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Linköping University
581 83, Linköping, Sweden

Abstract

The paper contains a discussion about what results
about the quality of an estimated model can be
achieved, if no probabilitic assumptions are introduced.
Several technical results that illustrate possibilities and
difficulties are also given.

1 Introduction

This contribution deals with the problem of charac-
terizing the disturbances that act on a system. In
connection with system identification applications, the
role of disturbances have been discussed in various con-
texts. The traditional view is to regard the disturbances
as stationary stochastic processes. This opens up a
more or less classical stochastic framework for evaluat-
ing model quality, convergence of estimates, asymptotic
covariance, as well a formal way to deal with exper-
iment design issues, essentially aiming at minimizing
variances of certain aspects of the resulting parameter
estimate.

Over a number of years this basic framework has been
questioned and various other approaches to describe the
disturbances have been suggested. Basically they follow
the idea of a ”unknown but bounded” or ”worst case”
view of disturbances. That means that a stochastic en-
vironment is rejected and either the noise is seen as an
adversary and one would like to find an identification
method that guarantees certain properties even under
the worse possible disturbances. The “unknown but
bounded” approach is a related view where the distur-
bance not necessarily is an adversary but it does not
necessarily possess any averaging properties, and only
models that are consistent with a certain bound of the
disturbances will be considered. This approach is also
known as the set membership approach to identifica-
tion. See, for example [4], [5], [6] for various aspects of
these approaches.

In this contribution we consider what can be said about
the properties of a parameter estimate when no stochas-
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tic assumptions are made about the disturbance. Of
particular interest are the following three aspects:

1. What are the convergence aspects of the esti-
mate, when the disturbances are not modeled as
stochastic processes?

2. Can ensemble properties, like the covariance ma-
trix of a parameter estimate, be given an interpre-
tation that is relevant also in a non-probabilistic
disturbance framework?

3. Experiment design is usually based on minimiz-
ing the variance of a suitably chosen estimated
quantity. Is it possible to show that an optimal
design has some optimality properties even when
applied to disturbances, that are not described by
any probabilistic framework?

The paper discusses these questions in a general frame-
work and the technical results that are offered include
the following ones:

1. Convergence aspects

• The convergence of the estimates in a gen-
eral linear setting takes place as soon as the
disturbances have some averaging proper-
ties, regardless whether they are described
as stochastic processes or not.

• Even if the disturbances do not have averag-
ing properties, a characterization of the lim-
iting estimates can be done without a prob-
abilistic environment.

2. Variance aspects

• It can be shown that it is not possible to
obtain any ergodicity type result for the se-
quence of least squares prediction error es-
timates obtained as the number of data in-
creases.

• However it can be shown that if a forgetting
factor algorithm is used then

lim
N→∞

1
N

N∑
t=1

(θ̂λt − θ0)(θ̂λt − θ0)T = Pλ

p. 1



will hold with probability one, as soon as the
noise disturbances has an averaging prop-
erty. Here θ̂λt is the recursively estimated
parameter vector at time t, using forgetting
factor λ and Pλ is the ensemble-covariance
matrix. This means that the covariance ma-
trix can be given a single realization inter-
pretation, even if no distribution is assigned
to the disturbance sequence.

3. Relative qualities independent of disturbances

• Several results are shown in the special case
where the input is periodic, and the model is
an FIR-model of maximum degree. In this
special case it can be shown that there are
relationships between the estimates obtained
for different input signals but the same noise
sequence. These relationships are indepen-
dent of the properties of that disturbance
sequence. That is to say that certain de-
sign aspects will give estimates of a relative
quality that does not at all depend on the
disturbance sequence.

Based on these technical results, a discussion is in-
cluded on whether it is possible to develop a full
theory for identification, including quality mea-
sures of the traditional (ensemble-type) way of
measuring the size of the model error. Can such
a framework be developed for disturbances that
are not described in a probabilistic setting?

2 Convergence Aspects

2.1 Disturbances with Some Averaging Proper-
ties
Consider a linear prediction model structure

ŷ(t|θ) = H−1(q, θ)G(q, θ)u(t) + (1−H−1(q, θ))y(t),
(1)

where G(q, θ) is a stable filter in the shift operator with
one delay, and H(q, θ) is an inversely stable monic filter.
Observe input-output data

zN = {y(1), u(1), · · · , y(N), u(N)} (2)

from the system and compute the fit between (1) and
the actual data:

ε(t, θ) = y(t)− ŷ(t|θ); (3)

VN (θ, zN) =
1
N

N∑
t=1

ε2(t, θ). (4)

Determine that value of θ that gives the best fit:

θ̂N = argmin
θ

VN (θ, zN ). (5)

Suppose that the observed data zN have been generated
as

y(t) = G0(q)u(t) +H0(q)e0(t), (6)

where the sequence {e0(t)} has the following properties:

lim
N→∞

1
N

N∑
t=1

e0(t)e0(t− τ) =
{
λ0 if τ = 0;
0 if τ 6= 0, (7)

lim
N→∞

1
N

N∑
t=1

u(t)e0(t− τ) = 0 for all τ. (8)

Then we have

θ̂N → θ∗, as N →∞, (9)

where,

θ∗
4
= argmin

θ

∫ π

−π

[
|G(ejω , θ)−G0(ejω)|2Φu(ω) (10)

+ λ0|H0(ejω)|2
]/
|H(ejω , θ)|2dω. (11)

The above result was proved in [1]. With this we have
nailed the properties of θ̂N to those of y(t) without
introducing other fictitious experiments.

If {e0(t)} is white noise, independent of {u(t)}, then
it will have the properties (7)-(8) with probability one
(w.p.1), so that (9)-(10) also holds w.p.1. Notice
though that the quoted result says more. It tells us
that whenever (7)-(8) hold then (9)-(10) will hold (no
exception on null sets). It is thus more than an ergod-
icity result.

We may also note that the whole probabilistic setting
can then be reintroduced by just using the most ele-
mentary law of large numbers for (7)-(8). The need for
more sophisticated “mixing” conditions in the conver-
gence analysis is thus sidestepped.

2.2 Bounded Disturbances
Now, suppose that the only condition on the noise part
in (6) is that it is bounded. That is, we suppose that
the observed data zN have been generated as

y(t) = G0(q)u(t) + e(t), (12)

where |e(t)| ≤ δ. Now the linear prediction model (1)
becomes

ŷ(t|θ) = G(q, θ)u(t). (13)

Then what can we say about the convergence behavior
of the estimate θ̂N as defined in (5)?

First by the minimizing criterion (3)-(5), we have

1
N

N∑
t=1

[G̃N (q)u(t) + e(t)]2 ≤ 1
N

N∑
t=1

e2(t),

where, G̃N (q)
4
= G0(q) − G(q, θ̂N ). Rearranging the

terms and using the Cauchy-Schwartz inequality, we
have, assuming that the true system G0 is contained in
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the model parameterization:

1
N

N∑
t=1

[G̃N (q)u(t)]2 ≤ −2
1
N

N∑
t=1

e(t)[G̃N (q)u(t)]

≤ 2

(
1
N

N∑
t=1

e2(t)

) 1
2
(

1
N

N∑
t=1

[G̃N (q)u(t)]2
) 1

2

.

Hence, we have for any N ,

(
1
N

N∑
t=1

[G̃N (q)u(t)]2
) 1

2

≤ 2

(
1
N

N∑
t=1

e2(t)

) 1
2

≤ 2δ,

that is,

1
N

N∑
t=1

[G̃N (q)u(t)]2 ≤ 4δ2.

Letting N → ∞ and using Parseval’s relationship, we
have the following frequency function estimate error
bound:

lim sup
N→∞

1
2π

∫ π

−π
|G̃N (ejω)|2Φu(ω)dω ≤ 4δ2, (14)

where Φu(ω) is the spectrum of {u(t)}.

So we arrive at the following result.

Theorem 2.1 Suppose the observed data have been
generated by (12) with |e(t)| ≤ δ. Then using the pre-
diction model (13) and the criterion (3)-(5), we have
the asymptotic upper bound of the frequency function
estimate error as in (14), provided the true system can
be described within the model set.

Instead of the average bound type result (14), one may
be tempted to prove a frequency by frequency result
like:

|G̃N (ejω)|2Φu(ω) ≤ B(δ) for all ω. (15)

But such kind of result is generally impossible if only
based on the boundedness assumption of the noise. The
following example demonstrates this.

Example 2.1 Suppose u(t) = cos(ωt) + cos(2ωt) and
e(t) = −2G0(q)u2(t) in (12). It is easy to check that

y(t) = −G0(q)[2 + cos(ωt) + 2 cos(3ωt) + cos(4ωt)],

where there is no frequency 2ω component in y(t).
Hence the frequency function estimate error at 2ω, i.e.,
G̃N (e2ωj) can be arbitrarily large. On the other hand,
Φu(2ω) > 0 since u(t) contains frequency 2ω compo-
nent. Therefore, the left side of (15) does not have
bound. Apparently the cause is that e(t) introduced
nonlinear dynamics.

3 Variance Aspects

3.1 Least Squares
It is well known (see e.g., [3]) that with a probabilis-
tic setting, we can get the following convergence rate
expression:

√
N(θ̂N − θ∗) ∈ AsN(0, P ), (16)

which tells us that the distribution of the parameter
estimate will be asymptotically normal. Also the vari-
ance of θ̂N will thus behave like 1

N P asymptotically.
Now, both these statements are inherently tied to a
probabilistic framework. If you make an experiment
design to minimize P , you are therefore guaranteeing
that your result will be good “on the average”. But
suppose that you are primarily concerned with the ac-
tual experiment and the quality of your actual estimate
θ̂N (a very reasonable concern). We would then ask the
question whether P actually tells us anything about the
convergence rate of θ̂N to θ∗ for the data sequence in
question. The first conjecture could be that

lim
N→∞

1
N

N∑
t=1

t · (θ̂t − θ∗)(θ̂t − θ∗)T = P (17)

for the realization in question.

Ideally, to rid ourselves from the probabilistic frame-
work, we should aim at proving that if {e0(t)} is such
that (7)-(8) hold (plus possibly some other relations of
the same nature) then (17) will hold. However, this we
will not be able to prove and it is certainly not true as
can be demonstrated by a simple example (see [2]).

3.2 Least Squares with Forgetting Factors
While impossible for the ordinary LS methods, it is
possible for WLS with a forgetting factor to get an er-
godicity type result.

Consider WLS with forgetting factor λ. (0 < λ < 1)

Suppose our model is linear regression model:

yt = θTφt + et, t ≥ 1. (18)

The minimum criterion is

VN =
1
N

N∑
t=1

λN−t(yt − θTφt)2.

Then the estimate error:

θ̃N = BN

N∑
t=1

λN−tetφt,

where,

BN
4
=

(
N∑
t=1

λN−tφtφ
T
t

)−1

. (19)
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Hence, the error size:

1
N

N∑
t=1

θ̃tθ̃
T
t =

1
N

N∑
t=1

Bt

t∑
i=1

λt−ieiφi

t∑
j=1

λt−jejφ
T
j B

T
t

=
1
N

N∑
t=1

t∑
i=1

t∑
j=1

λ2t−i−ieiejBtφiφ
T
j B

T
t

=
1
N

N−1∑
τ=0

N−τ∑
s=1

N∑
t=s+τ

λ2(t−s−τ)+τeses+τBtΦ(s, τ)BTt

=
N−1∑
τ=0

λτ
1
N

N−τ∑
s=1

eses+τ

N∑
t=s+τ

λ2(t−s−τ)BtΦ(s, τ)BTt

=
N−1∑
τ=0

λτ
1
N

N−τ∑
s=1

eses+τA(s, τ,N), (20)

where, A(s, τ,N)
4
=

N∑
t=s+τ

λ2(t−s−τ)BtΦ(s, τ)BTt , and

Φ(s, τ)
4
=
{
φsφ

T
s+τ + φs+τφ

T
s , τ 6= 0;

φsφ
T
s , τ = 0. (21)

By (20), obviously a sufficient condition for

lim
N→∞

1
N

N∑
t=1

θ̃tθ̃
T
t to exist is that

lim
N→∞

1
N

N−τ∑
s=1

eses+τA(s, τ,N) exists for any τ ≥ 0.

(22)

For bounded {φt}, it is easy to see that

A(s, τ)
4
= lim

N→∞
A(s, τ,N) exists and bounded,

and also when φt = {ut−1, · · · , ut−n}T and {ut} are
periodic with period T , we have

Āp,τ
4
= lim

k→∞
A(kT + p, τ)

exists and bounded for any p = 0, · · · , T − 1,, which
means that A(s, τ) is asymptotically periodic in s.

Hence if {et} are bounded and

σp,τ
4
= lim

N1→∞

1
N1

N1∑
k=1

e(kT+p)e(kT+p+τ) exists and bounded

for any p = 0, · · · , T − 1, and τ ≥ 0,
(23)

we have

lim
N→∞

1
N

N−τ∑
s=1

eses+τA(s, τ,N) =

T−1∑
p=0

lim
N1→∞

1
TN1

N1∑
k=1

e(kT+p)e(kT+p+τ)Āp,τ

=
1
T

T−1∑
p=0

σp,τ Āp,τ .

Consequently, by (20)

lim
N→∞

1
N

N∑
t=1

θ̃tθ̃
T
t =

∞∑
τ=0

λτ
1
T

T−1∑
p=0

σp,τ Āp,τ , (24)

where,

Āp,τ = lim
k→∞

lim
N→∞

N∑
t=kT+p+τ

λ2(t−kT−p−τ)Bt

Φ(kT + p, τ)Bt =
1

1− λ2
B∞Φ(p, τ)B∞

(25)

with Bt and Φ(s, τ) defined in (19) and (21), and B∞
4
=

lim
t→∞

Bt.

Now we arrive at the following result.

Theorem 3.1 Consider a FIR model with periodic in-
puts with period T . Assume that the disturbance se-
quence {et} is bounded and satisfies (23). If the pa-
rameters are estimated using WLS with forgetting fac-
tor 0 < λ < 1, then we can interpret the error size
asymptotically as in (24)-(25) with the averaged noise
correlations in (23).

It is obvious from probabilistic point of view, (22)
should hold for any quasi-stationary inputs indepen-
dent of the noise. Hence the conclusion of Theorem 3.1
can be extended. The extension is stated in next theo-
rem, where a probabilistic framework has to be used.

Theorem 3.2 Consider a FIR model with quasi-
stationary inputs. Assume that the noise {et} are
quasi-stationary, independent of the inputs and have the
following averaging property:

lim
N→∞

1
N

N∑
s=1

eses+τ = στ , w.p.1. for any τ ≥ 0.

Then for the parameters estimated using WLS with for-
getting factor 0 < λ < 1, the error size is given by

lim
N→∞

1
N

N∑
t=1

θ̃tθ̃
T
t =

∞∑
τ=0

λτστA(τ), w.p.1.

where

A(τ)
4
=

1
1− λ2

B∞ lim
N→∞

1
N

N∑
s=1

Φ(s, τ)B∞,
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with B∞
4
= lim

N→∞
BN , BN and Φ(s, τ) defined in (19)

and (21).

4 Relative Qualities Independent of
Disturbances

Consider the LS estimation method to estimate θ in
the linear regression model (18). The estimate error is
given by

θ̃N =

(
N∑
t=1

φtφ
T
t

)−1 N∑
t=1

φtet. (26)

Suppose for another {φ′t}, there exists some nonsingular
matrix P such that

[φ1 φ2 · · · φN ] = P [φ′1 φ
′
2 · · · φ′N ], (27)

then it is obvious that for the same noise sequence
{et, 1 ≤ t ≤ N}, there exists a linear transformation
between θ̃N and θ̃′N—the estimation error using {φ′i}:

θ̃N = (PT )−1θ̃′N . (28)

Now we start to search under what kind of conditions,
such a P in (27) exists. Let’s consider the FIR model
with order n, i.e.,

φt = [ut−1, ut−2, · · · , ut−n]T . (29)

(i) Periodic inputs.

Suppose {ut}, {u′t} are both periodic with the same
period τ . Then {φt}, {φ′t} are also periodic with period
τ . It is obvious that τ ≥ n is the necessary condition

for

(
N∑
t=1

φtφ
T
t

)
and

(
N∑
t=1

φ′tφ
′
t
T

)
to be non-singular.

It is also easy to see that there exists a matrix P such
that

[φ1 φ2 · · · φτ ] = P [φ′1 φ
′
2 · · · φ′τ ] (30)

is the necessary and sufficient condition for (27) to hold.

(ii) Sinusoidal inputs.

Consider two sequences of sinusoids inputs with the
same frequencies but different amplitudes and phases:

ut =
m∑
i=1

aisin (ωit+ ϕi), u′t =
m∑
i=1

a′isin (ωit+ ϕ′i)

ωi, 1 ≤ i ≤ m are different.
(31)

Assume that ωi 6∈ {kπ | k ∈ N} and that 2m = n. Then
m is the minimum number of frequencies to make n
parameters identifiable.

We have the following result.

Theorem 4.1 Suppose the input-output dynamics can
be described by an FIR model with order n. Then for
two different sinusoids inputs as in (31) with 2m = n,
but the same disturbance sequence {et}, we have the fol-
lowing relationship between the frequency function esti-
mate errors:

G̃N (ωi)ejϕi =
a′i
ai
G̃′N (ωi)ejϕ

′
i (32)

for any 1 ≤ i ≤ m, N ≥ n.

Remark 4.1 Theorem 4.1 means that the estimation
error of the frequency function is inversely proportional
to the amplitude of the sinusoid at the frequency in
question and has nothing to do with other frequencies.
This is intuitively appealing since the number of param-
eters n = 2m is the maximum identifiable number of pa-
rameters, which gives the identified model enough flex-
ibility to decouple the effects of different frequencies.
This result holds for any disturbance {et} and at any
time N ≥ n as long as the disturbance does not depend
on the inputs.

Proof. It is easy to prove that

rank[φ1 φ2 · · · φn] = n,

with φt defined in (29). Hence,

rank

(
N∑
t=1

φtφ
T
t

)
= n, for N ≥ n.

Furthermore, we can prove that there exist c1, c2, · · · , cn
(dependent only on ωi, 1 ≤ i ≤ m), such that for any
t > n,

φt = c1φt−1 + c2φt−2 + · · ·+ cnφt−n. (33)

Therefore,

[φ1 φ2 · · · φn]−1[φ1 φ2 · · · φN ] = [α1 α2 · · · αN ], (34)

where, αt = et, 1 ≤ t ≤ n, αt = c1at−1 + c2αt−2 + · · ·+
cnαt−n, t > n.

Similarly for u′t and the corresponding φ′t, we also have
for any t > n,

φ′t = c1φ
′
t−1 + c2φ

′
t−2 + · · ·+ cnφ

′
t−n. (35)

Thus,

[φ′1 φ
′
2 · · · φ′n]−1[φ′1 φ

′
2 · · · φ′N ] = [α1 α2 · · · αN ]. (36)

Let P
4
= [φ1 φ2 · · · φn][φ′1 φ

′
2 · · · φ′n]−1. Then by (34)

and (36), P satisfies (27). Hence,

θ̃N = (PT )−1θ̃′N

= ([φ1 φ2 · · · φn]T )−1[φ′1 φ
′
2 · · · φ′n]T θ̃′N . (37)
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Now let us introduce some notations. Define the ma-
trix “row rearrangement” operator “→” and “column
rearrangement” operator “↓” as:

A→
4
=


am,1 am,2 · · · am,n
am−1,1 am−1,2 · · · am−1,n

...
...

. . .
...

a1,1 a1,2 · · · a1,n

 ;

A↓
4
=


a1,n a1,n−1 · · · a1,1

a2,n a2,n−1 · · · a2,1

...
...

. . .
...

am,n am,n−1 · · · am,1

 ,

for A =


a1,1 a1,2 · · · a1,n

a2,1 a2,2 · · · a2,n

...
...

. . .
...

am,1 am,2 · · · am,n

 .
It is easy to check the following properties of these op-
erators:

C→ = A→B; C↓ = AB↓;
(C→)↓ = A→B↓; C = A↓B→, for C = AB.

The reason for introducing these operators is that
[φ1 φ2 · · · φn]→ is a symmetric matrix and that for any
1 ≤ i ≤ m, it is easy to see that there exists elementary
transformation Ui (dependent only on ωi) such that

Ui[φ1 φ2 · · · φn]→UTi =
[

Ai 02×(n−2)

0(n−2)×2 Bi

]
(38)

Ui[φ′1 φ
′
2 · · · φ′n]→UTi =

[
A′i 02×(n−2)

0(n−2)×2 B′i

]
(39)

Ui


ejωi

e2jωi

...
enjωi

=

 ejωi

e2jωi

0(n−2)×1

 (40)

where, Ai
4
=
[
aisin (ωi + ϕi) aisin (2ωi + ϕi)
aisin (2ωi + ϕi) aisin (3ωi + ϕi)

]
;

A′i similarly defined with a′i and ϕ′i; Bi and B′i are (n−
2)× (n− 2) matrices containing no ωi components.

Hence, in the case that ϕi = ϕ′i, noticing that A′iA
−1
i =

a′i
ai

, we have the following relationship for the estimation

error of the frequency function:

G̃N (ωi)
4
= θ̃TN [e−jωi e−2jωi · · · e−njωi ]T

= θ̃′TN [φ′1 φ
′
2 · · · φ′n][φ1 φ2 · · · φn]−1 (41)

× [enjωi e(n−1)jωi · · · ejωi ]T · e−(n+1)jωi

= θ̃′TN (U−1
i )→

[
A′i 02×(n−2)

0(n−2)×2 B′i

]
(UTi )−1 (42)

·UTi
[

Ai
−1 02×(n−2)

0(n−2)×2 B−1
i

]

×((U−1
i )→)−1


ejωi

e2jωi

...
enjωi


→

· e−(n+1)jωi

= θ̃′TN (U−1
i )→

[
A′iA

−1
i 02×(n−2)

0(n−2)×2 B′iB
−1
i

]
U↓i (43)

×


ejωi

e2jωi

...
enjωi


→

· e−(n+1)jωi (44)

= θ̃′TN (U−1
i )→

[
A′iA

−1
i 02×(n−2)

0(n−2)×2 B′iB
−1
i

]
(45)

×

 ejωi

e2jωi

0(n−2)×1

 · e−(n+1)jωi (46)

=
a′i
ai
G̃′N (ωi). (47)

In the case that ϕi 6= ϕ′i, the calculation is somewhat
more complicated. First, by explicit calculation, we can
get the following equation:

ai
a′i
A′iAi

−1

[
ej(ωi+ϕi)

ej(2ωi+ϕi)

]
=
[
ej(ωi+ϕ

′
i)

ej(2ωi+ϕ
′
i)

]
,

which together with (45) leads to that

θ̃TN [e−jωi e−2jωi · · · e−njωi ]T · ejϕi

= θ̃′TN (U−1
i )→

[
A′iA

−1
i 02×(n−2)

0(n−2)×2 B′iB
−1
i

] ej(ωi+ϕi)ej(2ωi+ϕi)

0(n−2)×1

 ·
e−(n+1)jωi

=
a′i
ai
θ̃′TN (U−1

i )→

 ej(ωi+ϕ′i)ej(2ωi+ϕ
′
i)

0(n−2)×1

 · e−(n+1)jωi

=
a′i
ai
θ̃′TN [e−jωi e−2jωi · · · e−njωi ]T · ejϕ

′
i , (48)

which means that in the general case, (32) holds. �
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