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1 Introduction

In identi�cation the problem is to attach to every string
of data of the form y1; : : : ; yT ; yt 2 Rs , a system from
an a priori speci�ed model class. Ususally the model
class is described by a space of free parameters. In the
fully automatized case, the system (or its free param-
eters) is attached to the data by a function,  say. If
the data are assumed to be generated by an underlying
stochastic process (ytjt 2 Z) (called the data generating
process, DGP) and if  is measurable, then  is an es-
timator and the identi�cation problem is an estimation
problem. The special features of system identi�cation
arise from the rather complicated relation between ex-
ternal behavior, internal system parameters and free
parameters for a given model class.

For simplicity here we consider linear, �nite dimen-
sional, time-invariant, causal and stable systems only,
where in addition the only inputs are unobserved white
noise ("t). We discuss state space and ARMA forms.
The state space systems are assumed to be in innova-
tions representation:

xt+1 = Axt +B"t

yt = Cxt + "t

Here yt are the s-dimensional outputs, xt the n-
dimensional states and A 2 Rn�n , B 2 Rn�s and
C 2 Rs�n are the matrices of system parameters. The
noise parameters are � = E"t"

0

t. We impose the stabil-
ity condition

j�max(A)j < 1

and the miniphase condition

j�max(A�BC)j � 1

where �max denotes an eigenvalue of maximal modulus.
In addition we assume

� > 0:

The transfer function is of the form

k(z) =

1X

j=1

Kjz
j + I; Kj = CAj�1B; z 2 C

For ARMA systems we use the notation

a(z)yt = b(z)"t

where z here is the backwardshift,

a(z) =

pX

j=0

Ajz
j ; b(z) =

qX

j=0

Bjz
j

where Aj ; Bj 2 Rs�s , and we assume the stability con-
dition

det a(z) 6= 0 jzj � 1

and the miniphase condition

det b(z) 6= 0 jzj < 1

In addition we assume A0 = B0. Then the transfer
function is given by

k(z) =
1X

j=1

Kjz
j + I = a�1(z)b(z)



We may distinguish parametric, nonparametric and
semi-nonparametric estimation. In parametric estima-
tion the parameter spaces are �nite dimensional (and
the parameters determine the probability law of the ob-
servations, however we will disregard this second point
here). In non-parametric estimation e.g. functions
are estimated, such as transfer functions without de-
gree restrictions or even rationality assumption. In
semi-nonparametric estimation, the original parameter
space, � say, may not be �nite dimensional, but � is
broken into �nite dimensional bits �� say. Then esti-
mation consists of two parts, namely estimation of �
(model selection) and estimation of the �nite dimen-
sional parameters, � say, in ��. This is the approach
considered here. In this context the identi�cation prob-
lem may be decomposed into the following three mod-
ules:

� Structure Theory: Here an idealized indenti�ca-
tion problem is treated, as we commence from the
external behaviour, as described by the transfer
function in the linear case (and from �) rather
than from data, to obtain the internal parame-
ters.

� Estimation of real valued parameters for a se-
lected model (sub -) class ��, i.e. estimation of
� 2 ��.

� Model selection, i.e. estimation of �. Usually �
is a multi-index of integers.

Let UA denote the set of all rational s�s transfer func-
tions, having no poles for jzj � 1 and no zeros for jzj < 1
and satisfying k(0) = I and let U � UA denote the a
priori speci�ed class of transfer functions. Unless the
contrary is stated explicitely, we take U = UA. Now
the way how U is broken into bits, U� say, and how the
these bits are parameterized is of signi�cant in
uence
for the properties of identi�cation procedures as will be
demonstrated in this contribution.

2 Parametrizing Classes of Linear Systems

The description of a transfer function k 2 U , in general,
is performed in three steps:

� In the �rst step U is broken into bits U�, � 2 I ,
say and integer valued parameters � are attached
to k, such that k 2 U�.

� In the second step, for a given U�, k is described
by a �nite dimensional vector of (real valued) sys-
tem parameters � 2 T�, say.

� Since, in general, for given T�, not all system pa-
rameters are free, we may describe a system by
its free parameters ~� 2 ~T� say.

Let TA denote the set of all state space systems
(A;B;C), where s is �xed but n is variable, satisfying
our assumptions.

Let

� : TA ! UA

�(A;B;C) = C(zI �A)�1B + I

denote the mapping attaching transfer functions to sys-
tem parameters. For given U� we only consider T� such
that �(T�) = U� and T� can be embedded in a �nite
dimensional Euclidean space, Rd� say. In this case U�
is called �nite dimensional. Clearly, if � restricted to
T� is injective, then we have identi�ability, and thus
there exists a parametrizing mapping

 � : U� ! T�:

We use the same notation for ARMA systems. Further,
let

� : T� ! ~T� 2 R
~d�

denote the mapping attaching free parameters to sys-
tem parameters; we assume that � is bijective and that
~T� contains a nonvoid set open in R

~d� .

By M(n) � UA we denote the set of all transfer func-
tions of order n, by S(n) � TA we denote the set
of all state space systems (A;B;C) with state dimen-
sion n and by Sm(n) � S(n) the subset of all min-
imal (A;B;C). Finally, UA is endowed with the so
called pointwise topology which corresponds to the rel-
ative topology in the product space (Rs�s )N for the
(Kj jj 2 N).

The following approaches for parametrizing classes of
linear systems are considered in the lecture.

1. Echelon and balanced canonical forms as the most
important examples for canonical forms (see e.g.
[4] and [1]).

2. The description of the manifoldM(n) by the local
coordinates described by dynamical indices (see
e.g. [4]).

3. The ARMA parametrization with prescribed col-
umn degrees (see e.g. [2]).



4. The ARMA parametrization with prescribed
polynomial zeros (see e.g. [4]).

5. The ARMA parametrization commencing from
writing k as c�1p, where c is the least common
denominator polynomial for k and where the de-
grees of c and p serve as integer valued parame-
ters.

6. The description ofM(n) and �M(n) by Sm(n) and
S(n), respectively, which is non-identi�able.

3 Estimating Integer Valued and Real Valued

Parameters

As a prototype procedure the following is considered:

For given U� (Gaussian) maximum likelihood estima-
tion is performed: Let LT (k;�) denote the (negative
log-) likelihood as a function of the transfer function
k and the innovation variance �; then the maximum
likelihood estimators (MLE's) are obtained as

k̂T ; �̂T = arg minU���LT (k;�)

where � = f�j� > 0g. Under general conditions (see
[4]), the following coordinate free consistency result

holds: k̂T ! k0 a.s., �̂T ! �0 a.s., where k0 2 �U� and
�0 denote the true values, corresponding to the DGP.
The corresponding parameter estimators then may be
de�ned as �̂T =  �(k̂T ) (if k̂T 2 U�; note that k̂T may
be in �U� � U�) or ~� = �(�̂T ).

In a second step model selection is performed by mini-
mizing a criterion of the form

A(�) = log det�̂T (�) + ~d� � c(T ) � T
�1; � 2 I1 (1)

where I1 � I; �̂T (�) is the MLE of �0 over U���, ~d� is
the dimension of ~T� and c(T ) is a prescribed function;
choosing c(T ) as c�log(T ), c � 1 gives the BIC criterion.

As a general remark note that in comparing di�erent
decompositions into bits there is a tradeo� between the
quality in estimating integer valued parameters versus
estimating real valued parameters.

It should also be noted that the model selection step
adds uncertainty to the estimators of the real valued
parameters in a highly non-trivial way (see [5]).

Now for consistency of parameter estimation the fol-
lowing desirable properies of parametrizations may be
required:

1. T� is identi�able

2. The parametrizing mapping  � : U� ! T� is a
homeomorphism.

3. The mapping � is a homeomorphism.

4. U� is open relative to its closure �U�.

If k̂T ! k0, k0 2 U� holds, then the openness of U� in
�U� implies that  �(k̂T ) = �̂T exists from a certain T0
onwards and then, by the continuity requirements (2:)
and (3:) we have consistency for the parameters, i.e.
�̂T ! �0 =  �(k0) a.s. and �(�̂T ) = ~�T ! ~�0 = �(�0)
a.s.

Another desirable property is that

5. [�2IU� = UA

holds, i.e. that every system can be described by a
suitable choice of �.

In the lecture the six approaches for parametrizing lin-
ear systems mentioned above are analyzed with respect
to these desirable properties (compare [3]). In addition
the respective boundary points and the behavior of the
estimators at these boundary points are discussed. For
estimation of the integers � by a criterion of the form
(1), to be more speci�c for consistent estimation of �
by BIC, the sets U�, � 2 I1 have to satisfy additional
requirements. Such a requirement is

6. The sets U�, � 2 I1 are closure nested. This
means that there exists an ordering on I1 such
that � � � implies �U� � U�

The M(n); n = 0; 1; : : : are an example for such a clo-
sure nestedness. The parametrizations (1:) - (6:) will
also be discussed with respect to this property in the
lecture.
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