
Stabilizability, Uncertainty and the Choice of Sampling

Rate 1

Feng XUE and Lei GUO

Institute of Systems Science
Chinese Academy of Sciences
Beijing 100080, P. R. China

Fax: (8610)62587343
Email: Lguo@iss03.iss.ac.cn

Abstract

We shall in this contribution study a class of �rst or-
der sampled-data control systems with unknown non-
linear structure and with sampling rate not necessary
fast enough, aiming at understanding how stabilizabil-
ity depends quantitatively upon the choice of the sam-
pling rate and the \size" of the uncertainty. We shall
show that if the unknown nonlinear function has a lin-
ear growth rate with its \slope" (denoted by L) being a
measure of the \size" of uncertainty, then the sampling
rate should not exceed 1/L multiplied by a constant
(� 7.53) for the system to be globally stabilizable. If,
however, the unknown nonlinear function has a growth
rate faster than linear, and if the system is disturbed
by noises modeled as the standard Brownian motion,
then an example is given, showing that the correspond-
ing sampled-data system is not stabilizable in general,
no matter how fast the sampling rate is.

1 Introduction

Sampled-data control systems are prevalent in practice
due to the rapid developments and applications of digi-
tal computers. Over the past several decades, extensive
research e�orts have been devoted to sampled-data lin-
ear control systems (see e.g. [1] [2]). However, there
are only a few papers devoted to the theoretical inves-
tigation of sampled-data nonlinear control systems (see
e.g. [3]-[5], [7]-[9]), and most of which are only con-
cerned with the case where the sampling rate is fast
enough.

In comparison with the linear case, the investigation of
sampled-data nonlinear control systems is more com-
plicated not only due to the impossibility of obtaining
explicit solutions of nonlinear equations, but also due
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to the structure complexity of the closed-loop system|
-a hybrid system consisting of both continuous- and
discrete-time signals. Moreover, just as there is a fun-
damental di�erence between adaptive stabilizability of
continuous- and discrete-time nonlinear models (see,
[6]), a sampled-data nonlinear controller derived from
a standard continuous-time stabilizing controller may
indeed lose its stability [10], unless the sampling rate
is su�ciently fast [3]. However, due to physical con-
strains, su�ciently fast sampling rate is usually not
feasible in practice. Thus, a central issue in sampled-
data control is how to properly chose the sampling rate,
and the most di�cult part is to understand what the
sampled-data feedback cannot do if the sampling period
is not small enough.

Unlike most of the previous research, we will in this pa-
per discuss sampled-data (robust/adaptive) control of
a typical class of �rst order nonlinear systems with un-
certain structure and/or noises, aiming at understand-
ing how stabilizability of the system depends quanti-
tatively upon the choice of the sampling rate and the
\size" of the uncertainty. We will treat deterministic
and stochastic systems separately, and will prove the
following main results:

(a) The proper choice of the sampling rate h is
closely related to the \ slope" L of the unknown non-
linear function in consideration. To be precise, if h
is larger than L�1 multiplied by a constant (�7.53),
then there exists no sampled-data control which can
globally stabilize the prescribed class of uncertain
nonlinear systems; if, however, h is less than L�1

multiplied by log4, then a stabilizing sampled-data
controller for the whole class of uncertain systems
can be constructed.

(b) In the stochastic case where the random noise is
described by the standard Brownian motion, the un-
known system is globally stabilizable whenever the
nonlinear function has a linear growth rate and the
sampling rate satis�es h < 0:15L�1. If, however,



the unknown nonlinear function has a growth rate
faster than linear, then we give an example show-
ing that even though the continuous-time stabilizing
controller exists, there is no stabilizing sampled-data
control, no matter how fast the sampling rate is.

In section 2, we will formulate the problem considered
in the paper and present the main results. Section 3
will present some auxiliary lemmas which play a key
role in the proof of the main results. Some concluding
remarks will be given in Section 4.

2 The Main Results

2.1 Deterministic Systems

Consider the following basic control system:

_xt = f(xt) + ut; t � 0; x0 2 R1: (1)

The system signals are assumed to be sampled at a
constant rate h > 0, and the input is assumed to be
implemented via the familiar zero-order hold device (
piecewise constant function ):

ut = ukh; kh � t < (k + 1)h (2)

where ukh depends on fx0; xh; :::; xkhg.

De�nition 2.1. fut; t � 0g is called a sampled-data
feedback control if at each step k, ukh is a causal function
of the past and present sampled data fx0; xh; � � � ; xkhg,
i.e., there exists a function gk(�) : Rk+1 ! R1 such that
ukh = gk(x0; xh; � � � ; xkh).

The nonlinear function f in (1) is assumed to be un-
known but belongs to the following class of functions:

GL
c = ff jf is locally Lipschiz and sati�es

jf(x)j � Ljxj+ c;8x 2 R1g
(3)

where c > 0 and L > 0 are constants. A function f is
called locally Lipschiz if, for any R > 0, there exists a
constant L such that jf(x) � f(y)j � Ljx� yj;8(x; y) :
jxj � R; jyj � R:

In the above de�nition, L is ( the upper bound of ) the
\slope" of the function f 2 GL

c , which may be regard
as a measure of the size of the uncertainty and plays a
crucial role in the determination of the sampling rate h
as will be shown by the following theorems.

Theorem 2.1. Let b > 0 be the unique positive solution
of the following equation

1

b
f10
3
+ log(

b+ 2

b� 2
) + log(3 + 2b�1)g = 2

3
(4)

If Lh > b, then for any c > 0 and any sampled-data
control fukh; k � 0g there always exists a function f� 2
GL
c , such that the state signal of (1)-(2) corresponding

to f� with initial point x0 = 0 satis�es (k � 1)

jxkhj � (
Lh

2
)k�1 � ch �!

k!1
1:

We remark that the value of b determined by (4) can
be shown to be approximately 7.53. The following the-
orem shows that once Lh is suitably small, a stabilizing
sampled-data feedback control can be constructed.

Theorem 2.2. Let Lh < log4, L > 0 and c > 0. Then

the following sampled-data control (a
4
= eLh=2)

ukh = �(c+ Ljxkhj)sgn(xkh)� (2� a)L

2a
� xkh (5)

is globally stabilizing for the system (1) with any f 2
GL
c . Moreover,

lim
t!1

jxtj � (3a� 2)(a2 � 1)

(2� a)a
� 2c
L
; 8f 2 GL

c :

2.2 Stochastic Systems.

We now consider the following stochastic control system

dxt = f(xt)dt+ utdt+ �dwt; (6)

where the unknown nonlinear function f belongs to GL
c

de�ned by (3), and where fwtg is the standard Brown-
ian motion, and � > 0.

Theorem 2.3. For any f 2 GL
c , let the sampled-data

control (2) be de�ned by

ukh = �(1 + �)Lxkh; (7)

where � > 0 is a constant. If the sampling rate h satis-
�es

Lh <
�

(1 + �)(
p
2 + 1 + �)

; (8)

then the closed-loop system (6)-(7) is globally stable, i.e.
for any f 2 GL

c ,

lim
t!1

Ex2t <1; 8x0 2 R1:

Remark 2.1. The right-hand-side(RHS) of (8) takes

its maximum value (� 0:15) at � =
pp

2 + 1.

In the above, we have constrained ourselves to the
case where the nonlinear function has a linear growth
rate. A natural question is: Can we �nd a stabilizing



sampled-data control for systems where the unknown
nonlinear function has a nonlinear growth rate? The
following theorem gives us a negative answer for a class
of nonlinear stochastic systems, even in the case where
the nonlinear function is known a priori.

Theorem 2.4. Consider the stochastic control system
(6). Assume that

(i) ut is continuous on [kh; (k + 1)h);8k � 0, and

jut � ukhj �M; 8t 2 [kh; (k + 1)h); 8k � 0;

for some constant M > 0. Also,

�fut; t 2 [kh; (k + 1)h)g � �fwt; t � khg:
where �fxg denotes the �-algebra generated by x.

(ii) The function f(x) is locally Lipschitz and there ex-
ist two positive constants R0 and � such that

xf(x) � jxj2+� ; 8x : jxj � R0:

Then for any h > 0 and any feedback control satisfying
(i), the closed-loop system is unstable in the sense that:

Ex2T =1; 8T > 0:

Remark 2.2. a) The class of sampled-data control de-
�ned by condition (i) includes the standard zero-order
hold device (2) as a special case. It also includes other
familiar hold devices such as the �rst order hold device,
etc.;

b) The condition (ii) in Theorem 2.4 is obviously sat-
is�ed if we take f(x) = jxj1+�sgn(x). In this case, it
is easy to show that the simple state feedback control
ut = �jxtj1+�sgn(xt)�xt will globally stabilize the sys-
tem in the sense that sup

T>0
Ex2T <1, 8x0. This example

in conjunction with Theorem 2.4 demonstrates the fun-
damental di�erences between continuous-time control
and sampled-data control.

3 Some Auxiliary Lemmas

The proofs of our main theorems are rather involved,
we shall therefore omit the details here and only present
several auxiliary lemmas that play a key role in the
proof. First, we introduce a de�nition.

De�nition 3.1. Consider the following two sampled-
data control systems:

�f :

�
_x = f(x) + ut; t � 0; x(t0) = a;
ut = ukh; kh � t < (k + 1)h;

(9)

�g :

�
_z = g(z) + ut; t � 0; z(t0) = a;
ut = ukh; kh � t < (k + 1)h:

(10)

Under the same sampled-data control sequence futg, the
above two systems �f and �g are called N-step equiv-

alent starting from the same initial point a 2 R1, if the
sampled signals or observations of the two systems are
equal, i.e., xt0+kh = zt0+kh, k = 0; 1; � � �N .

Such an equivalent relationship will be denoted by

�f
a()
N

�g; s:t:futg:

If N = 1, we will simply use the notation �f
a() �g ,

s.t.u to denote that x(t0+ h) = z(t0+ h) when x(t0) =
z(t0) = a and ut � u; t0 � t < t0 + h.

The following lemmas are instrumental in the proof of
Theorem 2.1.

Lemma 3.1. Consider the one dimensional au-
tonomous system:�

_x = �(x); t � 0
x(0) = x0

(11)

where �(�) is local Lipschiz. Then

(i) The trajectory x(t) is a monotonous function of t;

(ii) For any T > 0, and xT 6= x0, the necessary and
su�cient condition for x(T ) = xT is

R xT
x0

dx
�(x) = T

together with �(x) 6= 0 on [min(xT ; x0);max(xT ; x0)].

Remark 3.1. The state signal x(t) de�ned by (1)-(2)
is monotonous in any �xed sampling interval. With the
help of (ii), we can calculate how much time it will take
for the state x(t) to travel from one point to another or
how far x(t) will travel in a certain time period. The
�rst part (i) of Lemma 3.1 can be found in [11], but for
the sake of easy reference, we still give a simple proof
here in Appendix A.

Lemma 3.2. Let the function ĝ 2 GL
c satisfy ĝ(z) �

Ljz0j+ c, for z � jz0j, such that the state signal of the
system

�ĝ :

�
_z = ĝ(z) + u0; t � 0
z(0) = z0

(12)

satis�es z(1) = z1 > jz0j > 0. Then there exists a
function g1 2 GL

c satisfying g1(z1) = Lz1 + c, and
g1[z0; jz0j] = ĝ, g1[jz0j; z1] � 0, such that the state sig-
nal of the following system:

�g1 :

�
_x = g1(x) + u0; t � 0
x(0) = z0

(13)



satis�es x(1) = z1, where by de�nition f1[�; �] = f2
means f1(x) = f2(x), 8x 2 [min(�; �), max(�; �)].

Remark 3.2. Lemma 3.2 shows that although
P

ĝ

and
P

g1
are one-step equivalent by De�nition 3.1, the

terminal values ĝ(z1) and g1(z1) can be quite di�erent.
This key fact makes it possible for us to construct the
nonstabilizable system in the proof of Theorem 2.1 later
on.

Similar to Lemma 3.2, we have the following \adjoint"
lemma.

Lemma 3.2'.Let the function ĝ 2 GL
c satisfy ĝ(z) �

�Ljz0j � c; z � �jz0j such that the state signal of the
system: �

_z = ĝ(z) + u0; t � 0
z(0) = z0

(14)

satis�es: z(1) = z1 < �jz0j < 0, then there exists
a function g1 2 GL

c satisfying g1(z1) = Lz1 � c, and
g1[�jz0j; z0] = ĝ, g1[z1;�jz0j] � 0, such that the state
signal of the following system:�

_x = g1(x) + u0; t � 0
x(0) = z0

(15)

satis�es x(1) = z1.

Lemma 3.3. If we explicitly denote the system (1)-(2)
as Sys(f; x0; h; fukhg), then for any positive constant
�, there is a \linear time-transforming" relationship be-
tween the state signal x(t) of the system (1)-(2) and the
state signal z(t) of the system Sys(�f; x0;

1
�h; f�ukhg),

i.e.,
z(t) = x(�t);8t � 0:

This lemma will make it possible to transfer the general
sampling rate case h > 0 to the special case h = 1 in the
proofs of the main theorem to be given in the sequel.

The key idea behind the proof of Theorem 2.1 is as
follows: given any sampled-data feedback fukhg, we
try to �nd a \worst case" function f� 2 GL

c such that
the corresponding system is not stabilizable.

The following lemma is useful in the proof of Theorem
2.2.

Lemma 3.4.Let the system _x = g(x) + u0; x(0) = x0
satisfy

(i) g 2 GL
c ; c � 0 and 0 < L < log4;

(ii) jx0j > 2 � 2cL � a� 1
2� a , where a

4
= e

L
2 .

If u0 = �(c+Ljx0j)sgn(x0)� 2� a
2a Lx0, then we have

jx(1)j � � � jx0j, where � 2 (0; 1) is a constant.

The proof of Theorem 2.3 is not di�cult, however, the
proof of Theorem 2.4 is not straightforward. To prove
Theorem 2.4, we need the following property on the
standard Brownian motion (see [7], P.33):

Property 1. Let wt be the standard Brownian motion,
and let � be a Markov time de�ned by

�
4
= infft � 0 : wt = �a+ btg;

where a > 0, 0 � b < 1. Then the probability density
of � is p�(t) =

ap
2�t3=2

expf�(bt� a)2=2tg.

By Property 1, it is clear that the following lemma is
true.

Lemma 3.5.For any T and c1 > 0, we have

Pf�wt > c1t� 1; 8t 2 [0; T ]g > 0;

where wt is the standard Brownian motion.

Lemma 3.6. Let a function f(x) 2 C1(R1) satisfy
f 0(x) > 0;8x > a � 1, and f(a � 1) + b > 0, where
a; b 2 R1 are two constants. Also, let x(t) and y(t) be
two continuous functions of t, which satisfy

�
x(t) � a+

R t
0
f(xs)ds+ bt� 1; t � 0;

x(0) = a;

and

y(t) = a+

Z t

0

f(ys)ds+ bt� 1:

Then
x(t) > y(t) � a� 1; 8t � 0:

Lemma 3.7. For any positive constans T; �; g0 and
any x0 2 R1, there exists a constant b > 0 such that
the solution of the following integral equation:

zt = x0 +

Z t

0

(jzs � x0 + 1j1+� � g0)ds+ bt� 1 (16)

is blow up at time T , i.e., z(T ) =1.

4 Concluding Remarks

In this paper, we have tried to understand quantita-
tively the following questions: (i) How the stabilizabil-
ity of sampled-data control systems with uncertain non-
linear structure depend upon the (not necessarily small)



value of the sampling period and upon the \size" of the
uncertainty ? And (ii) what the sampled-data feedback
control cannot do ? As a starting point towards the
study of these fundamental issues, we have considered a
typical class of �rst-order sampled-data control systems
with unknown nonlinearity, and have obtained several
concrete theoretical results. These results show that,
among other things, the choice of the sampling rate h
should be of the magnitude O( 1L ) with a suitable \O"
constant, where L is the \slope" of the unknown nonlin-
ear function. For further investigation, it is desirable to
bridge the gap between the bounds for Lh in Theorems
2.1 and 2.2 as has been done for the pure discrete-time
case in [11] , and to study more general systems. Fi-
nally, we remark that, since our main result|Theorem
2.1 is a \negative" type result, it is also valid for more
general class of uncertain systems which include (1) as
a special case.
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