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Abstract

In this paper we show how a generalized matching tech-
nique for stabilization may be applied to the Routhian
associated with a low-dimensional nonholonomic sys-
tem. The theory is illustrated with a simple model—a
unicycle with rider.

1 Introduction

In this paper we apply the method of controlled La-
grangians to the problem of stabilization of steady state
motions of low-dimensional nonholonomic systems with
symmetry. The controlled Lagrangian approach for
stabilization was introduced in Bloch, Leonard, and
Marsden [3, 4] for underactuated holonomic systems
with the control force acting along the symmetry di-
rections. Initially the control forces were chosen to
preserve symmetry. Later on (see Bloch, Leonard, and
Marsden [5] and Bloch, Chang, Leonard, and Marsden
[7]) this approach was extended to handle certain types
of systems with broken symmetry.

The method of Bloch, Leonard, and Marsden requires
that specific matching conditions are satisfied. These
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conditions allow one to introduce a controlled Lagran-
gian and to rewrite the equations for the controlled
(forced) system as the Euler-Lagrange equations for
this controlled Lagrangian. Further, the nonlinear con-
trolled inputs derived in this fashion thus become glob-
ally defined.

Recently, Auckly, Kapitanski, and White [1] and Ham-
berg [9] developed a version of this technique for more
general systems without symmetry. The matching con-
ditions given by these authors are less restrictive, but
the control law is usually local and is harder to obtain
(it requires solving a system of partial differential equa-
tions). As in Bloch, Leonard, and Marsden, a control
term emulating dissipation is often added to the control
input to achieve asymptotic stabilization.

In this paper we consider a class of underactuated non-
holonomic systems with two-dimensional shape space,
no curvature terms in the shape equations, and whose
momentum equation has the form of a parallel trans-
port equation. The control is imposed onto one of
the shape degrees of freedom and thus is not aligned
with the symmetry directions. We use the approach of
Auckly, Kapitanski, and White [1] and Hamberg [9] to-
gether with that of Bloch, Leonard, and Marsden [6] to
obtain the control law and then use some of the recent
theory of nonholonomic mechanics to obtain stability
results. Our work here builds on the result of Zenkov,
Bloch, and Marsden [16, 17], where we showed that
a suitable control input with dissipation (which moves
the nonzero part of the spectrum of the linearized equa-
tions of motion into the left half plane) plus the use of
the so-called Lyapunov-Malkin theorem led to stability.

A key observation in the present paper is that the



steady states under consideration for each value of
the nonholonomic momentum are dynamically equiv-
alent to the equilibria of an auxiliary holonomic sys-
tem whose Lagrangian equals the restriction of the
Routhian of the original nonholonomic system onto an
appropriate momentum level set. Applying holonomic
matching techniques to this auxiliary system, we ob-
tain the auxiliary controlled Lagrangian, which is used
to construct the controlled Routhian for the nonholo-
nomic system. The equations of motion associated with
this controlled Routhian are equivalent to the original
controlled equations and thus supply us with a non-
linear control law. The method proposed here gives a
systematic procedure for control design in both the lin-
ear and the nonlinear settings. The theory is illustrated
with a simple model—a unicycle with rider.

We intend in a future publication to consider more gen-
eral nonholonomic systems, in particular with control
inputs acting along some of the symmetry directions as
well.

2 Overview of Nonholonomic Dynamics

In this section we give a brief exposition of nonholo-
nomic dynamics. We refer the reader to Bloch, Krish-
naprasad, Marsden, and Murray [2] and Zenkov, Bloch,
and Marsden [15] for a complete exposition.

2.1 Equations of Motion of Nonholonomic Sys-
tems with Symmetry

Symmetries. Suppose we are given a nonholonomic sys-
tem specified by the Lagrangian L : TQ) — R and a
(nonintegrable) constraint distribution D. We can then
look for a group G that acts on the configuration space
Q. It induces an action on the tangent bundle T'Q) and
so it makes sense to ask that the Lagrangian L and the
distribution D are invariant. If these properties hold,
we say that G is a symmetry group. In many examples
the symmetry group will be evident. For instance, for
the system considered here, the unicycle with rider, the
symmetry group is SO(2) x SE(2).

Reduced Equations. In this paper we assume that:

1. The shape space Q/G is a smooth two-dimensional
manifold.

2. The curvature of the nonholonomic connection is
7Z€ro.

3. The momentum equation is in the form of a parallel
transport equation.

The reduced equation of motion in this case are
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where R is the Routhian, r® are the shape variables, p,

are the components of the nonholonomic momentum,
and the covariant derivatives in equation (1) are defined
by

0 0
Va=o3+ DZana—pa- (3)
The term u in shape equations (1) represents the con-
trol input. The full dynamics is governed by equations
(1) and (2) coupled with the reconstruction equation
for the group variables. This reconstruction equation
is not needed here as it does not affect the evolution
of the shape and the momentum variables, and thus is
not used in our stabilization analysis.

The Steady States. The equilibria
_ _,0
r=ro, p=p (4)

of equations (1) and (2) represent the steady state mo-
tions of the system. These equilibria are distinguished
by the conditions

ViR =0, VaR =0
and thus are labeled by the p°. We assume that equilib-

ria (4) are unstable in the direction of the unactuated
shape variable.

2.2 The Unicycle with Rider

An example of a nonholonomic system that satisfies
assumptions 1-3 is the unicycle with rider. We model
the rider on a unicycle in this paper by a pendulum
suspended on a rod attached to the center of a wheel,
the rod and the pendulum representing the body and
the limb of the rider. The wheel rolls without slipping
on a horizontal plane. The pendulum is free to move
in the plane orthogonal to the disk, while the rod stays
“vertical” in the disk’s plane. We view this as a sim-
plified model of a rider on a unicycle in which only the
sideways motion of the rider (such as the rider’s limbs)
is modeled, without pedaling control.

Configuration Space. The configuration space for the
unicycle with rider as described above is Q = S' x
St x S x SE(2), which we parameterize with coor-
dinates (0, 3,9, ¢,z,y). As in Figure 1, 6 is the tilt
of the unicycle itself, s is that of the limb, and % is
the angular position of the wheel of the unicycle. The
variables (¢, z,y), regarded as a point in SE(2), repre-
sent the angular orientation and position of the point
of contact of the wheel with the ground.

The Symmetry Group. This mechanical system is
SO(2) x SE(2)-invariant; the group SO(2) represents
the symmetry of the wheel, that is, the symmetry in
the ¢ variable, while the group SE(2) represents the
Euclidean symmetry of the overall system. The action
by the group element («,(,a,b) on the configuration



Figure 1: The configuration variables for the unicycle
with rider.

space is given by (0,9, ¢, z,y) — (0,,¢ + a,¢ +
B,zcosf —ysinf + a,xsin S +ycosS +b).

System Parameters. We will use the following nota-
tions:

M = the mass of the disk,

R = the radius of the disk,

A, B = the principal moments of inertia of the disk,

m = the rider mass,

r = the rod length,

[ = the distance from the center of the disk

to the mass m,
1 = the limb mass,

p = the limb length.

Reduced Equations. The reduced dynamics of the uni-

cycle is governed by equations (1) and (2) with r! = 6,

r?2 = 5, and the Routhian specified below:

1 : ;. .
R = ) (91107 + 2912057 + 9225 — I"papy) — U, (5)

where (p1,p2) is the nonholonomic momentum,
U= MgRcosf +mg(R+1)cosf
+ pg [(R+r)cosf — pcos(sc — 6)]
is the potential energy of the system,
g1 = MR* + m(R +1)*
+u[(R+7)? —2(R+r)pcos s+ p°] + A,
gi2 = p[(R+r)pcoss —p*],
g2 = pp’
are the components of the shape metric, and
I, = Acos’@ + Bsin® 0 + m(R +1)*sin® §
MR?sin® @ + pu[(R + r)sin  + psin(sc — 0)]?,
Iy = MR?sinf + mR(R +1)sinf
+ pR[(R+r)sin@ + psin(sc — 6)] + Bsinb,
Iy = MR®* + mR? + uR* + B

are the components of the locked inertia tensor. As
usual, I* are the components of the inverse inertia
tensor. For the unicycle, p; is the vertical component
of the momentum of the system while p, is the compo-
nent of the disk’s momentum along the normal direc-
tion to the disk. See Zenkov, Bloch, and Marsden [15]
for details concerning the nonholonomic momenta and
the Routhian.

The shape equations for (r!,r?) describe the motion
of the rod and pendulum system, while the momen-
tum equations for (p1,p2) model the (coupled) wheel
dynamics. The coefficients D?,, in (3) for the unicycle
with rider are computed to be

D}, = I**[Acosf — Bcos(x —0)],
Dy = I**Bcos(x — 6),
Dy = —I"[Acosf — Bcos(x —0)],
Ds, = —I'**Bcos(x — 0).
In the above formulae,
A=MR*+mR(R+1)+ pR(R +71), B = uRp.

See Zenkov, Bloch, and Marsden [15] for the details
concerning how one derives and organizes such equa-
tions.

3 Matching and Controlled Lagrangians

We follow the procedure of Hamberg [9] in our exposi-
tion of the generalized matching technique. In the case
of linear matching we make use of the work of Bloch,
Leonard and Marsden [5, 6].

Consider an underactuated system with the Lagrangian
L :T@Q — R Suppose that the configuration variables
split into two groups (¢',...,¢™) and (¢™*,...,¢") in
such a manner that only the equations corresponding
to the second group! are affected by the control forces:

d L _ dL
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where u; represent the control inputs and u, = 0 for

a =1,...,m. The uncontrolled system has an unstable
equilibrium

4 = qo, (7

which we want to stabilize using the control inputs.
The controlled Lagrangian approach requires a new
function L, the controlled Lagrangian, to be con-
structed such that the equations

d 0L 0L
%8_(11'_8_(1“ (8)

LOne can think of this grouping of generalized coordinates
more intrinsically as assuming there is a bundle structure Q — B,
where the fibers of this bundle represent the control directions.




are equivalent to (6). We assume that L and L are of
the form

1 . ~ 1. ;.. =
L=3954'¢ —Ula),  L=39i4'¢ —Ula),
with gi;, i;, U, and U representing the kinetic energy
metrics and the potential energies of the initial and the
controlled Lagrangians, respectively. Following Ham-

berg, we introduce the quantities

Tjik = Fﬁ-k - Fﬁa h? = gikﬁkja hf = §ikgkj

where I, and T'%; are the Christoffel symbols of the
metrics g;; and g;;. The indices ¢, j, and k range from
1 to n, and a summation over repeated indices is un-
derstood.

The conditions for equivalence of (6) and (8) are called
the matching conditions. They generalize the condi-
tions in Bloch, Leonard, and Marsden [3, 4, 5, 6] and
are given in the following theorem:

Theorem 3.1. (Hamberg) Fquations (6) and (8)
are equivalent iff the following two conditions hold for
a=1,...,m:

hj@ — ou
“9gi g’

galT]l'k = 07 (9)

The explicit formulae for the controls are

U 30

o Magg T 9T} d’ ", (10)

U

a=m+1,...,n.

The following theorem gives sufficient conditions for
the controlled Lagrangian to exist:

Theorem 3.2. Consider an equilibrium of system (6)
with one unactuated degree of freedom (a = 1) and sup-
pose that the linearized system is controllable. Then
there exists a locally defined matching Lagrangian L
with controlled energy E having a local minimum at
this equilibrium.

The conclusion of this theorem follows from the exis-
tence of a solution of the Cauchy problem for the sys-
tem of partial differential equations (9). The details of
a proof of a version of this theorem may be found in
Auckly, Kapitanski, and White [1].

Theorem 3.2 suggests the following method for con-
structing the controlled Lagrangian: First, find the so-
lution of the linearized matching conditions that pro-
duces a controlled Lagrangian £ for the linearized sys-
tem with positive definite controlled energy. One can
use the technique of Bloch, Chang, Leonard, and Mars-
den [7] for this linearized matching. Then, using £,

produce an initial condition along a noncharacteristic
surface of the system of partial differential equations
(9) passing through equilibrium (7). Finally, find the
(local) solution of (9) and determine the control law.
The controlled energy associated with the controlled
Lagrangian is positive definite in the neighborhood of
equilibrium (7). The control law (10) thus stabilizes
equilibrium (7).

Of course, the controls provided by Theorem 3.1 can-
not accomplish asymptotic stabilization, which can be
gained by adding dissipative terms to u,, i.e. by con-
trols of the form

_oU hi ou

Uy = 75— —

- _ Logigh _ g .40
= o Mgy 9 Tjq’ §° — dajg’
For a two degree of freedom system, one can use the
following coefficients d,;:

dyy =dh?,  dyy=dh3, d>0. (11)
The general procedure for choosing d,; is discussed in
Hamberg [9].

Ezample. As an example, consider a rod and pendu-
lum system with the actuator placed on the top of
the rod. The Lagrangian of this system may be ob-
tained from (5) by setting p1 = p» = 0. This system
is controllable for a generic choice of the system pa-
rameters. Therefore, the unstable upward equilibrium
of this system can be stabilized by the method of con-
trolled Lagrangians. One can also consider a more gen-
eral Lagrangian obtained from Routhian (5) by setting
p1 = 0. The Euler-Lagrange equations associated with
this Lagrangian coincide with equations (1), and the
corresponding linearized problem is controllable. Ac-
cording to theorem 3.2, the unstable equilibrium 6 = 0,
2 = 0 of this system can be stabilized using the match-
ing technique described above. It would be interesting
to obtain the corresponding control law explicitly. This
issue will be addressed in a future publication.

4 Feedback Stabilization

In this section we use matching techniques for the sta-
bilization of steady state motions of the nonholonomic
systems that were introduced in section 2. We develop
our approach for stabilization of steady state motions

r=ry, p=p’ (12)
that satisfy the following condition:
VQR|p:p0 = 6raR‘p:po. (13)

Our approach will work equally well if this condition
fails, but the exposition in this situation becomes more



sophisticated. The general case will be treated in a
forthcoming publication.

Controlled Routhian. In order to define the controlled
Routhian, we introduce an auxiliary holonomic system
whose Lagrangian is

ﬁpo = R|p:p0.

The steady state motion (12) is dynamically equiva-
lent to the equilibrium of the corresponding auxiliary
system. We then apply the holonomic matching tech-
nique and obtain the controlled Lagrangian £,0. This
involves the new metric g,3 and new potential energy
that we construct in the following form:

Iabpapb + U( )

Next, we “unfreeze” the nonholonomic momentum
in the above formula. This gives us the controlled
amended potential

~ 1 ~
Us = 51""papy + U (7).
Finally, we define the controlled Routhian

~1~.. ~
R:ywwﬁ—m,

the controlled covariant derivatives
~ 0 0
va - a o +Daapbap )

a

and introduce the equations

a=1,2. (14)

Observe that the linearization of the controlled equa-
tions at equilibrium (12) can be chosen, with appro-
priate gains, to have a pure imaginary spectrum; this
follows from theorem 3.2 and our construction.

Nonholonomic Matching. Our main result is the fol-
lowing theorem:

Theorem 4.1. The shape equations (14) associated
with the controlled Routhian R and the controlled co-
variant derivatives V coupled with the momentum equa-
tions (2) are equivalent to the original equations (1)
and (2) iff the following matching conditions hold:

LOU  oU
91:T,5 =0, hi w— 5ra — 91
191 ~ 191
o De Iab _ Dc Iab 1
i 28r‘1+ ae 261+ (13)

The control u is given by

u=VoU — h§VaU — goy T1 577 (16)

Proof. Note that the momentum equation was not
affected when we introduced the shape equations due
to R and V. The shape equations due to R are

19g oUu
6o = 998y pay
JosT" + 98 =550 are
191b¢
[2 o+ D I“b} Pope + Ua,
where u; = 0 and uy = u. Solving these for #® leads to
10g ou
sy By .. B P
=g {2 Ore ~Ja 67‘“}
o 1 aIbC (& a (67
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Similarly,
193, U
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101% . ra
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These equations become equivalent iff we require that
(15) and (16) hold. |

Nonholonomic Stabilization. In order to stabilize the
steady state motion (12), we will use the results of
Zenkov, Bloch, and Marsden [15] and in particular, the
Lyapunov-Malkin theorem (see the Appendix). First,
we choose the values of gains that produce the con-
trolled Routhian that places the four nonzero eigenval-
ues of the linearization at (12) on the imaginary axis.
The remaining m eigenvalues equal 0.

For the Lyapunov-Malkin theorem to be used, we force
all the nonzero eigenvalues to the left half plane. We
accomplish this by adding the dissipative control terms
(11) to (16):

u=VoU — h§V,U — gy T, 577" —dR2¢®. (17)

By the Lyapunov-Malkin theorem, the constructed
control stabilizes the steady state motion (12) along
with nearby steady states. For a “remote” unstable
steady state, we just repeat the above construction and
obtain a different feedback control law.

Stabilization of the Unicycle with Rider. Here we apply
the above technique to the problem of stabilization of
slow vertical steady state motions of the unicycle with
rider. These motions are represented by the following
one-dimensional manifold of equilibria:

=0, =0, p1 =0, Py = c. (18)

The slow vertical motions, i.e. those with small values
of ¢, are known to be unstable (Zenkov, Bloch, and
Marsden [15, 16]).



As we have mentioned before, property (13) holds for
the relative equilibria (18). We thus are able to intro-
duce an auxiliary holonomic system, which is the rod
and pendulum system discussed at the end of section
3. The equilibrium

0 =0, x=0

of this system is unstable. The linearization at this
equilibrium is controllable. Therefore our results on
nonholonomic stabilization are applicable. The first
two groups of the matching conditions (15) are satisfied
because of our choice of the controlled Routhian. To
satisfy the third group, we set.

1. oI

- - 1. orte
c — _ - Y c _
Dio = —glug o +h [DM ]

— I, ——
27" o

With this choice of R and 6,}, the nonlinear control law
(17) stabilizes the slow vertical steady state motions of
the unicycle.

Appendix

Consider the system of differential equations

i=Az+X(z,y), y=Y(z,y), (4)
where z € R™, y € R", A is an m X m-matrix, and
X(z,y), Y(z,y) represent higher order nonlinear
terms.

Theorem. (Lyapunov-Malkin) If all eigenvalues of
the matriz A have negative real parts, and X(z,y),
Y(z,y) vanish when © = 0, then the solution x = 0,
y = 0 of equations (A) is stable with respect to (z,y),
and asymptotically stable with respect to x. If a solu-
tion (x(t),y(t)) is close enough to the solution x = 0,
y =0, then

lim z(t) =0, lim y(t) = ¢

t—o00 t—o00

The proof can be found in [11, 12]. Applications of this
theorem to stability analysis of nonholonomic systems
are discussed in [10, 13, 15]
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