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Abstract

This paper presents a novel solution to the partial eigen-
value assignment problem of a an undamped gyroscopic
distributed parameters system. The partial eigenvalue
assignment problem is the problem of reassigning by
feedback a few bad eigenvalues of the open-loop opera-
tor pencil while leaving the remaining in�nite number
of eigenvalues unchanged.

The distinctive practical features of our solution are
(i) it requires solution of only a small �nite dimen-
sional linear algebraic system and knowledge of only
a small �nite number of eigenvalues and eigenvectors of
the in�nite dimensional open-loop operator pencil, (ii)
no spill-over occurs; that is, the remaining in�nite num-
ber of eigenvalues and eigenvectors that are required to
remain invariant will remain in their places and, (iii)
it is obtained completely in distributed parameter set-
ting and no discretization to second-order system of
di�erential equations is invoked so that vital inherent
properties of the original system are fully preserved.

Because of the above mentioned practical features, the
proposed solution is readily applicable to stabilize or
to combat the e�ects of dangerous vibrations in a large
structure.

1 Introduction

The vibrating structures such as beams, buildings,
bridges, highways, large space structures, etc., are dis-
tributed parameter systems. While it is desirable to
obtain a solution of a vibration problem in its own
natural setting of distributed parameter systems; due
to the lack of appropriate computational methods, in
practice, very often a distributed parameter system is
�rst discretized to a matrix second-order model us-
ing techniques of �nite elements or �nite di�erences
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([1, 2, 9, 10], etc.), and then the problem is solved for
this discretized reduced-order model. A matrix second-
order model of the free motion of a vibrating system is
a system of di�erential equations of the form

M �x(t) + (D +G) _x(t) +Kx(t) = 0; (1)

where

M =MT is mass or inertia matrix
D = DT is damping matrix
G = �GT is skew-symmetric (gyroscopic) matrix
K = KT is sti�ness matrix

The system represented by (1) is called damped gy-
roscopic system. The eigenvalues of the system (1)
are the eigenvalues of the quadratic pencil: P (�) =
�2M + �(D +G) +K.

It is well-known (see [9]) that a dangerous situation
called resonance occurs when one or more natural fre-
quencies of the system, which are the eigenvalues of
P (�), become equal or close to a frequency of the ex-
ternal force.

To combat undesirable e�ects of vibrations, such as res-
onance, caused by a few \bad" eigenvalues of the sys-
tem, one needs to reassign those few \bad" eigenvalues,
leaving the rest unchanged, by using a suitable control
force. This problem is known as the partial pole place-
ment problem in control theory. Let a control force of
the form

f = Bh(t);

where B is the input (control) matrix, be applied to
the vibrating structure and the control vector h(t) be
chosen as

h(t) = F T _x(t) +GTx(t) :

Then the closed-loop system corresponding to (1) is

M �x+ (D +G�BF T ) _x(t) + (K �BGT )x(t) = 0:

So, mathematically, the partial pole placement problem
for a second-order system is the problem of �nding the
matrices F and G such that a few \bad" eigenvalues of
the closed-loop quadratic pencil

Pc(�) = �2M + �(D +G�BF T ) + (K �BGT )

are replaced by \suitably" chosen ones leaving the re-
maining \good" ones unchanged.



In several recent papers ([3, 5, 7, 6, 14, 12]), the partial
pole placement for the damped nongyroscopic systems
(G = 0) has been considered and a novel approach,
called the partial-modal approach has been developed.

This approach has several distinct features. First, the
solution requires only those few eigenvalues that need
to be reassigned and the corresponding eigenvectors.

Second, the problem is solved completely in the second-
order setting; that is, no transformation to a �rst-order
system is invoked; thus making it possible to preserve
the exploitable structures such as the sparsity, de�nite-
ness, bandness, etc., very often o�ered by many practi-
cal problems.

Furthermore, mathematical results are proven that
guarantee that there will be no spill-over during the
process; that is, the eigenvalues and eigenvectors that
are not to be changed will remain invariant.

Three new orthogonality relations between the eigen-
vectors of a symmetric de�nite matrix quadratic pencil
form a basis of these results. These relations generalize
those of a symmetric matrix and of a symmetric de�nite
linear matrix pencil (see [4]).

In this paper, we extend our study to an undamped
gyroscopic systems. Our study this time goes beyond
the matrix second-order system and extends to the op-
erator system of which the former is just a discretized
approximation.

Speci�cally, we solve the multi-input partial pole place-
ment problem for a gyroscopic operator system.

Such problem for a gyroscopic operator system arises,
for example, in regulating the vibratory e�ects of small
oscillations of a taut string, rotating about its x-axis
with constant angular velocity; of small oscillations of
a uniform string traveling with constant velocity 
 over
the �xed supports, etc.

In the special case, when M , G and K are matrices,
we obtain a solution of the multi-input partial pole
placement problem for an undamped gyroscopic matrix
second-order system of the form (1).

Problem 1 (Multi-input Partial Pole Place-
ment Problem for an Undamped Gyroscopic
Operator System)

Given self-adjoint positive de�nite operators M and
K, the skew-symmetric operator G, control functions
b1(x); : : : ; bp(x), and a set of m self-conjugate num-
bers f�ig

m
i=1; �nd feedback functions fk(x) and gk(x)

for k = 1; : : : ; p such that the spectrum of the closed-

loop operator system

M�tt +G�t +K� =

pX
k=1

((fk; �t) + (gk; �)) bk (2)

is ff�ig
m
i=1; f�jgj�m+1g, where �j , j = m + 1; : : : are

the eigenvalue of the associated open-loop operator sys-
tem and (�; �) is an appropriate scalar product.

An explicit solution of the above problem is given in
the following theorem (Theorem 1).

The proof of the Theorem will appear elsewhere.

An orthogonality relation between the eigenfunctions
associated with two distinct eigenvalues of the open-
loop gyroscopic operator pencil; analogous to the one
proved in [5] for the eigenvectors of a symmetric de�nite
quadratic matrix pencil, plays a key role in the proof of
Theorem 1.

Besides the above orthogonality relation, several other
useful properties of the eigenvalues and eigenvectors of
a gyroscopic operator pencil needed in the proof of The-
orem 1 will be established in the full version of the pa-
per. The results of this paper generalize those for the
singe-input case obtained by the authors earlier ([8]).

Theorem 1 (An Explicit Solution of the Multi-
input Partial Pole Placement Problem for an
Undamped Gyroscopic Operator Pencil)

Suppose that the open-loop system is partially control-
lable with respect to its eigenvalues �1; : : : ; �m and
�j =2 f�kgk�1 for j = 1; : : : ;m.

(i) Let vj be the eigenfunctions of the open-loop sys-
tem corresponding to the eigenvectors �j . Then,
for any arbitrary matrix � = (�jk)

m;p
j;k=1 the feed-

back functions

fk(x) =

mX
j=1

�jk�jMvj ; gk(x) =

mX
j=1

�jkKvj (3)

are such that the in�nite number of the closed-
loop eigenvalues �m+1; �m+2; : : : are the same as
those of the of the open-loop eigenvalues.

(ii) Let � = (
kj)
p;m
k;j=1 be an arbitrary matrix chosen

in such a way that �j = �s implies 
sj = 
ks for
all k = 1; : : : ; p and 1 � j 6= s � m and that the
matrix

Z1 = ((�sMvs; �jwj) + (Kvs; wj))
m
s;j=1 (4)

is nonsingular, where w1(x); : : : ; wm(x) satisfy

�
�2jM + �jG+K

�
wj =

pX
k=1

bk
kj : (5)



Then, the solution to the Problem 1 is given by
(3), where

�HZ1 = � : (6)

Note: Part (i) of Theorem 1 says that an in�nite num-
ber of the open-loop eigenvalues starting from �m+1

remain invariant by the feedback de�ned by (2). In
other words, no spill-over occurs.

Theorem 1 leads to a computational algorithm for Prob-
lem 1.

Algorithm 1 (An Algorithm for the Multi-input
Partial Pole Placement Problem for an Un-
damped Gyroscopic Operator Pencil).

Inputs:

(a) The self-adjoint positive de�nite operators
M and K, and skew-symmetric operator G.

(b) The control functions b1, : : :, bp.

(c) The self-conjugate set of scalars
f�1; : : : ; �mg.

(d) The self-conjugate subset f�1; : : : ; �mg of the
open-loop spectrum f�1; �2; : : :g and the as-
sociated eigenfunction set fv1; : : : ; vmg.

Outputs:
The feedback functions f1; : : : ; fp and g1; : : : ; gp
such that the spectrum of the closed-loop operator
system, given by (2) and (3), is exactly f�1, : : :,
�m; �m+1, �m+2, : : :g.

Assumptions:

(a) The open-loop operator system is partially
controllable with respect to its eigenvalues
�1, : : :, �m.

(b) �j =2 f�1; �2; : : :g for each j = 1; : : : ;m.

Step 1. Choose arbitrary scalars 
kj , k = 1; : : : ; p,
j = 1; : : : ;m in such a way that �j = �i im-
plies 
kj = 
ki and solve for wj for each j =
1; 2; : : : ;m:

�
�2jM + �jG+K

�
wj =

pX
k=1

bk
kj :

Step 2. Form the m�m matrix Z1:

Z1 = ((�sMvs; �jwj) + (Kvs; wj))
m
s;j=1 :

If Z1 is ill-conditioned, then return to Step 1 and
select di�erent scalars 
kj .

Step 3. Form � = (
kj)
p;m
k;j=1 and solve for �:

�HZ1 = � :

Step 4. Form the feedback functions f1; : : : ; fp
and g1; : : : ; gp:

fk(x) =

mX
j=1

�jk�jMvj ; gk(x) =

mX
j=1

�jkKvj

Remark 1 The most distinctive feature of the algo-
rithm is that it computes the solution of an in�nite
dimensional operator problem by solving a small �nite
dimensional linear algebraic system and by using only
the few eigenvalues of the in�nite dimensional operator
that need to be reassigned and the associated eigenvec-
tors. The algorithm is thus readily applicable to control
dangerous vibration in a structure, where only a small
part of the spectrum needs to be reassigned and the rest
is to remain unchanged.

Numerical Example. Consider the small oscillations
of a uniform string traveling with constant velocity 

over two �xed supports at x = 0 and x = 1. The
motion of the moving string is governed by the partial
di�erential equation

utt + 2
uxt + (
2 � c2)vxx = 0; (7)

where 0 < x < 1, t > 0, 
2 < c2 and boundary condi-
tions

u(0; t) = u(1; t) = 0; (8)

see e.g. [13].

It can be shown with respect to the scalar product
(v; w)

(v; w) =

Z L

0

v(x)w(x) dx

that the system (7) and (8) is gyroscopic with operators
M , G and K de�ned by

Mv = v ; Gv = 2

@v

@x
; Kv = (
2 � c2)

@2v

@x2
: (9)

Indeed,

(Mv;w) =
R L
0
w(x)v(x) dx = (Mw; v) = (v;Mw) ;

(Mv; v) =
R L
0 jv(x)j2 dx � 0 :

Integrating by parts yields

(Kv;w) = �

Z L

0

(
2 � c2)w00(x)v(x) dx = (v;Kw) ;

and

(Kv; v) =

Z L

0

(
2 � c2)jv0(x)j2 dx > 0 ;



in view of the boundary conditions (8). Since v0(x)
does not vanish identically, K is a self-adjoint positive
de�nite operator. Another integration gives

(Gv;w) = �

Z L

0

2
w0(x)v(x) dx = �(v;Gw) ;

and hence the traveling string (7) and (8) is a gyroscopic
system.

For the purpose of making a simple illustrative numer-
ical example we set c = 1, 
 = 1=2 and take the control
functions b1(x) = 1 and b2(x) = x. Then the spec-
trum f�kgk2Z and eigenfunctions fvkgk2Z of traveling
string system is given by

�k =
3

4
�ik ; vk(x) = e�

1

2
�ik � e

3

2
�ik for all k 2 Z: (10)

We will solve Problem 1 reassigning only the eigenval-
ues �3�i=4 to the locations �1;2 = �1� i. That is we
want the closed-loop system (2) to have the spectrum

f�1� ig [ f
3

4
�ik : k 2 Z; k 6= �1g: (11)

Arbitrary choice of � in the form � =

�

11 
11

21 
21

�

with (
11; 
21) 6= (0; 0) results in real feedback. To
simplify the symbolic expressions for w1(x) and w2(x)
we set


11 = (1 + 2i)
�
e2i=3 � ie2=3

�
;


21 = (1 + i)
�
e2=3 � ie2i=3

�

and obtain

w1 =

�
1

2
�

i

2

��
e
2

3
(i+x) + (x� 1)e

2

3
i(1+x) � e

2

3
(1+ix)

�
;

w2(x) = w1(x):

Such � yields the matrix

Z1 =

�
�0:509+ 0:892i 0:614 + 0:034i
0:614� 0:034i �0:509� 0:892i

�

with condition number Cond2(Z1) = jjZ1jj2jjZ
�1
1 jj2 =

3:978 in Step 2. (All numerical results are rounded to
3 decimal digits.)

The matrix � in Step 3 is

� =

�
1:078� 0:608i �2:207+ 2:171i
1:078+ 0:608i �2:207� 2:171i

�
:

Step 4 yields the real feedback functions

f1(x) = 2:867cos(
�

2
x) � 2:867cos(

3�

2
x)+

5:079sin(
�

2
x) + sin(

3�

2
x)

f2(x) = �10:231cos(
�

2
x) + 10:231cos(

3�

2
x)�

10:399sin(
�

2
x) + sin(

3�

2
x)

g1(x) = 3:989cos(
�

2
x) � 35:903cos(

3�

2
x)�

2:251sin(
�

2
x) � 20:262sin(

3�

2
x)

g2(x) = �8:167cos(
�

2
x) + 73:506cos(

3�

2
x)+

8:035sin(
�

2
x) + 72:316sin(

3�

2
x)

and the spectrum of the closed-loop system

utt + 2
uxt + (
2 � c2)vxx =

1

Z 1

0

f1(x)ut + g1(x)u dx+

x

Z 1

0

f2(x)ut + g2(x)u dx

with the boundary conditions (8) is precisely (11).
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