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Abstract—The Kaman filter is a recursive Best Linear Un-
biased Estimator (BLUE) for a linear dynamic system with
uncorrelated white process and measurement noises. It has
been extended to the case where the noises are Markov and/or
crosscorrelated for the same time instant. This paper presents
optimal batch and semi-recursive filters and a suboptimal re-
cursive filter for a linear discrete-time system with arbitrarily
colored (not necessarily Markov) noises that are arbitrarily
cross-correlated and correlated with the initial state of the
system. They are generalizations of the Kaman filter for
the case of arbitrary additive noise of known first two mo-
ments. Numerical examples are provided. They demonstrate
the superiority in terms of performance and efficiency of the
proposed recursive filter.

1 Introduction

The development of the Kalman filter [4] is widely regarded
as one of the breakthroughs that marked the beginning of the
era of modern control system theory [8]. It has found wide-
spread applications in many areas. The Kalman filter pro-
vides an optimal recursive solution to the problem of filtering
the state of a linear dynamic system, which has the following
two major advantages over the Wiener filter: it isin a very
simple recursive form in time domain and is perfectly suitable
for nonstationary as well as stationary processes. Although
optimal only for linear systems, the Kalman filter plays an
important role for many nonlinear problems. For example,
it is the backbone of most solutions for nonlinear state es-
timation where the nonlinearity is mild; it often serves as a
building block for many more sophisticated state estimators,
such as the multiple-model method, a state-of-the-art approach
for many hybrid estimation problems [1, 5].

The origina Kalman filter is valid only for systems with
white and mutually uncorrelated process and measurement
noises. It has been generalized to systems with colored noises
that are Markov processes. In many practica situations,
however, the noises are not necessarily Markov. For example,
many sensor errors are dependent on the random state of the
unknown system it is observing and thus are correlated over
time in a non-Markov fashion, such as when sensors are on a
moving platform without accurate knowledge of the state of
the platform.  Guidance, navigation, and positioning appli-
cations dl fal into this category. Another example is that
the state of the system is observed by a sensor in a time-
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correlated noisy environment, such as during noise jamming
generated by atarget. Also, it is well-known that the process
and measurement noise sequences of a discrete-time system
sampled from a linear continuous-time system are in general
cross-correl ated.

The measurement process in the state estimation theory
does not have to be the actual physical measurement process
of the state of a system. It can be virtualy any tempo-
ral or spatial process provided that it is related with the state
process. In this spirit, many filtering, prediction, and smooth-
ing applications involve the use of “artificial measurements’
with colored noisethat is correlated with the process noise and
with the initial state of the system. One important such ap-
plication areainvolving a distributed system of multiple local
stations (sensors) is known as track fusion (see, e.g., [3, 2, 7]).
In such a system, each local station makes its own estimates
of the state of a target based on local measurements and a
state estimator at a fusion center estimates the target’s state
using the received local estimates as the “ measurements’ of
the target [6]. Obviously, the noise of these “measurements’
are not only autocorrelated but also cross-correlated with the
process noise and the initial state of the system. This noise
is not Markov if the process noise or the real measurement
noise is not white.

This paper presents optimal batch and semi-recursive and
suboptimal recursive filters for linear discrete-time systemsin
noise of known first two moments. The process and measure-
ment noises considered are not necessarily Markov, mutually
uncorrelated, or uncorrelated with the initial state. Various
types of arbitrary correlation are accounted for in these fil-
ters, including auto- and cross-correlation of the process and
measurement noise, and their correlation with theinitia state.
Computer simulation examples are provided to verify and il-
lustrate the filters presented. While the optima batch and
semi-recursive filters require heavy computation, the recur-
sive filter is more efficient at a price of an insignificant per-
formance degradation.

2 Problem Formulation and Notations

Consider a general discrete-time linear dynamic system with
arbitrary additive noise:

@

Tp1 = Frpop + wy
zr = Hpxp + vy

where k is the time index; z, € R"=,z, € R"*; F, and
Hj, are the system matrices with appropriate dimensions. The



process noise {wy, } and the measurement noise {v;, } are zero
mean and colored with arbitrary covariance matrices

cov(wi, wy) = Qi5, Qi = Qu, 1,7 =0,1,2,...
COV(Ui,Uj) :Rij, R; = R;;, ,j=1,2,...

The initia state x is a random vector with mean z, and
covariance matrix Py. xo, {w}, and {vy} are arbitrarily
correlated with each other with known cross-covariances

COV(.’E[], ’Ui) = Ai7 COV(JJ(),U)J‘) = Bj7
COV(U)j,’Ui):Cji, 12172,..., j:0,1727...

Such process and measurement noises will be referred to as
“arbitrary noise” or “arbitrarily correlated noise.”

Filtering aims at estimating something about an unob-
servable process z(t) given a related process z(t).  z(t)
and z(t) and their relationships are completely described
by their (finite-dimensiona) joint distributions.  For the
state estimation of the above system, the first two moments
of these joint distributions are completely determined given
Fk:aHk7Ai7Bi7Cij7Qij7Rij7P0 and . As far as filters
based only on the first two moments are concerned, such as
the best linear unbiased estimator (BLUE)?, the above cor-
relation model is general, except for its linearity, additivity
of the noise, and the assumption of a perfect knowledge of
Fy, Hy, Ai, By, Cij, Qij, Rij. The zero-mean assumption for
the noise is made only for simplicity of presentation.

This paper studies linear filtering in the BLUE sense for
the above discrete-time linear system with arbitrary noise. Let

Tpip—1 = E"[xx|Zx 1] (prediction)

Tpjk—1 = T — Tpp—1 (prediction error)

Pyjk—1 = COV(Zp|p—1|Zr—1) (prediction error covariance)
B = E¥[rx|Z;] (updated estimate)
T = Tk — Tge  (Update error)
Pyjx = COV(Zrx|Z) (error covariance of update)

where E*[y|Z;] denotes the BLUE estimate of y given Z; =
{2’17 . ,Zi}.

3 Batch Filtering in Arbitrary Noise

This section presents an optimal filter in the batch form. Let

K=, 2], wE =l wh])

oF =l ), HY = [H],... H])

Theorem 1 (Batch Optimal Filter). Assume that F, '
exists for all k. Then, the following algorithm provides a
batch form of the unique BLUE filter for the system (1) with
arbitrary process and measurement noise:

1. Initialization: &g|o = Zo, Pyjo = Fo-

1t has many aliases, such as minimum mean square error, (linear) least
mean square, linear (unbiased) minimum variance, and (linear) least squares
estimation.

2. The prediction is done recursively by:
Zpjo = Fr—18x—1)0
Pijo = Fr1Pi_1j0F 1 + Qx 1
+Fk—1\I/Z:hO + (Fk—1‘1’zj\o),
with the initial value
Zojo = To
Pojo = Fo

and \I/’,jj‘o is given by the following recursion

k—1 k—1
Wio = FicaVi 0 + Qic1p—1

with the initial value \I/’glgl = Bj_1.

3. The update is done in a batch form for each time &:
Tpe = Tgot KF[2F — gkﬁk\o]

Pyp = Pyo— KFS*KY

sk = H'PyoH" + R* + H*A* 4 (H" A%
K* = [PyoH" + A¥)(S%)*
In the above,
A=Ay = Ay, Af,= Ay
AZO = FiflAi'iuo + Ci—1,k, Ay, = flzlo
AP = [Fa A+ Oy - Fk—l‘I’zjm(ﬁ:_l
—Qr_1(HF 7YY, Ay

@
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Rk—l — Rk—l + ﬁlljilefl(-E[]I:il)l . ﬁlljfléll::ll

—(Hy Gy
5 Ph—1 pk—1
RF = |: @kfl ’ i :|
(Rk ) Ry,
Hy(Fy—y---Fy)7!

rrk—1
ik = [Hﬁ } JHR =
k

Hy 1 (Fe_1)™t

where R and CF~] are computed by the recursion:

Gy =[O} = Querima (HTY), O]
with the initialization
R = Ry — HiChy, Ol =Cra

Pyr and K k have the following alternative forms

Pk:|k: — UkPklonl 4 KkRkKkl o Uk:AkKkl
_(UkAkKk:l)l
Kk — (Pklkgkl +Ak>(ék _}_f{k/ik)—l

where UF = [ — KFH*.

(6)
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All proofs are omitted in this conference version.

If S* is singular, the unique BLUE filter is given above
with (S*)~! replaced by (S*)*, the M oore-Penrose pseudoin-
verse of S*. However, (7) is no longer valid.

For practical systems where F,' does not exist for al k
for its discrete-time representation, an equivalent continuous-
time representation of the system dynamics may be used to
avoid this difficulty. The corresponding mixed-time filter can
be derived without much difficulty.

This theorem provides a way, albet inefficient, of com-
puting the optimal state estimates for system (1) with arbi-
trarily colored process and measurement noises that are ar-
bitrarily cross-correlated and correlated with the initial state.
It will be used to obtain the optimal estimates for compari-
son with those from other filters. For large k&, computation
of (S*)~! amounts to a major burden, which is on the or-
der of O[(kn.)?3], where n, = dim(z;) is the measurement
dimension.

4 Recursive Filtering in Arbitrary Noise

The following theorem presents an optimal filter for linear
filtering in arbitrary noise in an aternative form that is com-
putationally more efficient than Theorem 1 because (S*)~*
and EF =cov(Zyo, ") are computed recursively.

Theorem 2 (Semi-Recursive Optimal Filter). Assume that
F. ! exists for all k. Then, the following algorithm provides
a semi-recursive form of the unique BLUE filter for the system
(1) with arbitrary process and measurement noise:

1. Initialization: g0 = Zo, Pojo = Fo-
2. Prediction: Same as in Theorem 1.

3. Update:
T = Trjo + KF[2F — ka?k\o]
Py, = Pyjo — E(S%)~1EY
where

Sk = HpPyjoHj, + Ry, + Hp A, + (HAy)
Bf = BB (RN ) + G

Bk =270 Bk, Bk = PuoHyp + Ay
SEY = (HRZF Y + R 4 HM1 4,

Ak — Sk o (Sllzfl)l(sk—l)—lsllzfl

Ak — (Sk—l)—lsllsjflAlzl

SEN)THI+ S AY]

(Sk)—l — ( _A%

At
which can be initialized by
ST = [HiPyoH{ + Ry + HiAy + (H1Ay)'|
El = PoH] + 4

In the above, H*, A, RE™! are given in Theorem 1.
The alternative forms of P, and K* are also valid.

This filter is semi-recursive in that (S*)~! and = are
computed recursively, but 2, and Py, depend not only on
Z—1)k—1» Pe—1k—1, 2&,» and prior information. The follow-
ing theorem presents a recursive filter.

Theorem 3 (Recursive Filter). A recursive BLUE filter
for system (1) with arbitrary process and measurement noises
that satisfy the following equations

Erlwg|Zy] =
E*[Uk|Zk,1] =

E[wk] =0
E[Uk] =0

®
©)

is given by the following algorithm, where E*[y|Z;] stands
for BLUE estimate of y using Z.

1. Initialization: g0 = Zo, Pojo = Fo-
2. Prediction;
-1 = Fr1@x_1k—1
Piji—1 = Fie 1 Po_1jp—1Ff 1+ Qr 1
+Fu 1Vi1 + (Fro1Peon)

where
fo—
Vi1 = qjk—hk—l
U*~1 s given recursively by the Kalman filter:

ilj
\1/5“—_11 - Fi_l\l’f—_11|i_1 + Qi—1,k—1
\Ilf“_l - \Ilf\t_—ll + Ki(—Ch_y; — HL\IliClL__ll)
with —Cj,_, ; being the new * data” and the initial value

k—1
Uen' = Bia.

3. Update:
Tk = Trjp—1 + Kelor — HpZpjp—1]
Py = Prjr—1 — KiSkK;,
K and Sy are given by
Ky = (P11 Hy, + Q) S !
Sy = HkPk|k—1Hllc + Hp,Qp + (Hka)l + Ry,
with
Qe = QIﬂ:|k—1

Ok

i is given recursively by the Kalman filter:
Qﬁi—l = Fiflﬂ§—1|i—1 + Cifl,k
O, = Q)+ Ki(— Ry — HQJ, )

|2

with —R;;, being the new “ data” and the initial value
Qo = Ax- The error covariance (??) can also be writ-
ten in the following generalized Joseph’s form

Py = Up Poj—1 Uy, + Kp R K,
~UpU K, — (Up Qi K})
with U, = I — K, H;,, and K;, has an alternative form

K = (PypHp + Q) (R + He%) ™" (10)



All three filters above are generaizations of the Kalman
filter for the case with all five possible types of arbitrary
correlation under the stated assumption provided that the cor-
responding covariance matrices are given: (a) the correation
among process noise over time, (b) the correlation among mea-
surement noise over time, (c) the cross-correlation between
process and measurement noises, (d) the correlation between
the initia state and the process noise, and (€) the correla
tion between the initial state and the measurement noise. In
particular, the process and measurement noise sequences are
arbitrarily colored, not necessarily Markov processes. Prior
to this work, BLUE filters (as extensions of the Kalman fil-
ter) are not available in a genera setting when any of these
arbitrary correlations exists.

In this filter, the autocorrelation of the process noise {wy }
and its correation with the initial state zo only affect ¥:
specifically, the correlation between x and {wy} only affects
initial value \If’g‘o and the autocorrelation of {w;} only af-
fects additional terms in the recursion of \Ilf‘j; similarly, the
effect of the autocorrelation of the measurement noise {v}
and its correlation with zy are summarized by 2: the corrda
tion between x¢ and {v;} only affects initial value Q’glo and
the autocorrelation of {v,} only affects additiona terms in
the recursion of Qf‘j; the effect of crosscorrelation of {wy}
and {v,} is summarized by Q2 and ¥ jointly. This theorem
reduces to the Kalman filter when 2 =0 and ¥ = 0.

The recursive filter is computationally much more effi-
cient than the optimal filters of Theorems 1 and 2: The
batch filter involves inversion of an n,k x n &k matrix, where
n, = dim(zy); whereas in this recursive filter, the matrix
inversion invalves only n, x n, matrix Sy or (R + Hp k)
and the major computation comes from the terms ¥, and Qy,
for large k. Unfortunately, all old gain matrices K;,Vi <
k, are needed to compute ¥; and €. The computa
tion of ¥, and Q increases with & and is inevitable for
process and measurement noise of arbitrary correlation since
Qik, Ri, Cir, Cri, Ax, Bi, Vi < k, in general carry new and
possibly only new information about the correlation of the
new noise terms wy and v,. In some specia cases, this
computation may be reduced significantly. In practice, one
may use a moving window by using only recent gain matrices
since the correlation between noise terms at different instants
generally becomes weaker as the time difference increases.

While the optimal filters of Theorems 1 and 2 are ap-
plicable only to systems (1) with nonsingular F, for al k, the
recursive filter of Theorem 3 is applicable to all systems (1),
but it is optimal only when the assumptions (8)—(9) are valid.
It can be shown that under assumptions (8)—(9), the optimal
batch filter gain K* of Theorems 1 and 2 is related to the
recursive filter gain K} of Theorem 3 by

K*=[ (I - KiHp)Foor KF71, Ky | (11)
The additional offset of this recursive filter' s estimate & from
the optimal estimate #* in one cycle is given by

Ty — Trp = Ki(E™[vk]| Zk—1] — Elvk])
T — Trrrp = EMwi|Zi] — Elwy]

The above recursion is over the data set Z, =
{z1,...,2x} With z; as the basic data block. The recursion
can also be applied over each datablock z, = {2}, ... , 2z},
leading to a completely sequential processing of observations.
Conseguently, this filter uses the recursion k& x n, times, each
time with a scalar-valued measurement.

In the case where Sy, is singular, ;' in the filter can
be replaced by S;, the Moore-Penrose pseudoinverse of Sj.
However, (10) is no longer vaid when Sy, is singular.

This recursive filter has many nice properties of the
Kaman filter. For example, it is unbiased and optimal in
the sense of having minimum variance (mean-square error) if
all the measurements zy, 2o, ..., and xq are jointly Gaussian
and the noises are martingale difference sequences, which is
commonly assumed in stochastic systems. Since this theo-
rem gives an optima recursion for {@, Py x}, it is clear
that {Zx|x, Prx} IS asufficient statistic for . for the jointly
Gaussian case whenever the stated assumption is valid. Oth-
erwise it is the best linear filter under the stated assumption.
In practice, one can take advantage of the fact that Py r_1,
Ky, and Py, can al be calculated off-line prior to any mea-
surement, just like in the Kalman filter. The computation
required by ¥, and 2, can aso be done off-line.

5 Illustrative Simulation Examples

This section presents two illustrative examples of the filters
presented above. They serve primarily three purposes: (a) to
verify the optimal batch and semi-recursive filters by demon-
strating that they yield the same estimates as the Kalman filter
does in the case where the noises are Markov; (b) to demon-
strate the superiority of the filters presented to the Kalman
filter when the noises are non-Markov or cross-correlated;
and (c) to demonstrate both computational improvement and
performance degradation of the recursive filter relative to the
optimal filters.

Consider the following constant-velocity dynamic system
with position-only measurements:

1 T 172
Tpr1 = {0 1 :|13k+{ 2T :|'wk (12)
2, = [1,0] T + Vi

where x = [position,velocity)’ and T' = 5sis the sampling in-
terval. All results were obtained using Matlab, a platform that
is quite efficient for matrix operations, e.g., matrix inverse, a
key operation for the batch forms.

Results from both single and multiple Monte Carlo runs
are presented.  The average normalized estimation error
squared (ANEES) is computed by

M
1 1 i i \—1xi
ANEES(k) = mﬁ Z($k|k)l(Pk|k) 113k|k
i=1

where 53?4 . denotes the state estimation error in the sth run,
Py, = cov(y,,), dim(z) is the dimension of @, and M
is the number of runs. It is used to check how credible the



filter is. For afixed k, its expected value and variance are 1
and 2/[dim(z)M] if 572|k is Gaussian distributed.

Example 1 (Markov noise). Here {v} is zero-mean sta-
tionary Gaussian white noise with variance R, = (100m)?;
{wy} is a zero-mean stationary Gauss-Markov sequence with
autocovariance Q;; =cov(w;,w;) = o2e~*Tli=il where
0w = 0.4m/s? o = 1/100, which can be generated by

W1 = e Tw, + (0wV1—e"2aT)y,

where wg ~ N(0,02) and {n, } is zero-mean Gaussian white
noise with unity variance and is independent of everything
else. Theinitid state o ~ N(Zo, Fp) is random with zy =
[1000,100]’ and Py :dlag(1002, 102) {U)k}, {Uk}, xrgo are
uncorrelated.  The optimal filter for this example can be
obtained by the Kalman filter with state augmentation:

1 T 3T? 0
rp = (0 1 T |ap+ |0 (0wV1—e22T)y,
0 0 eof 1

zr = [1,0,0] 2% + vy, Ty = [Jrfc,wk]l

It is also given by Theorems 1 and 2.  Note that R*
here is block-diagonal and thus the computational advan-
tage of Theorem 2 is basicaly lost. The implementation
of Theorems 1 and 2 used the formulas corresponding to zero
QF 1 REL A, Similarly, the recursive filter of Theorem
3 did not compute €2, since it is always equal to zero here.

Example 2 (Non-Markov noise). In this example, {wy}
is the same as in Example 1 and {v,} is a zero-mean non-
stationary non-Markov noise sequence, generated by v, =
Bug_1€, = BF€ - &0, B = V3,6, ~ U(0,1),Vk, inde-
pendent of everything else, and vo ~ N (0,03) withog = 100.
It can be shown that, for 7,5 > 0,

Rij = COV(Ui, ’Uj) = Ugﬂi+j x 3~ min{i,j} X 05“_1‘
Cij = COV(U)i7 Uj) = O.5O’00’w€_aTi(ﬁ/2)j

{wx} and {v,} are corrdated through wo and vy by

E[’UJ()U()] = 500,. o = To + [—U(),U)()]I is a

random variable with z;, = [1000,100) and Py, =
o3 —0.5000,

_0.5000% U?UO . Note that {w;} and {v;} are

correlated with zg:

Ay = cov(zo, v) = [—Rok, Cox)’
By, = cov(zo, wi) = [~Cho, Qox]’

The optimal filter for this example is given by Theorems 1
and 2. The Kaman filter implemented is the same as in
Example 1, which ignores the autocorrelation of {v;} and the
crosscorrelation among {wg}, {vr}, and = since it is not
known how to account for these types of correlation.

Note that the system (12) is of the form xy1 = Fray +
I'pw; rather than the assumed form (1) in the theorems.
Thus, one needs to replace Q;;, B;, C;; in the theorems with
I'Q;;I", B;I',T'C;;, respectively, where I = [12/2,T]".

Figs. 1 and 2 show the results of the proposed batch (BF),
semi-recursive (SF), and recursive (RF) filters, as well as the

augmented-state Kalman filter (KF). Tables 1 and 2 give the
corresponding relative ratios of CPU times and floating point
operation (FLOP) counts, obtained from 500 runs. As ex-
pected, BF and SF aways coincide; they coincide with the
optimal KF in Example 1; and RF exhibits a dslightly differ-
ence astime goes. In Example 2, RF and the optimal BF and
SF have virtually the same performance, along with ANEES
curves that are not far away from 1, while the suboptimal
KF is significantly worse, along with an ANEES much larger
than 1, which indicates a model mismatch.

6 Conclusion

The problem of filtering for alinear discrete-time systemin ar-
bitrary additive noise (not necessarily Markov) has been con-
sidered where the noise sequences have arbitrary autocorrela-
tions, crosscorrelation, and correlations with the initia state.
Optimal batch and a semi-recursive filters and a suboptimal
recursive filter have been presented. They are generalizations
of the Kalman filter for the case of arbitrary additive noise of
known first two moments in the most general setting. The
recursive filter resembles the Kalman filter. Numerical ex-
amples have demonstrated that the proposed recursive filter is
efficient and has insignificant performance degradation.
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Fig. 1. RMS errors and the ANEES of Example 1.
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Fig. 22 RMS errors and the ANEES of Example 2.

Table 1. Computational complexities of four filters (Example 1) Table 2. Computational complexities of four filters (Example 2)

batch | semi-recursive | recursive | Kaman batch | semi-recursive | recursive | Kaman
cpu time 1 0.847 0.256 0.042 cpu time 1 0.883 0.370 0.033
FLOPs 1 0.777 0.01 0.004 FLOPs 1 0.780 0.014 0.004




