next section,
in the following we will refer to the operator Lg as the
Lyapunov operator associated with R.

Observe that L is linear. Its characteristic polynomial
is completely determined by det(R) (compare Proposi-
tion 2.4).

Proposition 3.4 The characteristic ~ polynomial
Xcr (&) of the Lyapunov operator Lg is
Xer(§) = Thcici<n (€ = (Ni + A))) (2)

where n = deg(det(R)) and A1, ..., A, are the zeros of
det(R).

4 The lifted polynomial Lyapunov equation

In this section we define our two-variable polynomial
framework for the PLE. We first lift the problem of solv-
ing the PLE from the one-variable polynomial context
in which it is originally formulated to a two-variable
polynomial context, introducing a two-variable polyno-
mial equation associated with the matrices R, () and X
of the PLE.

Definition 4.1 The equation

(C+mY (¢, mod R = Q(¢)"EQ(n) (3)

in the unknown R-canonical symmetric two-variable
polynomial matriz Y € C%’ng,m[c,n] is called the lifted
polynomial Lyapunov equation (LPLE).

Solvability of the PLE is equivalent to solvability of the
LPLE, as stated in the following proposition.

Proposition 4.2 Let R € R?*[¢{] be nonsingular, let
Q € RP*1[¢] be R-canonical and let ¥ be a p X p sig-
nature matriz. Then the following two statements are
equivalent:

(a) There exists a solution X € RI*9[{] to the PLE
(1);

(b) There exists a solution Y € CEL [C,n] to the
LPLE (3).

Besides being interesting in its own right, the result of
Proposition 4.2 provides a method for constructing a
solution X to the PLE from a given solution Y to the
LPLE. Indeed, observe that if Y is a solution to the
LPLE then by definition of R-equivalence there exists
a polynomial matrix P € R?*?[(,n] such that

(C+m)Y(¢,m) + RQOTPn) + P, Q)" R(n)
=Q(0)"=Q(n).

A solution to the PLE is then obtained from P((,7)
by substituting ¢ = —¢ and 5 = £, yielding X (&) :=
P(—£,€). Actually, it can be shown that an R-canonical
solution X to the PLE can be expressed directly in
terms of a solution Y to the LPLE. The relevant result
is the following.

Proposition 4.3 Let Y € C%i(s?,m[g“,n] be a solution to

the LPLE. Then an R-canonical solution X € CL7[¢]
to the PLE is given by

X(§) = lm uR(p) TY(. (@)

|| —o0



Proposition 4.2 and equation (4) show that in order to
solve the PLE one may proceed by solving the LPLE
first and subsequently constructing a R-canonical solu-
tion to the PLE directly from the solution to the LPLE.

If we denote the right-hand side of the LPLE by
®(¢,n) := Q(¢)TEQ(n), then the LPLE can be written
in a compact way as Lr(Y") = ®, with Lg the Lyapunov
operator defined in Definition 3.3. From Proposition 3.4
a necessary and sufficient condition for the existence of
a unique solution to the LPLFE is immediate. It is re-
markable that the same condition also characterizes the
existence of a unique R-canonical solution to the PLE.

Proposition 4.4 Let R € R?*?[{] be nonsingular, let
Q € RP*[¢] be R-canonical and let ¥ be a p X p sig-
nature matriz. Let n = deg(det(R)) and let Ay,..., A\,
be the zeros of det(R). Then the following three state-
ments are equivalent.

(a) The following condition is satisfied:

Ai+ A #0 foralli,j=1,2,...,n. (5)

(b) The LPLE has a unique (R-canonical) solution.

(¢) The PLE has a unique R-canonical solution.

For obvious reasons we call condition (5) the invertibil-
ity condition for the operator Lgr. Observe that such
condition is satisfied when R is Hurwitz, i.e. when
det(R) is an Hurwitz polynomial; in this sense the re-
sult of Proposition 4.4 constitutes a generalization of
Theorem 4.8 of [13].

5 An iterative algorithm to solve the PLE

In this section we state an iterative procedure for solv-
ing the PLE under the assumption that the invertibility
condition (5) is satisfied. Our algorithm is inspired by
the Faddeev method for computing the inverse A=! and
the resolvent (zI, — A)~! of a square matrix A, which
we now briefly review.

Assume that the n x n matrix A is invertible, and let
xa(z) =det(zl, — A) :==2" +x12" 1 +... + X012+
Xn be the characteristic polynomial of A. Observe
that xn, = (—1)"det(4) # 0 and that from Cayley-
Hamilton’s theorem it follows that x4 (A4) = 0. Conse-
quently, A(A" 1 + 1 A" 2 + ...+ xno1ln) = —Xaln,
and therefore the inverse of A can be computed as

1
A_l = —X—(An_l + XlAn_Q + ...+ Xn—lln)

Of course such formula involve the knowledge of the
coefficients of the characteristic polynomial x(z) of

A, but it turns out that the x;’s can also be computed
in an iterative way, knowing only the traces of certain
matrices related to A (see Section IV.5 of [3] for more
details).

An analogous approach can be used in order to compute
the unique solution & = A~'b to the linear equation
Az = b. Indeed, the following iterations produce &:

To = b, (6)

Ty 1= A:L’k,1 —+ Xkb, (k = 1,2, ey — ].) (7)
1

= ——xp_1. 8
e (8)

We now proceed to illustrate how such techniques can
be applied in order to compute a solution to the LPLE.
Recall from the discussion after Proposition 4.3 that
the LPLE can be interpreted as the linear equation
Lr(Y) = @ in the finite-dimensional vector space
Céfsg,m[(,n], where Lg is the Lyapunov operator and
®(¢,n) = Q()XQ(n). Observe also that the char-
acteristic polynomial of Lg is known once det(R) has
been computed, compare (2). Consequently, in order to
come up with a procedure for solving the LPLE (and
therefore, as it follows from Proposition 4.3, with a pro-
cedure for solving the PLE) we only need to adapt the
iterations (6)-(8) to the case at hand. Such simple ob-
servation allows us to state the main result of this pa-
per.

Proposition 5.1 Let R € R?*Y[¢{] be nonsingular, let
Q € RPX1[E] be R-canonical and let ¥ be a p X p sig-
nature matriz. Assume that the invertibility condition
(5) holds. Let xrp(2) =24 +x129 1 +.. .+ Xa—12+ X4
be the characteristic polynomial of the Lyapunov oper-
ator Lg as given by Eqn. (2), with d =n(n+1)/2 and
n = deg(det(R)). Denote the right-hand side of the
LPLE by ®(¢,n) = Q(O)TYQ(n). Consider the itera-
tions:

Yy = @, 9)
Vi = Lr(Yi-1) +xx®, (10)

for k=1,2,...,d—1. Then the two-variable polyno-
mial matriz

1
Y i =——VYy 4 (11)
Xd
is the unique solution to the LPLE. The unique R-
canonical solution X to the PLE is computed as

X(§) =~ lm uR(p) TY(n8).  (12)

|| —o0

We proceed to illustrate the application of the iterative
procedure (9)-(12) with an example.



Example 1 In this example we illustrate the algo-
rithm step by step for a PLE with parameters

— _f — 2
R = (7SS,

ao=-(13) ==(5 1)

The matrix R is column reduced (see Section 6.3 of
[6]) with column degrees 1 and 2, and consequently the
set of R-canonical (one-variable) polynomial matrices
consists of all matrices with constant entries in the first
column and entries of polynomial degree at most 1 in
the second column (see Section 6.3 of [6]). Observe that
the matrix @) is R-canonical.

The characteristic polynomial of Lg is computed from
Eqn. (2); the zeros of det(R) are —1, 2 and 3, and
consequently
Xen(2) = 2% —162° + 8521 — 13023
—2362% + 776z — 480.
Since the constant term is nonzero, the invertibility con-

dition holds and the PLE is solvable with a unique R-
canonical solution X (see Proposition 4.4).

The iterations (9)-(10) generate the following sequence
of two-variable R-canonical matrices Y;((,n), i =

1,...,5:
v -10 2(—13 4+ 1)
L7 2(-134¢) 5(=164+n+0)
v — 25 6(16 — 3n)
27\ 6(16 —3¢) 5(89 — 15— 15¢ + 2(n)
v — 20 8(—1+ 3n)
37\ 8(=143¢) 10(—95+ 39¢ + 39y — 13(n)
Vi — —116 8(—56 + 11n)
P\ 8(=56411¢)  20(19 — 415 — 41¢ + 26(n)

v — 80 96(4 — n)
5T\ 96(4—¢) 6001+C+n—Cn) )
It can be verified that

Y(Cﬂ?) = _}/5((> )

1 4 _ l
- 6 ;5
< 53¢ T+ % 7n )
is a solution to the LPLE Lg(Y ((,7)) = Q(()TZQ(n).

The unique R-canonical solution X to the PLE is com-
puted from Y as in (12):

xo=(F F5)o

We conclude this section with some remarks regarding
symbolic and exact computational issues and some pos-
sible modifications of the iterations (9)-(12) in order to
speed up computations when specially structured ma-
trices R are present.

Remark 1 Knowledge of the characteristic polyno-
mial of Lg is fundamental for being able to apply the
procedure spelled out in Proposition 5.1. Observe that
in the context of symbolic or exact computation it is
not advisable to compute the characteristic polynomial
of L from the zeros \; of det(R) as might be suggested
by Eqn. (2). An efficient rational algorithm to compute
the coefficients of x ., directly from the coefficients of
det(R) can be designed using Faddeev-type recursions.
The reader is referred to [8] for more details.

Remark 2 The algorithm (9)-(12) involves the
computation of the R-canonical representatives
f (¢ + n)Y_1(¢,n) for B = 1,2,...,d — 1. Tt
is easy to see that if one defines the matrix
Ykl (5) = - hm|u|—>oo IU’R(IU’)_TYk (/"’v 5) it holds
that (¢ + m)Yi1(Gom) mod R = (€ + m)Ye1(G,m) +
R(OTY!_ () +Y{_,(O)TR(n). There are good reasons
why an implementation directly based on this formula
for Y}/, should be avoided. First of all, the definition
of Y} | requires the knowledge of the rational matrix
R(€)™!, which in an exact computation context is a
delicate issue. Second, a limit operation is required,
and this may require a large processing time even
for matrices of small dimensions. The authors have
devised a Faddeev-type recursion that enables the
computation of Y} ; with polynomial operations only
and which only requires division between the highest-
power coefficients of certain univariate polynomials.
Such recursion is described in detail in [9]. a

Remark 3 In many cases the matrix R(§) = Rop +
Ri&+...+ RE" has the property that its leading coef-
ficient matrix Ry, is nonsingular; for example, the scalar
PLE r(—)a(€) + 2(-€)r(€) = g(~€)q(€), where 1, g
and z € R[{] is such a case. The authors have devel-
oped an algorithm that takes advantage of the assump-
tion det(Ry) # 0; see [9]. O

6 Conclusions

The algorithm for solving the PLE presented in this
communication works directly with the polynomial ma-
trices that constitute the PLE; no preprocessing or
transformations to canonical forms are required. The
amount of bookkeeping necessary to perform the com-
putations is minimal and the procedure is straightfor-
ward to implement. Moreover, the methods employed
make the algorithm especially suitable for exact and
symbolic computation purposes.

The application of the two-variable polynomial frame-
work proposed in this paper to the solution of other
polynomial equations relevant for systems and control
applications is currently under investigation. Other di-



rections of research currently pursued involve also the
case of singular Lyapunov operators.
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