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Abstract

The problemof control of rings of satellitesis of current
interestdriven by applicationsin telecommunicationsand
spacescience. The problem of stability of a ring is the
subjectof this paper. We usemethodsfrom geometricap-
proachesto hamiltoniansystemsto treatthisproblem.

1 Introduction

The problemof control of rings of satellitesis of current
interestdriven by applicationsin telecommunicatonsand
spacescience[7]. Theproblemof stability of a ring is the
subjectof this paper. In thecontext of theN-bodyproblem
of classicalmechanicscertainconfigurationsknown ascen-
tral configurationshave receivedseriousattentionin recent
years[19][1][17]. While muchremainsto beunderstoodre-
gardingthesespecialrelative equilibria, the literaturedoes
shedlight on certainlimiting cases,noteableamongthese
being the caseof the (N+1)-bodyproblemwith onedom-
inant mass[17][16]. This is the problemat the heartof
Maxwell’sstudyof Saturn’s rings[13][6][4].

In partII of hisessay[13] thatwon theAdamsPrizefor the
year1856, JamesClerk Maxwell showed that if the mass
of Saturnis sufficiently large,thena ring of discretemutu-
ally gravitating particlesin circularorbit aroundthe planet
would maintaina stablemorphology. This wassetagainst
hypothesesof solid and fluid rings. For Maxwell, Saturn
wasa perfecthomogeneoussphereandtheproblemof sta-
bility arisesdue to mutual attractionof orbiting particles.
Seealsothelaterdiscussionsby CookandFranklin[6].

In ourpresent(andfuture)eraof largeconstellationsof com-
municationsatellitessupportingglobal coverage,thereare
interestingquestionsof maintainingconstellationsin stable
configurationsin thepresenceof disturbinginfluences(such
asthe termsin earth’s gravitationalpotentialdueto oblate-
ness).It hasbeensuggestedthatsettingup artificial poten-
tial fields governing the interactionsof satellitesis a way
to solve theseproblems[14][7][15]. This approachhasits
rootsin work in roboticsonobstacleavoidancevia artificial
potentialfields[8][10][18]. In thepresentpaper, wediscuss
a modelfor a ring of earthsatellitesinteractingvia artificial

potentials. We usethe methodof amendedpotentials(see
[19][1][2][9][12] [11]) to treatthestabilityquestion.

2 Kepler Problem

Ignoring the effects of oblatenessof the earth (distorting
thegravitationalpetential),themotionof anartificial earth
satellite,treatedasapointmassmovingaboutafixedcenter,
is governedby theLagrangianonT � IR3 �

L � 1
2

µ � ẋ � 2 � V ��� x � � (1)

whereV ��� x � � � � k�
x
� is theKepler-Newton potential,ad-

mitting thegroupSO � 3� of configurationspacesymmetries.
Thusangularmomentuml � x  p � x  µẋ is conserved.
Additionally, for subtlerreasons,theLaplacevector

A � p  l � µk
x� x � (2)

is alsoconserved,yielding thefocalequationof thesatellite
orbit

1
r
� µk� l � 2 � 1 ! ecos� θ �"� (3)

wheree � �
A
�

µk # 0 is theeccentricity. Bounded(elliptical)

orbitscorrespondtoenergyE � 1
2µ � ẋ � 2 ! V ��� x � ��$ 0. the

componentsof theangularmomentumvector, togetherwith
thecomponentsof theRunge-LenzvectorD � A% &

2µE
, taken

asfunctionson thesubmanifoldof thephasespaceT '(� IR3 �
correspondingto E $ 0, generatea full SO � 4� summetryas
is well-known.

The conservation of l implies that one can write the dy-
namicsin polar coordinates� r ) θ � on l * with Lagrangian

L � r2θ̇2 + ṙ2

2 µ � V � r � , which is independantof θ. Thusthe
Keplerproblemreducesto aonedegreeof freedomproblem
[19][1][2]:



d
dt

∂L
∂ṙ � µr̈ � ∂L

∂r� � ∂
∂r

,
V ! �

l
� 2

2µr2 - (4)

whereVl � V ! 1
2

�
l
� 2

µr2
is theamendedpotential.Theevolu-

tion of thepolarangle(Kepler’sareatheorem)is givenby

θ̇ �.� l ��/ µr2 (5)

Relativeequilibria(see[1])for theKeplerproblemaregiven
by critical pointsof Vl and ṙ � 0, i.e. circular orbits, and
henceequilibriafor (4).

If thesatelliteis subjectto additionalforcing f ext (e.g. dis-
turbance,drag,controljets),satisfying

f ext 0 l � 0

for a fixedvectorl , thenT � l * � is an invariantmanifoldfor
theforcedsystemleadingto the2 d.o.f. problem:

d
dt

∂L
∂ṙ

� ∂L
∂r

� µr̈ ! ∂V
∂r
� µθ̇2r � fr

d
dt

∂L

∂θ̇
� ∂L

∂θ
� µθ̈r2 ! 2θ̇ṙ rµ � fθ

(6)

Let r � t �21 R and θ̇ � t �21 ω �.� l �43 µR2 definea relative
equilibriumfor theunforcedsystem.SettingV � � k

r in (6)
andlinearizingabouttherelativeequilibriumoneobtainsthe
dynamics[5]:

ẍ � 2ωẏ � 3ω2x � ar

ÿ ! 2ωẋ � aθ

(7)

wherear � fr 3 µ andaθ � fθ 3 µR.

Thecharacteristicpolynomialfor (7) is s2 5 s2 ! ω2 6 soone
concludesrelative stability moduleS1 (see[1], [9]) for the
relative equlibrium. But the (Rayleigh)dissipationar �� γẋ ; aθ � � δẏ ) with γ ) δ 7 0 destroys this since
thecorrespondingcharacteristicpolynomialis

s� s3 !8� γ ! δ � s2 !9� ω2 ! γδ � s � 3ω2δ �
See[3].

We note further that the forced hamiltonianform of the
equations(6) is

ṙ � ∂H
∂pr

θ̇ � ∂H
∂pθ

ṗr � � ∂H
∂r

! fr

ṗθ � � ∂H
∂θ

! fθ

(8)

andH � p2
r

2µ ! p2
θ

2µr2
� k

r is theKeplerhamiltonian.

3 Rings

If wehaveN identicalsatellites,nominallyin aringof radius
R with constantrotationrateω, andif we let thecontroljets
actaccordingto thefeedbacklaws:

fr i � � ∂Vc

∂r i

fθ � � ∂Vc

∂θi
i � 1 ) 2 )�:":�:") N

(9)

where Vc � Vc � r1 ) r2 :":�:�) rN ; θ1 ) θ2 )�:":�:�) θN
� is a syn-

theticcontrol potentialstatisfyingcertainconditions(to be
determinedbelow), thentheclosed-loopsystemis hamilto-
nianwith

Htotal � N

∑
i ; 1

Hi ! Vc (10)

where,

Hi � p2
r i

2µ
! p2

θi

2µr2
i

� k
r i

(11)

In partII of his essay[13], Maxwell consideredN identical
mutally gravitating particlesin a ring aroundSaturn.In our
language,thepotentialVc for Maxwell wasthegravitational
potentialenergy dueto mutualattractionof the ring parti-
cles.(To beprecise,oneis dealingwith theplanarMaxwell
problem.)It hasa critical point for all N particleslocatedat



theverticesof a (steadilyrotating)regularN-gon. In other
words,theregularN-gonconfiguration,aplanarcentralcon-
figuration[17] for the � N ! 1� -body problem,is a relative
equilibriumfor the � N ! 1� -bodyproblem.

Maxwell showed that if the numberof particlesN is large
enoughandif

Mass� Ring��$ Mass� Saturn�
N2 2 : 298

thenthering is linearly stable.

Seealsothe analysisof CookandFranklin [6] andrefined
investigationsdiscussedin [16] [17], leadingup to the re-
quirementN # 7.

Returningto oursetting,wenotethefollowing naturalcon-
ditionsfor smallartificial earthsatellites(in a ring of nomi-
nal radiusR).

< (i) ignoreall mutualattractionbetweenthesatellites< (ii)

∂Vc

∂r i = ri > R
i ; 1 ? 2 ? @ @ @ ?N � 0 and Hessian ACB ∂2Vc

∂r i∂r j DFE 7 0

< (iii)

Vc � r1 ) r2 )":�:":�) rN ; θ1 ) θ2 )":�:":�) θN
�� Vc � r1 ) r2 )":":�:�) rN ; θ1 ! β ) θ2 ! β )":�:":G) θN ! β �

for all β � S1 symmetry� :
< (iv) Vc is a globalminimumat theregularN-goncon-

figuration

r i � R) i � 1 ) 2 )":�:":�) N
and

θi + 1
� θi � 2π

N
i � 1 ) 2 )":�:":�) N � 1

It is clearthattheclosedloopsystemwith hamiltonian(10)
hasan S1 symmetryandadmitsCasimirfunctions(seebe-
low) of theform Φ � = pθ1 ! pθ2 !9:":":"! pθN = 2 � .

4 Stability

Definition
ze H S is a relative equilibrium for the dynamicsXh cor-
respondingto a G-invarianthamiltonianh on a symplectic

manifold � S) Ω � . We saythatze is relativelystablemodulo
G if π � ze

� is a Lyapunov stableequilibriumfor thePoisson-
reduceddynamicsX̂h onS3 G.

RelativeStabilityTheorem(Arnold)
π � ze

� is anequilibriumpoint of X̂h if it is a critical point of
ĥ I L therestrictionof ĥ to thesymplecticleaf throughπ � ze

� .
In thatcaseπ � ze

� is Lyapunov stableif< (i) HessianD2 5 ĥ = L 6 � π � ze
�"� is definite< (ii) thepointπ � ze

� hasaneighborhoodW onwhichthe
rank of the PoissonstructureJK:�)L:NM SO G is constant
(genericpoint).

Remark
At genericpoints, nontrivial (local) Casimir functionsCΦ
(i.e. smoothfunctionsof S3 G thatPoissoncommutewith
all functions)exist.

Onecanverify condition(i) of Arnold by seekinga (local)
CasimirfunctionCΦ such that π � ze

� is an unconstrained
critical pointof ĥ ! CΦ andD2 5 ĥ ! CΦ

6 at π � ze
� is definite.

This is theessenceof theenergy-Casimirmethod[12].

The function Vc, associatedHc, and Casimir function
Φ 5 = pθ1 ! pθ2 !9:":":"! pθN = 2 6 of section(3) fulfill the re-
quirementsof Arnold’stheorem.Thediscussionin [14] sug-
gestsexamplesof Vc.
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