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Abstract

This paper is concerned with nonlinear filtering of the
volatility coefficient in a Black-Scholes type model that
allows stochastic volatility. More specifically we assume
that the asset price process S = (S;):>0 is given by

dSt = rStdt + \/EStdBt,

where B = (Bi);>0 is a Brownian motion and v; is the
(stochastic) volatility process. Moreover, it is assumed
that v; = v(#;) where v is a nonnegative function and
§ = (6:)t>0 is a homogeneous Markov jump process,
taking values in the finite alphabet {a1,...,an}, with
the intensity matrix A = ||A;;|| and the initial distribu-
tion p, = P(6p = a,), ¢=1,..., M.

The random process 6 is unobservable. Following to
Frey and Runggaldier [4], we assume also that the asset
price S; is measured only at random times 0 < 71 <
Ty < ...,. This assumption is designed to reflect the
discrete nature of high frequency financial data (e.g.
tick-by-tick stock prices). The random time moments
T “represent instances at which a large trade occurs or
at which a market maker updates his quotes in reaction
to new definition.”

In the above setting the problem of volatility estima-
tion is reduced naturally to a special nonlinear filtering
problem. We remark that while quite natural, the lat-
ter problem does not fit into the ”standard” framework
and requires new technical tools.

In this paper, we derive a mean-square optimal recur-
sive Bayesian filter for #; based on the observations of
Sr,Sr,,.. forall i, <t. In addition we derive Duncan-
Mortensen-Zakai and Wonham-Kushner type equations
for posterior distributions of §; and prove uniqueness of
their solutions.
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1 Introduction

In the classical Black-Scholes model for financial mar-
kets, the stock price S; is modeled as a Geometric Brow-
nian motion, namely with diffusion coefficient equal to
oSy, where “volatility” o is assumed to be constant.
The volatility parameter is the most important one
when it comes to option pricing, so, naturally, many
researchers generalized the constant volatility model to
so-called stochastic volatility models, where oy is it-
self random and time dependent. There are two ba-
sic classes of models - complete and incomplete. In
complete models the volatility is assumed to be a func-
tional of the stock price, while in incomplete models it
is driven by some other source of noise, possibly corre-
lated with the original Brownian motion. In this paper
we study a particular incomplete model in which the
volatility process is independent of the driving Brown-
ian motion process. This has the economic interpreta-
tion of the volatility being influenced by market, polit-
ical, financial and other factors which are independent
of the systematic risk (the Brownian motion process)
associated to the particular stock price under study. It
is also close in spirit to the way traders think about
volatility - as a parameter that changes with time, and
whose future value in a given period of interest has
to be estimated/predicted. They need the estimate of
the volatility to decide how they will trade in financial
markets, especially derivatives markets. In fact, the
notion of volatility is so important to traders that they
even quote option prices in volatility units rather than
in dollars (or some other currency). It is also impor-
tant for investment banks who need to know the model
for the future volatility in order to be able to price
custom-made financial products, whose payoff depends
on the future path of the underlying stock price. Very
recently new contracts have been developed, which di-
rectly trade the volatility itself (volatility swaps, for ex-
ample). We plan to address the issue of pricing options
within the framework of our model in future research.

Estimation of volatility from observed stock prices is
not a trivial task in either complete or incomplete mod-
els, in part because the prices are observed at discrete,
possibly random time points. Since volatility itself is
not observed, it is natural to apply filtering methods to
estimate the volatility process from the historical stock
price observations. Nevertheless, this has only recently
been investigated in continuous-time models, in par-
ticular by Frey and Runggaldier [4]. Most of the ear-



11€1 1E5Callll Was LOLICCLILL aulClU Ol C1uliCL L1lT L1IC SCLIES
approach (ARCH-GARCH models) or on calibration
methods. The latter do not use historical data to esti-
mate the volatility, but try instead to find the volatil-
ity process that matches best (in some appropriately
defined sense) the observed present prices of frequently
traded option contracts. In other words, methods have
been developed to solve the “inverse problem” of finding
the volatility process such that the corresponding theo-
retical prices of options become close, in some sense, to
the observed market prices of options. In this paper we
adopt the approach of filtering the volatility from the
observed historical stock prices. In the future work we
plan to combine the two approaches, thereby estimat-
ing the model by taking into account both the historical
behavior of volatility (as indicated through past stock
prices), as well as the market opinion about its future
behavior (as indicated through present option prices).

More precisely, we are concerned with nonlinear filter-
ing of the volatility coefficient in a Black-Scholes type
model in which the asset price process S = (S¢)¢>0 is
given by

dSt = rStdt + \/EStdBt, (].)
where B = (Bj):>0 is a Brownian motion and v; is

the (stochastic) volatility process (see [3]). Moreover,
it is assumed that vy = v(6;), v(x) is bounded posi-
tive (known) function, and 6 = (6;);>0 is a homoge-
neous Markov jump process taking values in the fi-
nite alphabet {aj,...,ap} with the intensity matrix
A = ||Ai;(t)]] and the initial distribution p, = P(6y =
ag), ¢=1,..., M.

The random process 6 is unobservable. Following Frey
and Runggaldier [4], we assume also that the asset price
S; is observed only at random times 0 := 79 < 71 <
Ty < ...,. This assumption is designed to reflect the
discrete nature of high frequency financial data (e.g.
tick-by-tick stock prices). The random time moments
Tr “represent instances at which a large trade occurs or
at which a market maker updates his quotes in reaction
to new information” (see [3] ).

In the above setting the problem of volatility estima-
tion is reduced naturally to a special nonlinear filtering
problem. We remark that while quite natural, the lat-
ter problem does not fit into the ”standard” framework
and requires new technical tools.

Frey and Runggaldier [4] derived a Kallianpur-Striebel
type formula for the optimal mean-square filter for 6;
based on the observations of S-,,S;,,...for all 7, <t
and investigated Markov Chain approximations for this
formula. In this paper, we extend their result in that we
derive exact Duncan-Mortensen-Zakai and Wonham-
Kushner type filters for 6;.

& L iciiiniiiarics

In this Section we introduce additional notation and
further specialize the mathematical model.

To begin with let us consider the observation process.
As in Frey and Runggaldier [4], we assume that the
price process is observed only at random time moments
0 <7 <72 < .... More specifically, observation process
is the discrete-time stochastic process (7, S7, )k>1- By
technical reasons it is more convenient to deal with the
Gaussian process U; = log S; ruther then the original
price process S;. Obviously,

t 1 t
Ut—UT,H:/ (r—iv(Gs))ds+/ v'/2(8,)dB,.

k—1 Tk—1

Write U1 (t) := Us — U,,_, and set

Y = I{Tk_1<t§Tk}Uk—1 (t)

where 79 = 0. Of course, the sequences (7, S7, )r>1and
((Tk, Y7, )k>1) provide the same information regarding
the volatility process 6;. Thus, without loss of general-
ity, we can assume that the observation is given by the
process

G = {(Tkvy‘rk); (Tk—lvy‘rk71); SRR (7-17YT1)}'

The counting process
(oo}
Ne=> I(r, > t)
k=1
and the random integer-valued measure

1([0,¢] x T) = /Ot I(Y, € I)dN,

will play an important role in the future.

We assume that the triple (By,8;, N¢) are defined on
a fixed stochastic basis (Q2, F, (F:), P) subject to stan-
dard conditions. Let (G;) be the right continuous com-
plete filtration generated by u, that is by the processes
fot Je f(y)u(ds,dy) with bounded (measurable) func-
tions f. Obviously, (G) C (F).

The following assumptions will be in force everywhere
below:

A The Brownian motion (B;) is independent of
(etaNt)'

B The counting process (Ny) is a double Poisson (Cox)
process with the stochastic intensity n(6;), where
n is bounded and strictly positive function. The
jumps of the processes (6;) and (N;) are disjoint.
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martingale With respect to (F;) or ,equivalently, that

fo s)ds is an (F;) —adapted compensator of
Nt

Note also, that assumption A yields that the condi-
tional distribution

P (Ur—1(t) < y|Gi—;0(0,74])
is Gaussian with the density

1 _ (w—mg_1(0,0)2

Pl-1)0(y) = ————e  i2""
2ro? (6,t)

where

mg_1(0,t) = / " (r— %U(t‘)s))ds

k—1

tATE
o2 (0.1) = / v(8,)ds.

k—1

It is also convinient to introduce the vector process I;
with the components

1(0; =a1),I(0; = az),...,1(6; = anm)-
Obviously, I; is just another representation of 6;.
Set

v =v(ay),v(az),...,v(an)
n=n(a1),n(az),...,nlam)

It is readily checked that v(6;) = oI, n(6;) = nl;, and
the process I; is a semimartingale (with respect to (F;))
given by the It6 equation

t
L =1, +/ ALds + 3, 2)
0

where (J;) is a purely discontinuous vector martingale.
The paths of every component of (J;) is right contin-
uous with unit size jumps, and admits left-hand limits
(see Lemma 9.2 in [?]).

Note that the disjointness of jumps of (6;) and (Ny) is
equivalent to the disjointness of jumps of (J;) and (N¢).

Write

E(diag(I)n*p(r—1),0 (¥)]Ge—)
E(nLipe—1),0(1)|Gi—)

ok—1(t,y) =

and -
Q(t) y) = Z I{Tk71<tSTk}Qkfl (t) y)
k=1
where p(,_1),9(y) is the Gaussian density introduced

above, * is the transposition symbol, and diag(I;) is the
scalar matrix with the diagonal I;.
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(It). Indeed, the parameters of the density p(x_1),4(y)
can be rewritten as follows:

tATE 1
mg_1(0,t) = / (7“ — §UIs)ds

k—1

tATE
or_1(0,t) = / olsds.

k—1

3 Filters

3.1 The Wonham-Kushner filter
Set m(I) = E(I|G). The process m:(I) describes the
dynamics of posterior conditional distributions

P(at = a1|gt),P(9t = 02|gt), .- -ap(et = GM|gt)

Of course, this posterior distribution fully defines the
mean-square optimal nonlinear filter.

The main result of this paper is formulated in the fol-
lowing Theorem.

1. The posterior distribution 7+ (I) verifies the following
equation

me(L) = mo(I) + [ Ams(L)ds
+ Ek:rkgt (Qk—l(Tk’YTk) - ﬂ-Tk—(I)) (3)

— J1 (diag(ms (D) = (D3 (1)) *ds.

Equations for posterior distributions of jump processes
is often referred to as Wonham-Kushner equations and
we will follow this tradition. It is redily checked that
Wonham-Kushner equation can be rewritten as follows:

where
v(dt,dy) = Z Ity s <t<n E(nIpe_1y,0(y)|Ge ) didy
k=1

is the compensator of p with respect to the “observa-
tion”. Moreover

// (1 — ) (ds, dy)

is a martingale and “u—v" plays the role of the innova-
tion process. The letter form of the Kushner-Wonham
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veloped for diffusion type observation process (see [8],

[12]).

The proof of the Theorem is based on a general filtering
result for semimartingales - Theorem 4.10.1 in Liptser
and Shiryaev [9].

Continuous time filtering equation with discontinuous
observation were addressesed by many authors (see
e.g. Grigelionis [5], [6]; Elliott, Aggoun and Moore [2];
Krylov and Zatezalo [7] etc. Unfortunately, these works
do not cover our setting.

3.2 Duncan-Mortensen-Zakai equation

If n(z) =1, i.e. N; is the Poisson process with the unit
intensity, the jump moments 7y, 7s,..., do not carry
any “information” regarding the volatility and the ob-
servation process G can be reduced to the sequence
Y., Y,,,... It is readily checked that in this case the
filtering equation takes a much simpler form:

’/Tt /A'/rs dS-l— Z Ok—1 Tk; Tk)

kT <t

where
E(Lipik—1),6(y)|Ge—)

(p(kfl),e( )|gt—)

This fact inspires the idea to find a new measure P’
that is absolutely continuous with respect to the orig-
inal measure P and such that (N, P') is the Poisson
process with the unit intensity. Such change of the
measure is possible, if the filtering problem is treated
on a finite time interval [0,7]. Specifically, the new
measure is defined by

ok—1(t,y) =

dP’ = 3TdPT

where Pr is the restriction of P to Fr, and t < T,

3t = exp (/0 —logn(0s—)dNs — / )
D-

(see e.g. Section 19.4 in Ch. 19 [8

In the future, an expectation with respect to the
measure P’ will be denoted E'. Write 7;(3I) =
E'(3,'L|Gy), and m(3) = E'(3;'|G¢)). By the
Kallianpur-Striebel formula, we have

m (')

R

The equation for 7,(37'I) in the case of diffusion
type observation (usually referred to as the Duncan-
Mortensen-Zakai equation ) is well known ( see e.g.
[12]). To derive an analog of this equation in the present
setting, we start with the Kushner type equations for

uvilE Lie ©yvoliuuvloll oL 'I(t\j 71) allu 'I(t\j 7). 40 ULLIS
end, let us discuss briefly some important features of
our model with respect to the new measure P’. Since
(0;) and (N;) have disjoint jumps, the distribution of
the process 6 remains the same under the new measure.
Similarly, since the predictable covariance of (B;) and
(Nt — J/\\Tt) is zero, it ie readily checked that the pro-
cess (By) is a standard Brownian motion independent
of (6;) and (NN;). Further, since (IV;) is the Poisson
process with the unit intensity, we have

E'(Lipr—1y,0(¥)|Ge—)
E'(pe—1),0(W)|G—)

Q;ﬂ—l (t7 y) =

and ¢'(t,y) =

given now by the formula

E 0)._,(t,y). The compensator v is is

V(dt,dy) =Y Iire_y<t<ry B (Pe-1),0(v)|Ge) dtdy.
k=1

Making use of Theorem 4.10.1 from [9], one can show
that the following representation for 7r;(3 1) holds true:

mG) =1+ / / ¢ (5,9)(n — ) (ds, dy)

Write
E(nIpg-1),0(y)|Gs-)
(p(kfl),e( NGs—)

It is readily checked that

’U)(S,y) -

G B
e (s,y) —1 (6)

Theorem 4.10.1 in [9], (5), and (6) yield the following
linear equation for 7, (371) :

e o

Obviously the Dolean-Dade exponent is the unique so-
lution of this equation. Thus we have

s,y)—1) (u—v")(ds, dy).

i) = exp / [ 108 wts.vyntas,an) -

) oot

To derive the Duncan-Mortensen-Zakai filter for
71 (371I), we begin with deriving the semimartingale
decomposition for 3, 'I;. From (4) by the Ité formula,
we have

(v)(ds, dy))

=1+ / 57 (n(8as) — 1)(dN, — ds).
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to 3:I; we get
¢ t
3le = To+ [ Ajslds +/ 35T dJs
0 0
t
+/ 3s—Is_(n(fs_) — 1)(dN, — ds).
0

Now, applying Theorem 4.10.1 in [9], we find

w6

e
/O/R(<PI(3721)—71';7(3—11))(M

00
= k:Z:l I{Tk—1<tSTk}(10;cfl (t) y) and

- ’Ajl)(dsa dy):
where ¢'(¢,y)

E'(diag(3; 'T)n"pie—1),0(¥)|G!_)
E'(p(e—1),0(y )|gt7)

The above results can be reformulated as follows:

1 (ty) =

Theorem. The Duncan-Mortensen-Zakai filter is
given by the equations

M) = 1+ Yy w7

ki <t

—/0 ’/T;(jil)(ﬂs(n]:) — l)ds

U)(Tk,YTk) — ].)

and

m(37'T)

/ Arl( _1I

+ Z (v, Yr,) — 7, (37'T))

k: Tkgt

[ diag(ml (3 'I)n* — wl (37 1) ) ds.
Al )

The proof follows from the following relations:
/ V' (ds,dy) = ds
R
| wls.)?ds,dy) = . (a0
R
| ) . ) = ding (. 571)) s
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