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Abstract

The problemof control of rings of satellitesis of current
interestdriven by applicationsin telecommunicationand
spacescience. The problem of stability of a ring is the
subjectof this paper We usemethodsfrom geometricap-
proachego hamiltoniansystemdo treatthis problem.

1 Introduction

The problemof control of rings of satellitesis of current
interestdriven by applicationsin telecommunicatonand
spacesciencd7]. Theproblemof stability of aring is the
subjectof this paper In the context of the N-body problem
of classicaimechanicgertainconfigurationdknown ascen-
tral configurationshave recevved seriousattentionin recent
yearg[19][1][17]. While muchremaingo beunderstoode-
gardingthesespecialrelative equilibria, the literaturedoes
shedlight on certainlimiting casesnhoteableamongthese
beingthe caseof the (N+1)-bodyproblemwith one dom-
inant mass[17][16]. This is the problemat the heart of
Maxwell’'s studyof Saturns rings[13][6][4].

In partll of hisessay[13] thatwon the AdamsPrizefor the
year 1856, JamesClerk Maxwell shaved that if the mass
of Saturnis sufficiently large,thena ring of discretemutu-
ally gravitating particlesin circular orbit aroundthe planet
would maintaina stablemorphology This wassetagainst
hypothese®f solid andfluid rings. For Maxwell, Saturn
wasa perfecthomogeneousphereandthe problemof sta-
bility arisesdue to mutual attractionof orbiting particles.
Seealsothelaterdiscussionby CookandFranklin[6].

In ourpresentandfuture)eraof largeconstellationef com-
municationsatellitessupportingglobal coverage thereare
interestingquestionof maintainingconstellationsn stable
configurationsn the presencef disturbinginfluencegsuch
asthetermsin earths gravitational potentialdueto oblate-
ness).lt hasbeensuggestedhatsettingup artificial poten-
tial fields governingthe interactionsof satellitesis a way
to solve theseproblems[14][7][15]. This approachhasits
rootsin work in roboticson obstacleavoidancevia artificial
potentialfields[8][10][18]. In thepresenpaperwe discuss
amodelfor aring of earthsatellitesnteractingvia artificial

potentials. We usethe methodof amendedpotentials(see
[19][1][2][9][12] [11]) to treatthe stability question.

2 Kepler Problem

Ignoring the effects of oblatenessf the earth (distorting
the gravitational petential),the motion of an artificial earth
satellite treatedasa pointmassmoving aboutafixedcenter
is governedby the Lagrangiaron T (IR®)

L= Sl V(I x[) @

whereV (|| x||) = —”—§” is the KeplerNewton potential,ad-
mitting thegroupS0O(3) of configuratiorspacesymmetries.
Thusangularmomentuml = X x p = X x X is consered.

Additionally, for subtlerreasonsthe Laplacevector

X
A=px|—pk—-: (2)
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is alsoconsered,yielding thefocal equationof the satellite
orbit
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wheree = % > 0 is the eccentricity Bounded(elliptical)

orbitscorrespondo enegy E = | X [|> +V (|| x||) < 0. the
componentsf theangulammomentunvector togethemwith
thecomponentsf theRunge-LenzectorD = \/——AZ—uE' taken

asfunctionson the submanifoldof the phasespaceT * (IR®)
correspondingo E < 0, generate full SO(4) summetryas
is well-known.

The conseration of | implies that one can write the dy-
namicsin polar coordinates(r,0) on I+ with Lagrangian
L= rzézT”zu—V(r), which is independanbf 8. Thusthe
Keplerproblemreducego aonedegreeof freedomproblem
[19][1][2]:
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whereV, =V + %% is the amendedotential. The evolu-
tion of thepolarangle(Keplersareatheorem)is givenby

O =[] /ur? (5)

Relative equilibria(see[1])for theKeplerproblemaregiven
by critical pointsof V; andf = 0, i.e. circular orbits, and
henceequilibriafor (4).

If the satelliteis subjectto additionalforcing f&¢ (e.g. dis-
turbancedrag,controljets), satisfying

fe.1=0

for afixedvectorl, thenT (1) is aninvariantmanifold for
theforcedsystemeadingto the2 d.o.f. problem:
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Let r(t) = Rand6(t) = w=|| | | /R definea relative

equilibriumfor theunforcedsystem.SettingV = —‘f in (6)
andlinearizingabouttherelative equilibriumoneobtainghe
dynamicq5]:
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wherea, = f; /pandag = fg,/UR

The characteristigolynomialfor (7) is ? (s> + «?) soone
concludegelative stability moduleSt (see[1], [9]) for the
relative equlibrium. But the (Rayleigh)dissipationa, =
—yX ; ag=-0y , with y,0> 0 destrgs this since
thecorrespondingharacteristipolynomialis

S(S3+ (Y4 8)F + (w? + yB)s— 3w?d)

Se€[3].

We note further that the forced hamiltonianform of the
equationg6) is
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andH = 5t + % — ¥is theKeplerhamiltonian.

3 Rings

If wehaveN identicalsatellitesnominallyin aring of radius
R with constantotationratew, andif we let the controljets
actaccordingo thefeedbacKkaws:
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whereV® = VC(ry,ro...,ry ; 61,05,...,6N) is a syn-

thetic contiol potentialstatisfyingcertainconditions(to be
determinecdelow), thenthe closed-loopsystemis hamilto-
nianwith

N

HO = § H; +Ve (10)
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In partll of his essay[13], Maxwell consideredN identical
mutally gravitating particlesin aring aroundSaturn.In our
languagethe potentiaV € for Maxwell wasthegravitational
potentialenegy due to mutual attractionof the ring parti-
cles.(To beprecisepneis dealingwith the planarMaxwell
problem.)It hasa critical pointfor all N particleslocatedat



the verticesof a (steadilyrotating)regular N-gon. In other
words,theregularN-gonconfigurationaplanarcentralcon-
figuration[17] for the (N + 1)-body problem,is a relative
equilibriumfor the (N + 1)-bodyproblem.

Maxwell shaved thatif the numberof particlesN is large
enoughandif

MasgSaturn

2 2.298

MasgRing) <

thenthering is linearly stable

Seealsothe analysisof Cook and Franklin[6] andrefined
investigationgiscussedn [16] [17], leadingup to the re-
quirementN > 7.

Returningto our setting,we notethefollowing naturalcon-
ditionsfor smallartificial earthsatellites(in aring of nomi-
nalradiusR).

¢ (i) ignoreall mutualattractionbetweerthe satellites
o (ii)

Ve _ Ve
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o (iii)
01,02,...,6N)
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forall B (S'symmetry.
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e (iv) V is aglobalminimumattheregularN-goncon-
figuration

=R,

and

21
Biy1—6 = N

It is clearthatthe closedloop systenmwith hamiltonian(10)
hasan S! symmetryandadmitsCasimirfunctions(seebe-
low) of theform ®(| pg, + po, + - . + Py |2).

4 Stability
Definition

Z € Sis a relative equilibrium for the dynamicsX;, cor-
respondingo a G-invarianthamiltonianh on a symplectic

manifold (S,Q). We saythatz is relativelystablemodulo
Gif m(z) isa Lyapunw stableequilibriumfor the Poisson-
reduceddynamicsxX, onS/G.

RelativeStability Theoem(Arnold)
T(Z) is anequilibriumpoint of X, if it is a critical point of
h_ therestrictionof h to the symplectideaf throughr(z).

In thatcaser(z) is Lyapunw stableif

o (i) HessiarD? (h | L) (1(z)) is definite

e (ii) thepointt(z) hasaneighborhoodV onwhichthe
rank of the Poissonstructure{. , .}s, g is constant
(genericpoint).

Remark

At genericpoints, nontrivial (local) Casimir functionsCq
(i.e. smoothfunctionsof S/G that Poissoncommutewith
all functions)exist.

Onecanverify condition(i) of Arnold by seekinga (local)
CasimirfunctionCq suchthat 7(z) is anunconstrained
critical pointof h+ Co and D2 (F\+ Co) atTi(ze) is definite.
Thisis theessencef theenegy-Casimirmethod[12].

The function V¢, associatedH®, and Casimir function
® (| po, + Po, +---+ Pey |?) of section(3) fulfill the re-
quirement®f Arnold’'stheorem.Thediscussiorin [14] sug-
gestsexamplesof VC.
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