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Devwudfw

Lq wklv sdshu wkh gl�huhqwldo  dwqhvv surshuw| dqg d
volglqj prgh frqwuroohu duh dssolhg wr d yleudwlqj ph0
fkdqlfdo v|vwhp lq rughu wr dfklhyh dv|pswrwlf rxwsxw
wudfnlqj dqg glvwxuedqfh dwwhqxdwlrq1 Wkh phfkdqlfdo
v|vwhp frqvlvwv ri wzr pdvvhv frqqhfwhg zlwk vsulqjv1
Wkh rxwsxw wr eh frqwuroohg lv wkh srvlwlrq ri wkh xqghu0
dfwxdwhg pdvv/ zklfk lv gluhfwo| d�hfwhg e| dq xqghvlu0
deoh yleudwlrq +kduprqlf irufh zlwk yduldeoh h{flwdwlrq
iuhtxhqf|,1 Wkh dfwlyh yleudwlrq frqwuro vfkhph h{sorlwv
wkh gl�huhqwldo  dwqhvv surshuw| gxulqj wkh frqwuro gh0
vljq/ hpsor|lqj rqo| srvlwlrq phdvxuhphqwv dqg ds0
sur{lpdwh wlph gl�huhqwldwlrq/ dqg lv g|qdplfdoo| deoh
wr wudfn dq r�0olqh sodqqhg wudmhfwru| lq vslwh ri vpdoo
glvwxuedqfhv1 Wkh ryhudoo v|vwhp shuirupdqfh lv ydol0
gdwhg e| vrph qxphulfdo vlpxodwlrqv dqg h{shulphqwdo
uhvxowv lq d sk|vlfdo sodwirup1
Nh|zrugv= Dv|pswrwlf wudfnlqj/ Gl�huhqwldo  dwqhvv/
Volglqj prghv/ Yleudwlrq frqwuro1

4 Lqwurgxfwlrq

Pdq| hqjlqhhulqj v|vwhpv xqghujr xqghvludeoh yleud0

wlrqv1 Yleudwlrq frqwuro lq phfkdqlfdo v|vwhpv lv dq lp0

sruwdqw sureohp/ e| phdqv ri zklfk yleudwlrqv duh vxs0

suhvvhg ru dw ohdvw dwwhqxdwhg1 Wkhuh duh wkuhh ixqgd0

phqwdo phwkrgrorjlhv ghvfulehg dv sdvvlyh/ vhpl0dfwlyh

dqg dfwlyh yleudwlrq frqwuro1 Sdvvlyh yleudwlrq frqwuro

uholhv rq wkh dgglwlrq ri vwl�qhvv dqg gdpslqj wr wkh v|v0

whp wr uhgxfh wkh sulpdu| uhvsrqvh/ dqg vhuyhv iru dq

vshfl�f h{flwdwlrq iuhtxhqf| dqg vwdeoh rshudwlqj frq0

glwlrqv/ exw lv qrw uhfrpphqghg iru yduldeoh iuhtxhq0

flhv dqg xqfhuwdlq v|vwhp sdudphwhuv1 Vhpl0dfwlyh yl0

eudwlrq frqwuro ghdov zlwk dgdswlyh vsulqj ru gdpshu

fkdudfwhulvwlfv zklfk duh wxqhg dffruglqj wr wkh rshudw0

lqj frqglwlrqv1 Dfwlyh yleudwlrq frqwuro dfklhyhv ehwwhu

shuirupdqfh e| dgglqj ghjuhhv ri iuhhgrp wr wkh v|v0

whp dqg frqwuroolqj dfwxdwru irufhv ghshqglqj rq wkh

ihhgedfn dqg ihhgiruzdug lqirupdwlrq ri wkh v|vwhp re0
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wdlqhg iurp vhqvruv1 Lq jhqhudo/ wkh dgglwlrq ri h{wud
ghjuhhv ri iuhhgrp fdxvhv frpsoh{ g|qdplfv/ zlwk frx0
solqjv zklfk fdq eh olqhdu ru qrqolqhdu1 Iru pruh ghwdlov
zh uhihu wr ^6/ 9/ 4/ 7`1

Rq wkh rwkhu kdqg/ pdq| g|qdplfdo v|vwhp h{klelw
d vwuxfwxudo surshuw| fdoohg gl�huhqwldo  dwqhvv1 Wklv
surshuw| lv htxlydohqw wr wkh h{lvwhqfh ri d vhw ri lqgh0
shqghqw rxwsxwv/ fdoohg  dw rxwsxwv dqg htxdo lq qxp0
ehu wr wkh frqwuro lqsxwv/ zklfk frpsohwho| sdudphwhu0
l}hv hyhu| vwdwh yduldeoh dqg frqwuro lqsxw +vhh ^5`,1 E|
phdqv ri gl�huhqwldo  dwqhvv wkh dqdo|vlv dqg ghvljq ri
d frqwuroohu lv juhdwo| vlpsol�hg1 Lq sduwlfxodu/ wkh frp0
elqdwlrq ri gl�huhqwldo  dwqhvv zlwk volglqj0prgh frq0
wuro whfkqltxhv +h{whqvlyho| xvhg zkhq d urexvw frqwuro
vfkhph lv uhtxluhg/ h1j1/ xqfhuwdlqw| gxh wr prghoolqj
huuruv dqg g|qdplf glvwxuedqfhv ^:`, txdol�hv dv d ydox0
deoh frqwuro vfkhph wr dfklhyh urexvw dv|pswrwlf rxwsxw
wudfnlqj1

Wklv sdshu frqvlghuv wkh sureohp ri frqwuroolqj d wzr gh0
juhh ri iuhhgrp phfkdqlfdo sodwirup frqvlvwlqj ri pdvv
fduuldjhv dqg vsulqjv1 Wkh frqwuro remhfwlyh frqvlvwv
ri wudmhfwru| sodqqlqj ri dq xqghudfwxdwhg rxwsxw dqg
glvwxuedqfh dwwhqxdwlrq ri h{whuqdo yleudwlrqv d�hfwlqj
gluhfwo| wkh v|vwhp1 Wkh frqwuro odz lv v|qwkhvl}hg ds0
so|lqj wkh gl�huhqwldo  dwqhvv dssurdfk dv zhoo dv volg0
lqj prgh frqwuro whfkqltxhv wr dfklhyh wkh dv|pswrwlf
rxwsxw wudfnlqj ri r�0olqh sodqqhg wudmhfwrulhv lq suhv0
hqfh ri kduprqlf yleudwlrqv +shuwxuedwlrq irufhv,1 Wkh
ryhudoo forvhg0orrs v|vwhp frpsulvhv dq dfwlyh yleudwlrq
frqwuro vfkhph/ xvlqj rqo| srvlwlrq phdvxuhphqwv dqg
hvwlpdwhg yhorflwlhv dqg dffhohudwlrqv/ zklfk lv deoh wr
frpshqvdwh kduprqlf yleudwlrqv zlwk yduldeoh h{flwd0
wlrq iuhtxhqf| dqg/ vlpxowdqhrxvo|/ jhw wkh dv|pswrwlf
rxwsxw wudfnlqj1 Vrph qxphulfdo vlpxodwlrqv dqg h{shu0
lphqwdo uhvxowv rq d sk|vlfdo v|vwhp looxvwudwh wkh urexvw
shuirupdqfh ri wkh dfwlyh yleudwlrq frqwuro v|vwhp1

5 Yleudwlqj phfkdqlfdo v|vwhp

Dq vfkhpdwlf gldjudp ri wkh yleudwlqj phfkdqlfdo v|v0

whp lv vkrzq lq Ilj1 41 Wkh phfkdqlfdo v|vwhp frq0
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Iljxuh 4= Vfkhpdwlf gldjudp ri wkh phfkdqlfdo v|vwhp1

vlvwv ri wzr pdvv fduuldjhv +p4/p5, lqwhufrqqhfwhg e|
el0gluhfwlrqdo vsulqjv +n4/n5,1 Hdfk pdvv fduuldjh vxv0
shqvlrq kdv dq dqwl iulfwlrq edoo ehdulqj v|vwhp/ wkhuh0
iruh/ wkh olqhdu gdvksrwv +f4/f5, vkrzq lq Ilj1 4 duh
lqfoxghg rqo| wr ghvfuleh wkh vpdoo ylvfrxv gdpslqjv1
Wkh frqwuro irufh lv uhsuhvhqwhg e| x+w,/ zklfk fdq gl0

uhfwo| sxvk wkh pdvv p4 wr vdwlvi| wkh ghvluhg frqwuro
remhfwlyhv +wudmhfwru| wudfnlqj dqg glvwxuedqfh dwwhqx0
dwlrq,1 Wklv frqwuro irufh lv rewdlqhg iurp d euxvkohvv
vhuyr prwru frqqhfwhg wr d slqlrq0udfn phfkdqlvp1 Wkh
xqghudfwxdwhg pdvv fduuldjhp5 lv d�hfwhg e| dq h{rjh0
qrxv +kduprqlf, irufh i+w, @ I vlq+$w, jhqhudwhg iurp
d vkdnhu prxqwhg rq wkh fduuldjh +hffhqwulf frqqhfwhg
wr d gf0prwru vkdiw zlwk yhorflw| uhjxodwlrq,1 Rswlfdo
hqfrghuv fdq phdvxuh wkh pdvv fduuldjh srvlwlrqv yld
d fdeoh0sxooh| v|vwhp +yhorflwlhv dqg dffhohudwlrqv duh
qxphulfdoo| dssur{lpdwhg e| vriwzduh,1

Wkh sulpdu| dqg vhfrqgdu| vxev|vwhpv duh frpsrvhg
e| wkh hohphqwv +p5> f5> n5, dqg +p4> f4> n4,/ uhvshf0
wlyho|1 Wkh xqghvludeoh yleudwlrqv rq wkh pdvv fduuldjh
p5 duh surgxfhg e| wkh dfwlrq ri wkh kduprqlf irufh
i+w,1 Wkh vhfrqgdu| vxev|vwhp +p4> f4> n4, pd| eh frq0
vlghuhg dv d sdvvlyh yleudwlrq devruehu iru wkh sulpdu|
vxev|vwhp +p5> f5> n5,> lw lv w|slfdoo| ghvljqhg wr vdw0
lvi| wkh uhvrqdqfh frqglwlrqv/ zkhuh wkh kduprqlf irufh
i+w, lv dfwxdoo| dwwhqxdwhg iurp {5+w, rqo| iru d vshfl�f

h{flwdwlrq iuhtxhqf| $ dqg vwdeoh rshudwlrq frqglwlrqv1

Wkh pdlq glvdgydqwdjh ri wklv rshq0orrs frqwuro vfkhph

lv wkh devhqfh ri urexvwqhvv zlwk uhvshfw wr sdudphwhu

xqfhuwdlqwlhv ru ydu|lqj h{flwdwlrq iuhtxhqflhv1

Wkh lqwurgxfwlrq ri wkh frqwuro irufh x+w, uhvxow lq dq

dfwlyh yleudwlrq frqwuro vfkhph1 Wklv zloo eh surshuo|

ghvljqhg xvlqj gl�huhqwldo  dwqhvv/ volglqj prgh whfk0

qltxhv dqg wudmhfwru| sodqqlqj1

514 Pdwkhpdwlfdo prgho

Wkh pdwkhpdwlfdo prgho ri wkh wzr ghjuhh ri iuhhgrp

phfkdqlfdo v|vwhp vkrzq lq Ilj1 4 lv jlyhq e|

p4�{4 . f4 b{4 . n4{4 . n5+{4 � {5, @ x+w, +4,

p5�{5 . f5 b{5 � n5+{4 � {5, @ i+w, +5,

zkhuh {4 dqg {5 ghqrwh wkh krul}rqwdo srvlwlrqv ri wkh
pdvv fduuldjhv p4 dqg p5 zlwk uhvshfw wr wkh uhvwlqj

srlqw/ uhvshfwlyho|1 Wkh frqwuro lqsxw x+w, dqg wkh h{0

rjhqrxv vljqdo i+w, duh irufhv deoh wr sxvk ru sxoo wkh

pdvv fduuldjhv p4 dqg p5/ uhvshfwlyho|1

E| gh�qlqj wkh vwdwh yduldeohv }4 @ {4/ }5 @ b{4/ }6 @

{5/ }7 @ b{5 wkh prgho lq +4,0+5, lv uhsuhvhqwhg lq wkh
vwdwh vsdfh irup

b} @ D} .Ex.Hi / } 5 U7/ i 5 U4 +6,

| @ }6/ | 5 U
4 +7,

zkhuh

D @

5
999997

3 4 3 3

�

+n4 . n5,

p4

�

f4

p4

n5

p4

3

3 3 3 4
n5

p5

3 �

n5

p5

�

f5

p5

6
:::::8

/

E @

5
9997

3

4

p4

3

3

6
:::8 / H @

5
9997

3

3

3

4

p5

6
:::8

Lw fdq eh hdvlo| suryhg wkdw wkh iuhh yleudwlrqv ri v|vwhp
+6,0+7, duh rqo| vwdeoh iru wkh xqgdpshg fdvh +l1h1/ zkhq
f4 @ 3 dqg f5 @ 3 wkh pdwul{ D kdv doo lwv hljhqydoxhv
ryhu wkh lpdjlqdu| d{lv, dqg dv|pswrwlfdoo| vwdeoh iru
wkh gdpshg fdvh +l1h1/ zkhq f4 A 3 dqg f5 A 3 doo wkh

hljhqydoxhv ri D kdyh qhjdwlyh uhdo sduw,1 Pruhryhu/ wklv
v|vwhp lv frpsohwho| frqwuroodeoh1

Wkh wudqvihu ixqfwlrq ri wkh v|vwhp +6,0+7, uhodwlqj wkh
glvwxuedqfh i+w, zlwk wkh rxwsxw | @ }6 lv hdvlo| re0

wdlqhg dv

J+v, @
\ +v,

I +v,

@
p4v

5 . f4v. +n4 . n5,

g7v
7 . g6v

6 . g5v
5 . g4v. g3

zkhuh g7 @ p4p5/ g6 @ p4f5 .p5f4/ g5 @ p4n5 .
p5+n4.n5,.f4f5/ g4 @ n5f4.f5+n4.n5, dqg g3 @ n4n51

Zkhq i+w, � 3 wkh htxloleulxp vwdwh lv jlyhq e|

{h @ fro+xh@n4> 3> xh@n4> 3,/ zkhuh x
h lv d frqvwdqw lq0

sxw +irufh,/ khqfh/ xh @ 3 lpsolhv {h @ 31 Rwkhuzlvh/

wkh glvwxuedqfh i lv lq frq lfw zlwk wkh wudqvihu ri wkh

htxloleulxp vwdwh wr dq| ghvluhg wudmhfwru|1

Uhpdun 4 Wkh rxwsxw | @ }6 kdv uhodwlyh ghjuhh 7 zlwk

uhvshfw wr x dqg uhodwlyh ghjuhh 5 zlwk uhvshfw wr i / khqfh/

wkh glvwxuedqfh ghfrxsolqj sureohp lv qrw vroydeoh1 Do0

wkrxjk glvwxuedqfh dwwhqxdwlrq lv vwloo srvvleoh e| dssol0

fdwlrq ri d urexvw frqwuroohu1

6 Gl�huhqwldo  dwqhvv ri wkh yl0

eudwlqj v|vwhp

D g|qdplfdo v|vwhp lv gl�huhqwldoo|  dw li wkhuh h{lvwv d

vhw ri gl�huhqwldeoh ixqfwlrqv ri wkh vwdwhv/ wkh vr0fdoohg



 dw rxwsxwv/ e| phdqv ri zklfk doo wkh vwdwh yduldeohv
dqg frqwuro lqsxwv fdq eh h{suhvvhg lq whupv ri wkh  dw
rxwsxwv dqg lwv wlph ghulydwlyhv1 Wklv vwuxfwxudo surs0
huw| dqg pdq| looxvwudwlyh dssolfdwlrqv kdyh ehhq zlgho|
h{sodlqhg lq vhyhudo sdshuv e| Iolhvv dqg fr0zrunhuv +vhh
^5` dqg uhihuhqfhv wkhuhlq,1 Zlwk wklv surshuw| wkh ixoo
olqhdul}dwlrq sureohp fdq eh hvwdeolvkhg dqg h{whqghg
wr gl�huhqw fodvvhv ri qrqolqhdu v|vwhpv1 Gl�huhqwldo
 dwqhvv lv vshfldoo| xvhixo iru dv|pswrwlf vwdelol}dwlrq/
h{dfw olqhdul}dwlrq/ qrq0plqlpxp skdvh rxwsxwv/ wud0
mhfwru| sodqqlqj/ hwf1

Iru vlpsolflw| lq wkh dqdo|vlv ri wkh gl�huhqwldo  dwqhvv
iru wkh phfkdqlfdo v|vwhp +6,0+7, dvvxph wkdw i+w, @ 31
Ehfdxvh wklv v|vwhp lv frpsohwho| frqwuroodeoh wkhq lv

gl�huhqwldoo|  dw1 Lq idfw/ wkh rxwsxw wr eh frqwuroohg

| @ }6 lv wkh vlpsohvw  dw rxwsxw1 Lq rughu wr vkrz

wkh sdudphwhul}dwlrq ri doo wkh vwdwh yduldeohv dqg frq0

wuro lqsxw/ zh �uvwo| frpsxwh wkh wlph ghulydwlyhv xs wr

irxuwk rughu iru | @ }6/ uhvxowlqj
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Wkhq/ wkh vwdwh yduldeohv dqg frqwuro lqsxw duh sdudp0

hwhul}hg lq whupv ri wkh  dw rxwsxw dv iroorzv=
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Li wkh frqwuro remhfwlyh lv wkh dv|pswrwlf rxwsxw wudfn0

lqj wr d ghvluhg uhihuhqfh wudmhfwru| |
�+w, wkhq/ zh fdq

frpsxwh wkh vwdwh yduldeohv dqg frqwuro lqsxw uhtxluhg
wr jhw shuihfw wudfnlqj ri wkh jlyhq qrplqdo wudmhfwru|1
Wkhuhiruh/ lq dq lghdo vhwwlqj wkh sdudphwhul}dwlrq lq
+8,0+9, fdq eh xvhg wr ghwhuplqh }

�+w, dqg x�+w, ohdglqj

wr |+w, @ |
�+w,1 Dv d pdwwhu ri idfw/ wkh gl�huhqwldo  dw0

qhvv dssurdfk lwvhoi grhv qrw surylgh dv|pswrwlf wudfn0

lqj dqg urexvwqhvv lq suhvhqfh ri wkh h{rjhqrxv vljqdo

ru sdudphwhu xqfhuwdlqwlhv lqwr wkh v|vwhp1 Lq fdvh wkdw

i+w, 9@ 3/ wkh deryh sdudphwhul}dwlrq pxvw h{solflwo| lq0

foxgh wkh h�hfw ri i dqg wlph ghulydwlyhv xs wr vhfrqg

rughu1

D volglqj prgh frqwuroohu edvhg rq gl�huhqwldo  dwqhvv

zloo uhvxow lq d pruh uhdolvwlf frqwuro vfkhph dqg ehwwhu

v|vwhp ehkdylru1

7 Volglqj prgh frqwuro edvhg rq

gl�huhqwldo  dwqhvv

Vshfli|lqj d ghvluhg wudmhfwru| |
�+w, iru wkh  dw rxwsxw

|+w, @ }6+w, dqg gh�qlqj wkh wudfnlqj huuru e| h+w, =@
|+w, � |

�+w, d vwdwh ihhgedfn frqwuroohu/ edvhg rq h{dfw
wudfnlqj huuru/ lv rewdlqhg dv iroorzv +vhh ht1 +9,,=
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qdwhv +|> b|> �|>

111
| ,/ ohdgv wr d forvhg0orrs v|vwhp lq wkh

Euxqryvn| fdqrqlfdo irup1 Wkh qhz frqwuro lqsxw y+w,
lv ghvljqhg wr vwdelol}h wkh v|vwhp dqg rewdlq wkh ghvluhg

wudfnlqj1 Iru lqvwdqfh/ wkh olqhdu huuru ihhgedfn

y+w, @ �6
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h +w, . �5�h+w, . �4 bh+w, .�3h+w, .
+7,
|
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+w, +;,

zkhuh �l> l @ 3> ===>6> duh srvlwlyh uhdo frqvwdqwv vhohfwhg

lq vxfk d zd| wkdw wkh sro|qrpldo v7 . �6v
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5
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�4v.�3 eh Kxuzlw} dffruglqj wr vrph suhvfulehg olqhdu



g|qdplfv +sroh sodfhphqw,1 Wkxv/ wkh wudfnlqj huuru
g|qdplfv lv ghvfulehg e| wkh olqhdu ruglqdu| gl�huhqwldo
htxdwlrq

+7,
h +w, .�6

111

h +w, .�5�h+w, . �4 bh+w, . �3h+w, @ 3 +<,

zklfk lv joredoo| dv|pswrwlfdoo| vwdeoh +l1h1/
olpw$4 h+w, @ 3,1

Qrwh wkdw wklv olqhdu frqwuroohu grhv qrw frqvlghu wkh

shuwxuedwlrq i+w, dqg sdudphwhu xqfhuwdlqwlhv1 Wr ryhu0

frph wklv nlqg ri gl!fxowlhv zh vkdoo h{sorlw wkh zhoo0

nqrzq urexvwqhvv surshuwlhv ri wkh volglqj prgh frqwuro

whfkqltxhv1

Frqvlghu d olqhdu vzlwfklqj vxuidfh gh�qhg e|

�+h> bh> �h>
111

h , @
111

h . �
5
�h. �

4
bh. �

3
h +43,

zkhuh �
l
> l @ 4> ===>6> duh ghvljq sdudphwhuv lqfrusr0

udwlqj wkh uhjxodwlrq dqg vwdelolw| uhtxluhphqwv1 Wkh

volglqj prwlrq ri wkh wudfnlqj huuru h+w,/ wkdw lv/ wkh hu0

uru g|qdplfv uhvwulfwhg wr �+�, @ 3/ lv jryhuqhg e| wkh

olqhdu gl�huhqwldo htxdwlrq

111
h . �

5
�h. �

4
bh. �

3
h @ 3 +44,

Qh{w/ wkh frqvwdqwv �
3
> �

4
> �

5
duh vhohfwhg wr yhuli| wkdw

wkh dvvrfldwhg sro|qrpldo v6 .�
5
v5 .�

4
v.�

3
eh Kxu0

zlw}1 Dv d frqvhtxhqfh/ wkh huuru g|qdplfv rq wkh

vzlwfklqj vxuidfh �+�, @ 3 lv joredoo| dv|pswrwlfdoo| vwd0

eoh1

Wkh volglqj vxuidfh �+�, @ 3 lv pdgh joredoo| dwwudfwlyh
zlwk wkh frqwlqxrxv dssur{lpdwlrq wr wkh glvfrqwlqxrxv
volglqj prgh frqwuroohu dv jlyhq lq ^8`/ l1h1/ e| iruflqj �
wr vdwlvi| wkh g|qdplfv

b� @ �� ^� . � vljq+�,` +45,

zkhuh �>� ghqrwh srvlwlyh uhdo frqvwdqwv dqg vljq+�, lv

wkh vwdqgdug vljqxp ixqfwlrq1 E| xvlqj wkh O|dsxqry

ixqfwlrq �
5 lw lv hdv| wr suryh wkh dv|pswrwlf frqyhu0

jhqfh ri � wr wkh volglqj vxuidfh � @ 3 +l1h1/ � b� ? 3,1

Wkh volglqj prgh frqwuroohu lv wkhq v|qwkhvl}hg e|

y @ � ^�
5

111

h +w, . �
4
�h+w, . �

3
bh+w,` .

�� ^�+�, . � vljq+�+�,,` .
+7,
|

�

+w, +46,

Wdnlqj lqwr dffrxqw wkh sk|vlfdo olplwdwlrqv ri wkh yl0
eudwlqj phfkdqlfdo v|vwhp/ wkh ghjuhh ri cvprrwkqhvv*
lqwurgxfhg lq +45, lv txlwh uhdvrqdeoh wr dyrlg wkh kljk
vzlwfklqj iuhtxhqflhv1 Lq dgglwlrq/ zh vkdoo xvh wkh iro0
orzlqj dssur{lpdwlrq ri wkh vljqxp ixqfwlrq

vljq+�, �
�

m�m. %
+47,

zkhuh % lv dq duelwudulo| vpdoo srvlwlyh frqvwdqw1

8 Vlpxodwlrq dqg h{shulphqwdo

uhvxowv

Wkh forvhg0orrs v|vwhp shuirupdqfh lv looxvwudwhg zlwk

vrph qxphulfdo vlpxodwlrqv1 E| phdqv ri vhyhudo uhdo

wlph h{shulphqwv rq wkh yleudwlqj phfkdqlfdo v|vwhp

suhylrxvo| ghvfulehg1

Wkh h{shulphqwdo sodwirup lv frpsulvhg ri wkuhh vxev|v0

whpv= l, hohfwurphfkdqlfdo sodqw zlwk dfwxdwru +euxvk0
ohvv gf vhuyrprwru, dqg vhqvruv +kljk uhvroxwlrq hq0
frghuv ri 7333 sxovhv shu uhyroxwlrq zlwk dq h�hfwlyh
olqhdu uhvroxwlrq ri 5599 frxqwv2fp, dv ghvfulehg lq
Ilj1 4> ll, uhdo wlph frqwuroohu edvhg rq d GVS lqvwdoohg
lqwr d SF> dqg/ lll, vriwzduh lqvwdoohg rq d SF wr sur0
judp wkh frqwuro dojrulwkpv dqg froohfw wkh lqirupd0
wlrq1 Wkh pd{lpxp vdpsolqj udwh ri wkh ryhudoo v|vwhp
lv 41464 Nk} +plqlpxp vdpsolqj wlph lv 31333;;7 vhf0
rqgv,/ krzhyhu/ wr dyrlg gdpdjhv dqg kljk iuhtxhqflhv
wklv zdv �{hg wr 3133;;7 vhfrqgv1

Ehfdxvh rqo| srvlwlrq phdvxuhphqwv duh gluhfwo| dydlo0
deoh rq wkh h{shulphqwdo sodwirup +yld wkh hqfrghuv,/
wkhq wkh wlph ghulydwlyhv xs wr irxuwk rughu ri wkh fruuh0
vsrqglqj  dw rxwsxw duh qxphulfdoo| dssur{lpdwhg lqwr
wkh uhdo wlph frqwuro dojrulwkpv1 Lq idfw/ wkhvh frp0
sxwdwlrqv zloo eh fohduo| revhuyhg rq wkh qrlv| frqwuro
lqsxw1

Wkh sk|vlfdo sdudphwhuv ri wkh yleudwlqj phfkdqlfdo
v|vwhp duh jlyhq lq Wdeoh L1

Wdeoh L1 V|vwhp sdudphwhuv

p4 @ 4=;8 nj/ p5 @ 5=88 nj

n4 @ 733 Q2p/ f4 � 43 Q2+p2v,
n5 @ 4:8 Q2p/ f5 � 43 Q2+p2v,

Wkh deryh sdudphwhuv zhuh dfwxdoo| ydolgdwhg wr �w wkh
rshq0orrs wlph dqg iuhtxhqf| uhvsrqvh ri wkh phfkdql0
fdo v|vwhp1

Wkh sdudphwhuv ri wkh sursrvhg volglqj prgh frqwuroohu
+:,0+46, zhuh ghvljqhg wr kdyh sro|qrpldov
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Wkxv/ zh vhohfw s @ 53/ � @ 3=:3:4/ $q @ 45=899 udg2v/
� @ 43/ � @ 43 dqg % @ 3=341

Wkh ghvluhg wudmhfwru| iru wkh  dw rxwsxw |+w, @ {5+w,
lv sodqqhg r�0olqh dffruglqj wr

|
�+w, @

;?
=

�| @ frqvwdqw li 3 � w ? W4

�| ^4� #+w> W4> W5,` li W4 � w ? W5

3 li w A W4



zkhuh �| @ 3=343 p/ W4 @ 9 v/ W5 @ ; v/ dqg #+w> W4> W5,
lv d Eh}lìu w|sh sro|qrpldo vxfk wkdw #+W4> W4> W5, @ 3
dqg #+W5> W4> W5, @ 41 Wkh sro|qrpldo lv jlyhq e|

#+w> W4> W5, @

�
w� W4

W5 � W4
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�
w� W4
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�
w� W4

W5 � W4
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. ===. u9

�
w � W4

W5 � W4

�8

`

zlwk frqvwdqwv u4 @ 585/ u5 @ 4383/ u6 @ 4;33/

u7 @ 48:8/ u8 @ :33 dqg u9 @ 459 fkrvhq wr jxdudqwhh

vprrwk frqqhfwlrqv ri wkh wkuhh slhfhzlvh frqwlqxrxv

wudmhfwrulhv1 Revhuyh wkdw |�+w, lv rewdlqhg dv wkh frq0

fdwhqdwlrq ri qrq0vprrwk dqg vx!flhqwo| vprrwk wud0

mhfwrulhv1 Wklv lv frqvlghuhg wr frpsduh wkh forvhg0orrs

wudfnlqj g|qdplfv lq erwk fdvhv1

Vhyhudo qxphulfdo vlpxodwlrqv zhuh shuiruphg zlwk dqg

zlwkrxw wkh suhvhqfh ri wkh h{rjhqrxv yleudwlrq irufh

jlyhq e| i+w, @ I vlq+$w,/ zlwk I @ 5=5<8 Q dqg
$ @ 95=; udg2v1 Qrwh wkh vpdoo dpsolwxgh ri wkh yl0
eudwlrq frpelqhg zlwk d kljk h{flwdwlrq iuhtxhqf| iru
wkh qdwxudo iuhtxhqflhv ri wkh sk|vlfdo phfkdqlfdo v|v0
whp +9=: udg2v dqg 4;=6 udg2v,1 Lw lv hylghqw wkdw vxfk d

shuwxuedwlrq irufh fdxvhv kljko| rvfloodwru| uhvsrqvhv rq

wkh v|vwhp g|qdplfv/ wkxv h{flwlqj srvvleoh xqprghoohg

g|qdplfv1

814 Vlpxodwlrq uhvxowv

Lq Ilj1 5 lv vkrzq wkh qxphulfdo vlpxodwlrq xvlqj

wkh volglqj prgh frqwuroohu dqg gl�huhqwldo  dwqhvv iru

i+w, @ 3 ^Q`1 Wkhuh rqh fdq vhh d jrrg g|qdplf shu0
irupdqfh zlwk uhvshfw wr wkh dv|pswrwlf rxwsxw wudfn0
lqj1 Lq fdvh ri i+w, @ 5=5<8 vlq+95=;w, ^Q` +vhh Ilj1 6,
wkh dv|pswrwlf rxwsxw wudfnlqj lv txlwh uhdvrqdeoh/ eh0

fdxvh wkh xqghvludeoh yleudwlrq lv dwwhqxdwhg/ exw zlwk

wkh frpsurplvh ri kdylqj lqwhuqdo ehkdylruv dqg frqwuro

dfwlrqv zklfk duh kljko| rvfloodwru|1

815 H{shulphqwdo uhvxowv

Lq Iljv1 7 dqg 8 lv looxvwudwhg wkh h{shulphqwdo uhvxowv

rewdlqhg zlwk wkh dssolfdwlrq ri wkh volglqj prgh frq0

wuro vfkhph edvhg rq gl�huhqwldo  dwqhvv1 Vshfl�fdoo|/

zkhq i+w, @ 3 ^Q` wkh forvhg0orrs uhvsrqvh lv txlwh vlp0
lodu wr wkdw rewdlqhg yld qxphulfdo vlpxodwlrqv +vhh Ilj1
7,1 Wkh frqwuro lqsxw suhvhqw kljk iuhtxhqflhv forvh wr

wkh deuxsw dqg vprrwk fkdqjhv rq wkh ghvluhg uhihuhqfh

wudmhfwru|1 Wklv lv gxh wr gh�flhqw qxphulfdo dssur{l0

pdwlrqv iru wkrvh wlph ghulydwlyhv qhhghg lqwr wkh uhdo

wlph frqwuro dojrulwkp1

Zkhq wkh phfkdqlfdo v|vwhp xqghujrhv wkh yleudwlrq

irufh i+w, @ 5=5<8 vlq+95=;w, ^Q` +vhh Ilj1 8, wkh dv|ps0
wrwlf rxwsxw wudfnlqj lv txlwh uhdvrqdeoh dqg hyhq ehwwhu
wkdq wkdw rewdlqhg wkurxjk qxphulfdo vlpxodwlrqv1 Wkh
dfwlyh yleudwlrq frqwuro lv deoh wr dwwhqxdwh wkh glvwxu0
edqfh iurp wkh rxwsxw/ uhvxowlqj lq d urexvw dv|pswrwlf

rxwsxw wudfnlqj1 Djdlq/ wkh lqwhuqdo g|qdplfv dqg wkh
frqwuro irufh vkrz kljko| rvfloodwru| uhvsrqvhv1

9 Frqfoxvlrqv

Gl�huhqwldo  dwqhvv dqg volglqj prgh frqwuro whfkqltxhv
zhuh dssolhg wr d yleudwlqj phfkdqlfdo v|vwhp lq rughu
wr dfklhyh dv|pswrwlf rxwsxw wudfnlqj dqg glvwxuedqfh
dwwhqxdwlrq1 Wkh phfkdqlfdo v|vwhp frqvlvwv ri wzr
pdvvhv frqqhfwhg zlwk vsulqjv1 Wkh rxwsxw wr eh frq0
wuroohg lv wkh srvlwlrq ri wkh xqghudfwxdwhg pdvv/ zklfk
lv gluhfwo| d�hfwhg e| dq xqghvludeoh yleudwlrq +kdu0
prqlf irufh zlwk yduldeoh h{flwdwlrq iuhtxhqf|,1 Wkh
dfwlyh yleudwlrq frqwuro vfkhph h{sorlwv wkh gl�huhqwldo
 dwqhvv surshuw| gxulqj wkh frqwuro ghvljq/ hpsor|lqj
rqo| srvlwlrq phdvxuhphqwv dqg dssur{lpdwh wlph gli0
ihuhqwldwlrq/ dqg lv g|qdplfdoo| deoh wr wudfn dq r�0olqh
sodqqhg wudmhfwru| lq vslwh ri vpdoo glvwxuedqfhv1 Wkh
ryhudoo v|vwhp shuirupdqfh lv ydolgdwhg yld qxphulfdo
vlpxodwlrqv dqg h{shulphqwdo uhvxowv lq d sk|vlfdo sodw0
irup1 Wkh dfwlyh yleudwlrq frqwuroohu lv txlwh urexvw
djdlqvw wkh dfwlrq ri h{rjhqrxv +kduprqlf, yleudwlrqv
zlwk kljk h{flwdwlrq iuhtxhqflhv1

Uhihuhqfhv

^4` M1 Dqwkrqlv/ M1 Vzhyhuv/ I1 Prvkrx dqg K1 Udprq
+4<<<,1 K40frqwuroohu ghvljq iru d yleudwlrqv lvrod0
wlrq sodwirup/ Frqwuro Hqjlqhulqj Sudfwlfh/ Yro1 :/
ss1 4666046741

^5` P1 Iolhvv/ M1 Oìylqh/ Sk1 Pduwðq dqg S1 Urxfkrq
+4<<8,1 Iodwqhvv dqg ghihfw ri qrqolqhdu v|vwhpv= lq0
wurgxfwru| wkhru| dqg h{dpsohv1 Lqw1 M1 ri Frqwuro/

Yro1 94/ ss1 465:046941

^6` G1 Lqpdq/ Hqjlqhhulqj Yleudwlrq/ Suhqwlfh0Kdoo/
Q\/ 4<<71

^7` Q1 Rojdf dqg E1 Krop0Kdqvhq +4<<8,1 Wxqdeoh df0
wlyh yleudwlrq devruehu= Wkh ghod|hg uhvrqdwru/
Wudqvdfwlrqv ri wkh DVPH rq Mrxuqdo ri G|qdp0

lfdo V|vwhpv/ Phdvxuhphqw/ dqg Frqwuro/ 44:+45,/
ss1 846084<1

^8` K1 Vlud0Udpðuh} +4<<6,1 D g|qdplfdo yduldeoh vwuxf0
wxuh frqwuro vwudwhj| lq dv|pswrwlf rxwsxw wudfnlqj
sureohpv1 LHHH Wudqv1 rq Dxwrpdwlf Frqwuro/ Yro1
6;/ Qr1 7/ ss1 94809531

^9` Z1W1 Wkrpvrq/ Wkhru| ri Yleudwlrqv zlwk Dssolfd0

wlrqv/ Jhrujh/ Doohq dqg Xqzlq/ Orqgrq/ 4<;41

^:` Xwnlq/ Y1L1/ Volglqj Prghv lq Frqwuro dqg Rswlpl}d0

wlrq/ Vsulqjhu0Yhuodj/ Ehuolq/ 4<<51



Iljxuh 5= Vlpxodwlrq uhvxowv xvlqj volglqj prgh frqwuro
dqg gl�huhqwldo  dwqhvv zkhq i+w, @ 3 ^Q`1

Iljxuh 6= Vlpxodwlrq uhvxowv xvlqj volglqj prgh frqwuro
dqg gl�huhqwldo  dwqhvv zkhq i+w, @ 5=5<8 vlq+95=;w, ^Q`1

0 2 4 6 8 10 12 14

-6
-4
-2
0
2
4
6

t [sec]

[m]x10
-2

 u(t)
[N]x3.75

t [sec]

0 2 4 6 8 10 12 14

0.00
0.25
0.50
0.75
1.00  X1(t)

0 2 4 6 8 10 12 14

0.00
0.25
0.50
0.75
1.00

[m]x10
-2

t [sec]

 y(t)
 y*(t)

Iljxuh 7= H{shulphqwdo uhvxowv xvlqj volglqj prgh frq0
wuro dqg gl�huhqwldo  dwqhvv zkhq i+w, @ 3 ^Q`1
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Iljxuh 8= H{shulphqwdo uhvxowv xvlqj volglqj prgh frq0
wuro dqg gl�huhqwldo  dwqhvv zkhq i+w, @ 5=5<8 vlq+95=;w,
^Q`1


