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Abstract

We consider max-plus based algorithms for the solu-
tion of nonlinear H1 problems. This class of algorithms
has been described for several problem types such as
nonlinear H1 �ltering, nonlinear H1 control and non-
linear H1 control under partial information. Previous
treatments have been oriented towards the general in-
troduction of the algorithms. It has been noted that the
corresponding convergence analysis was lacking in those
papers. Here we demonstrate, in the case of nonlinear
H1 control, that the errors introduced by the trunca-
tion to a �nite number of max-plus basis functions go to
zero as the number of basis functions increases. Some
error bounds are also obtained.

1 Introduction

A class of max{plus algebra based algorithms has been
proposed as a means for reducing computational costs in
the solution of nonlinear H1 problems. It has been ap-
plied to nonlinear Robust/H1 �ltering problems [4], [3]
[10], [11], nonlinear H1 control problems [13], [12], [9],
and nonlinear H1 control under partial information [6].
We will concentrate on the nonlinear H1 control prob-
lem here as the application of the algorithm, although
most of the material corresponds to the case of partial
information as well. It has previously been shown that
if the H1 value function had a max{plus basis expan-
sion (to be described below as well as in the references)
consisting of a �nite number of basis functions, then the
computation of the value function reduces to a max{
plus eigenvector computation for a max{plus eigenvalue
of zero (the max{plus multiplicative identity). It was
also demonstrated that for the matrix corresponding to
the H1 problem, there is only one eigenvalue (zero) and
a unique eigenvector corresponding to this eigenvalue.
Further, this unique eigenvector yields the \correct" vis-
cosity solution of the HJB PDE (among many).

However, in reality, the value function would not have a
�nite max{plus expansion in any but the most unusual
case. In the previous papers (with the exception of [6]),
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this point was not addressed since the main goal was to
present this new class of algorithms. In [6], the question
was addressed in a broad sense. In this paper however,
we will show that as the number of basis functions in-
creases, the approximation obtained by the algorithm
converges to the true value function. We will also ob-
tain some simple error estimates for the size of the errors
introduced by this basis truncation.

This leaves one �nal point which will not be fully ad-
dressed in this extended abstract. Speci�cally, there is
an additional source of error in that typically, one would
only compute the matrix entries approximately. We will
indicate brie
y the sub-algorithm being used to compute
these entries. However, the error analysis for this part
is still in progress.

The author wishes to thank W.H. Fleming and M.R.
James for helpful conversations which occurred while on
a visiting fellowship to Australian National University.

2 Review of the Max{Plus Based Algorithm

As noted in the introduction, we will consider here the
in�nite time{horizon H1 problem. We will restrict our
attention to the �xed{feedback case where the control
is built into the choice of dynamics. The case of active
control computation (i.e. the game case) is discussed in
[9], [13], [13]. Consider the system

_X = f(X) + �(X)w; X(0) = x (1)

where X is the state taking values in Rn, f represents
the nominal dynamics, the disturbance w lies in W

:
=

fw : [0;1) ! Rm : w 2 L2[0; T ] 8T < 1g, and � is
an n �m matrix{valued multiplier on the disturbance.
Let l(x) be the running cost.

We will not waste space in the abstract with detailed
assumptions. The following are su�cient. We will as-
sume that all the functions f , � and l (given below)
are smooth. We assume f; � are globally Lipschitz, and
that � is bounded. We will assume that l is locally Lips-
chitz, zero at the origin, and satis�es a quadratic growth
bound. We will assume that there exist c 2 (0;1) such
that

(x�y)T (f(x)�f(y)) � �cjx�yj2 8x; y 2 Rn (A1)



Note that this assumption automatically implies the
closed{loop stability criterion of H1 control.

The system is said to satisfy an H1 attenuation bound
(of 
) if there exists 
 <1 and a locally bounded avail-
able storage function, also referred to as the value func-
tion in the sequel, W (x), such that

W (x) = sup
w2W

sup
T<1

Z T

0

l(X(t))�

2

2
jw(t)j2 dt: (2)

The corresponding PDE is

0 = �
h 1

2
2
rW T�(x)�T (x)rW + fT (x)rW + l(x)

i
:

(3)
We are looking for a solution satisfying W (0) = 0. Un-
der a certain assumption on the size of 
, one can show
that there is a unique solution of the DPE in the class
of (viscosity) solutions which do not grow faster than a
certain rate. See [16].

One can show that W is a �xed point of the solution
operator to the DPE, where this solution operator has
the representation S� [W (�)](x) = supw2Wf

R �
0 l(X(t))�


2

2 jw(t)j
2 dt +W (X(�))g. More speci�cally, using the

dynamic programming principle for an associated �nite
time horizon problem, one obtains

Theorem 2.1 For any � 2 [0;1), W given by (2) sat-
is�es S� [W ] =W , and further, it is the unique solution
in the class mentioned above.

Note that we will not provide proofs for the re-

sults in this review section. The proofs can be

found in the references given earlier.

We remark thatW is a �xed point of S� for any � , which
provides some freedom in the choice of problem we wish
to solve.

Theorem 2.2 The solution operator, S� , is linear in
the max{plus algebra.

A function � is called semiconvex if for every R <1,
there exists CR such that

b�(x) := �(x) +
CR
2
jxj2

is convex on the ball BR
:
= fx 2 Rn : jxj � Rg. The

in�mum over such CR will be known as the semicon-
vexity constant for � over BR. We denote the space of
semiconvex functions by S, and the space of semiconvex
functions which have semiconvexity constant CR over
BR by SCR

Theorem 2.3 W lies in S.

The following max{plus basis can be derived from con-
vex duality; see [4] for details. Let � 2 S. Let fxig be
a countable, dense set over BR, and let c > CR. De�ne

 i(x)
:
=
�c

2
jx� xij

2 (4)

for each i. Then,

�(x) =
1M
i=1

[ai 
  i(x)] 8x 2 BR (5)

where ai
:
= �maxx2BR

[ i(x) � �(x)]. This is a max{
plus basis expansion.

For the remainder of the section, �x any � 2 (0;1).
We assume throughout that one may choose the c > CR
such that

S� [ i] 2 Sc for all i. (A2)

We will not discuss this assumption here, but simply
note that we have veri�ed that this assumption holds
for several problems where candidate values of c were
obtained by requiring solution of a certain Riccati in-
equality everywhere in BR.

Under the assumption that W had a max{plus ba-
sis expansion with a �nite number of terms, we ob-
tained the following result in the referenced papers.
Let W (x) =

Ln
i=1 ai 
  i; aT = (a1 a2 � � �an); and

Bj;i = �maxx2BR
( j(x)�S� ( i(x))). Note that B ac-

tually depends on � , but for this section we �x any value
� , and suppress the dependence in the notation.

Theorem 2.4 S� [W ] = W if and only if a = B 
 a
where B 
 a represents max{plus matrix multiplication.

Now, suppose that one has computed B (the construc-
tion of B will be discussed in a later section). Once one
has an approximation to B, one must compute the max{
plus eigenvector. We should note that B has a unique
eigenvalue, although possibly many eigenvectors corre-
sponding to that eigenvalue [2]. By the above results,
this eigenvalue must be zero. We can compute the eigen-
vector via the power method; this has the added bene�t
that the convergence analysis to follow is performed in
an analogous way. In the power method, one computes
an eigenvector, a by

a = lim
N!1

BN 
~0

where the power is to be understood in the max{plus
sense and ~0 is the zero vector.

De�ne

H(x; y)
:
= S� [W ](x)� sup

w2Wy

n Z �

0

l(X(t))�

2

2
jw(t)j2 dt

+W (X(�))
o

(6)

where X(0) = 0 and Wy = fw 2 W : X(�) = yg.



Lemma 2.5 Let w 2 W.Z �

0

l(X(t))�

2

2
jw(t)j2 dt �W (x) �W (X(�))

�H(x;X(�))

where X(0) = x.

Now let the fxjg be such that x1 = 0, i.e. so that the
�rst basis function is centered at the origin.

Lemma 2.6 B1;1 = 0. Also, there exists � > 0 such
that for all j 6= 1, Bj;j � ��.

Theorem 2.7 Let N 2 N , fkig
i=N+1
i=1 such that 1 �

ki � n for all i and kN+1 = k1. Suppose we are not in
the case N = 1, k1 = k2 = 1. Then

NX
i=1

Bki;ki+1 � ��:

Theorem 2.8 limN!1 BN 
 0 exists, converges in a
�nite number of steps, and satis�es e = B 
 e.

Not only is the eigenvalue unique, but one also has

Corollary 2.9 There is a unique eigenvector up to a
max{plus multiplicative constant, and of course, this is
the output of the above power method.

3 Convergence of the Algorithm

In this section we consider the approximation due to us-
ing only a �nite number of functions in the max{plus
basis expansion. It will be shown that as the number of
functions increases (in a reasonable way), the approxi-
mate solution obtained by the eigenvector computation
of Section 2 converges from below to the value func-
tion. In the next section, some error bounds will be
obtained, but since these bounds are likely quite conser-
vative, and since the convergence analysis of this section
is much cleaner, it seems useful to present this separate
convergence analysis.

First, we establish some notation. Let us have sets
of basis functions indexed by n, that is the sets are
indexed by n. Let the cardinality of the nth set be

I(n). For each n, let X (n) :
= fx

(n)
i gI

(n)

i=1 and X (n) �
X (n+1). For instance, in the one{dimensional case,
one might have X (1) = f0g, X (2) = f�1=2; 0; 1=2g,
X (3) = f�3=4;�1=2;�1=4; 0; 1=4; 1=2; 3=4g, and so on.
Further, we will let the basis functions be given by

 
(n)
i

:
= �c

2 jx � x
(n)
i j2, and consider the sets of basis

functions 	(n) :
= f 

(n)
i : i 2 I(n)g. Then de�ne the

approximations to the semigroup operator, S� by

S(n)� [�](x)
:
=
I
nM

i=1

a
(n)
i 
  

(n)
i (x) (7)

where
a
(n)
i

:
= �max

x

h
 
(n)
i (x)� S� [�](x)

i
: (8)

In other words, S
(n)
� is the result of the application of

the S� followed by the truncation due to a �nite number
of basis functions.

Lastly, we use the notation S�
N to indicate repeated

application of S� N times. (Of course, by the semigroup
property, S�

N = SN� .) Correspondingly, we use the

notation S
(n)
�

N
to indicate the application of S

(n)
� N

times.

De�ne �0(x) � 0 and �
(n)
0 (x)

:
=
LI

n

i=1 a
(n)
i 
  

(n)
i (x)

with a
(n)
i

:
= �maxx

h
 
(n)
i (x)� �0(x)

i
. It is well-known

that (see [12], [16] among many others) that

lim
N!1

S�
N [�0] =W: (9)

Also, note that since X (n) � X (n+1), one has

S(n)�

N
[�

(n)
0 ](x) � S�

(n+1)N [�
(n+1)
0 ](x) � S�

N [�0](x)
(10)

for all x 2 BR.

By Theorem 2.8, for each n, there exists N(n) such that

S(n)�

N
[�

(n)
0 ] = S(n)�

N(n)
[�

(n)
0 ] 8N � N(n): (11)

De�ning

W (n)1 :
= S(n)�

N(n)
[�

(n)
0 ]; (12)

we further �nd that the limit is the �xed point. That
is,

S(n)� [W (n)1] =W (n)1: (13)

Then, by (9), (10) and (12), we �nd that

W (n)1 is monotonically increasing in n (14)

and
W (n)1 �W: (15)

Therefore, there exists W11 �W such that

W (n)1 "W11: (16)

Under Assumption (A2), it is not di�cult to show that
given " > 0, there exists n" <1 such that

W (n)1(x) = S(n)� [W (n)1](x) � S� [W
(n)1](x)� "



for all x 2 BR. On the other hand, one always has

S(n)� [�] � S� [�]:

Combining these last two inequalities, one obtains

W (n)1 = S(n)� [W (n)1] � S� [W
(n)1]

� S(n)� [W (n)1]� " =W (n)1 � ":

Combining this with (16), one �nds

Theorem 3.1

W11 = S� [W
11]; (17)

or in other words, W11 is a �xed point of S� .

On the other hand, it is now known that (see [17], [16])
W is the smallest, nonnegative �xed point

W = S� [W ]; (18)

and of course even more as mentioned in Theorem 2.1.
Also, by (15),

W11 �W: (19)

Next we assemble several results. First, de�ne a variant
of S� which requires the terminal state to be in B�(0)
as follows

S�� [�(�)](x) = sup
w2W�

f

Z �

0

l(X(t))�

2

2
jw(t)j2 dt+�(X(�))g

where W� = fw 2 W : jX(�)j � �jg. From [16], we

know that given R <1 and � > 0, there exists bN <1
such that for all N � bN ,

SN� [W ](x) = S�N� [W ](x) 8x 2 BR: (20)

Further, by (19) and [16], one also obtains

SN� [W
11](x) = S�N� [W

11](x) 8x 2 BR: (21)

Also, by Theorem 2.1, there exists K
 <1 such that

0 �W (x) � K
 jxj
2 8x 2 Rn: (22)

Finally, by Lemma 2.6, Theorem 2.8 and the choice of
the center of the �rst basis function as x1 = 0 (which
we assume for all n), one �nds

W11(x) � �
c

2
jxj2: (23)

We will use these assembled results to prove the next
theorem.

Theorem 3.2

W11(x) =W (x) 8x 2 BR:

Proof: Choose N su�ciently large to satisfy the
above condition. By Theorem 3.1,

W11(x) = S�
N [W11](x) = SN� [W

11](x)

which by (21)
= S�N� [W

11](x) 8x 2 BR: (24)

But, by (22) and (23),

W11(z) �W (z)� (K
 + c=2)jzj2 8 z 2 Rn:

Combining this with (24) and the fact that jX(N�)j � �
for the terminal state corresponding to any w 2 W�

yields

W11(x) � SN� [W ](x) � (K
 + c=2)�2

=W (x)� (K
 + c=2)�2 8x 2 BR:

Since this is true for all � > 0, one has the result.

4 Errors Due to Truncation

The previous section demonstrated convergence of the
algorithm to the value function as the basis function
density increased. Here we outline one approach to ob-
taining speci�c error estimates. However since the anal-
ysis is more technical, not all the details will be included.
The estimates may be rather conservative due to the
form of the truncation error bound used; this question
will become more clear below. Note that these are only
the errors due to truncation to a �nite number of ba-
sis functions; as noted above, analysis of the errors due
to approximation of the entries in the B matrix will be
delayed to the �nal paper.

We use the same notation as in the previous section.
Recall that we choose the basis functions throughout

such that x
(n)
1 = 0, or in other words,  

(n)
1 (x) = �c

2 jxj
2

for all n.

We will use the notation

W
(n)
N;� (x)

:
= S�

(n)N [�
(n)
0 ](x)

where the N superscript indicates repeated application
of the operator N times. We will not include the proof
of the following which is essentially a statement about
the nature of the truncation errors at each step.

Theorem 4.1 Given " > 0, there exists n" < 1 such
that for all n � n", N <1 and x 2 BR,

S� [W
(n)
N;� (�)](x) � "jxj � S�

(n)[W
(n)
N;� (�)](x)

� S� [W
(n)
N;� (�)](x):



Fix " > 0 and choose n > n" so that one also has �0(x)�

"jxj � �
(n)
0 (x) � �0(x).

Also �x " > 0, and let w1;" be "=2{optimal for S� [�0],
and let X1;" be the corresponding trajectory. Then,

0 � S� [�0](x) � S� [�
(n)
0 ](x) � "jX1;"(�)j +

"

2
:

This implies

0 � S� [�0](x)� S�
(n)[�

(n)
0 ](x) � "

�
jxj+ jX1;"(�)j

�
+
"

2
:

Repeating this process (with "=2j{optimal wj;" at the
jth step), one obtains the following result; we do not
include the proof.

Theorem 4.2 For any x 2 BR and N <1,

0 � S�
N [�0](x) � S�

(n)N [�
(n)
0 ](x)

� "
h
jxj+

NX
j=1

jX
"
(j�)j

i
+ "

where X
"
is "{optimal for SN� [�0].

From [16], we can also obtain that there exist m; c 2
(0;1) such that

jX
"
(t)j � jxjem�ct 8 t 2 [0; N� ]: (25)

Combining Theorem 4.2 and (25), one obtains

0 � S�
N [�0](x)� S�

(n)N [�
(n)
0 ](x)

� "
� em

1� e�c�

�
jxj+ ":

Noting that " > 0 was arbitrary, this then yields our
bound on the errors introduced by truncation.

Theorem 4.3 For n � n",

0 �W (x)�W (n)1(x) � "
� em

1� e�c�

�
jxj

for all x 2 BR.

5 Approximation of B

The feasibility of the algorithm is dependent upon a fea-
sible approximation algorithm for B. One approach is
a Taylor series (in t) approximation to St[ i](x). More
speci�cally, letting V (t; x) = St[ i](x), so that V satis-
�es

Vt = f � rV + l +rV T��TrV (26)

V (0; x) =  i(x)

one may approximate V as

V (t; x) = V0(x) + V1(x)t+
1

2
V2(x)t

2 + : : : : (27)

Here V0(x) =  i(x) and V1 is the right hand side of
(26) with  i replacing V . The higher order terms are
computed by di�erentiating (26), and we do not include
them. Then

Bj;i = �max
x

�
 j(x)� [V0 + V1� +

1

2
V2�

2 + : : :](x)

�
:

This method was applied but su�ers from a problem
which we describe only brie
y. Note that the approxi-
mation of V via, say three terms, in the Taylor series at
x out to time � can be improved by reducing � . How-
ever, the argmax moves o� toward \1" as � # 0, and
the Taylor series approximation degrades as x moves o�
to 1! Consequently, the approximation of Bj;i does
not tend to improve as � # 0, and so this approach was
abandoned.

In its stead we are using a means of approximately track-
ing the argmax for small time intervals. Let

 j(t; x) = �
1

2
(x� �(t))TC(x � �(t)

where
�(t) = xi + (t=�)(xj � xi):

Let V (t; x) be as above (with  i as initial condition).
Let

X(t) = argmax
�
 j(t; x)� V (t; x)

	
:

Note that

X(�) = argmaxf j(x)� V (�; x)g

which is the desired quantity. The replacement of  j(�)
by  j(t; �) prevents the argmax from \blowing up" at
t # 0. We use the Taylor expansions

V (t; x) = V0(t) + V1(t)(x �X(t))

+
1

2
(x�X(t))T V2(t)(x �X(t)) + : : :

fk(x) = fk0 + fk1(x�X(t)) + : : :

(where the k subscripts in the f expansion indicate com-
ponents). One then obtains the following sequence of
ordinary di�erential equations for the propagation of X
leading to a computation of Bj;i:

_Xk = (V2 � C)�1
n 1
�

X
l

Ck;l(xil � xj l)

�
�X

l

((fl1)kV1xl + fl0V2xk;xl)

�2
X
l;m

(V1xlal;mV2xl;xk) + 2Xk

�o
_V0 =

X
k

h
 jxk

�
fk0 +Xk �

X
l

(ak;l jxl
)
�i

+ jXj2



plus higher order equations which we do not include
here. It will be shown that the error induced by cutting
o� this series at a �nite number of di�erential equa-
tions can be bounded for small time. We also note that
the initial conditions for this propagation are easily ob-
tained, although we do not include them here.
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