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Abstract

Dynamic scheduling of stochastic networks has appli-
cations to the control of modern telecommunications,
manufacturing and computer systems. Most models
of such networks cannot be analyzed exactly, and one
is naturally led to consider more viable approxima-
tions. As one approach, J. M. Harrison proposed
Brownian control problems (BCPs) as formal heavy
traffic approximations to dynamic scheduling problems
for stochastic networks. Subsequently, various authors
combined analysis of BCPs with interpretation of their
optimal solutions to suggest original and attractive
policies for certain specific stochastic network control
problems. Despite these successes for specific prob-
lems, there is, as yet, no general rigorous approach
to analyzing BCPs, inferring good policies from their
solutions, and proving asymptotic optimality of such
policies. We are interested in developing such an ap-
proach. This paper is a step in that direction. In
particular, we (a) provide a detailed stochastic net-
work model, (b) give a fluid model interpretation of
the notion of heavy traffic, (¢) derive a formula for the
dimension of the workload process in terms of basic
model parameters, and (d) identify a mild condition
under which the components of the workload process
are all non-negative.

1 Imtroduction

Stochastic networks are used as models for complex
manufacturing, telecommunications and computer sys-
tems. Some of these networks allow for flexible
scheduling of jobs through dynamic (state-dependent)
alternate routing and sequencing, hereafter collectively
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referred to as dynamic scheduling. Usually these mod-
els cannot be analyzed exactly, and it is a challenging
problem to design control policies for such networks
that are simple to implement and yet are approxi-
mately optimal in an appropriate sense. As one ap-
proach to this problem, some authors have followed a
scheme first suggested by Harrison [5], where analy-
sis of Brownian control problems (formal heavy traf-
fic approximations) is combined with interpretation
of their optimal solutions to suggest “good” policies
for stochastic network control problems. These poli-
cies have usually performed well when simulated, and
there are a few proofs of asymptotic optimality for
specific networks [8, 12, 13, 15, 17]. However, despite
these successes, there is, as yet, no general rigorous
approach to analyzing Brownian control problems; in-
ferring good policies from their solutions, and proving
asymptotic optimality of such policies. This paper is a
contribution to the development of such an approach.

Before describing the results of this paper, we first
summarize the steps (I)-(V) involved in applying the
Brownian control problem approach. Some or all of
these steps have been used, at least implicitly, by the
authors who have followed Harrison’s scheme.

(I) Formulate a stochastic network model.

(IT) Formulate a notion of heavy traffic. (There is no
conventional notion of heavy traffic, since a general
network model should allow alternate routing, and the
nominal or average load on a server may then depend
on the routing of jobs.)

(ITT) Formulate a formal diffusion approximation, i.e.,
a Brownian control problem (BCP), for the network
control problem. Reduce the dimension of this prob-
lem by deriving an equivalent workload formulation
(IV) Analyze the BCP (or EWF) and “interpret” its
solution by giving a proposed control policy for the
original network.

(V) Investigate the performance of the policy pro-



posed in (IV). In particular, determine whether it is
asymptotically optimal (in the heavy traffic limit) and
whether it achieves the same cost as the solution of

the BCP.

For step (I), Harrison [7] proposed a very general
model. However, this model is not defined in terms
of primitive network processes; for the purposes of ap-
plying stochastic network models and also for proving
asymptotic optimality of a control policy, a more de-
tailed model is desirable. For an important subcollec-
tion of the situations encompassed by [7], such a de-
tailed model is described in Section 2. This model is
used throughout the current paper. For step (IT), Har-
rison [7] (see also [10, 16]) proposed a notion of heavy
traffic in terms of linear programs. An interpretation
of this condition, in terms of fluid models, is described
in Section 3. It is anticipated, based on experience
gained in proving asymptotic optimality in [1, 2], that,
in general, this interpretation and related results will
be important for step (V). Step (IIT) was initiated by
Harrison in [5] for networks with dynamic sequencing
capabilities, and expanded on by Kelly-Laws [11] for
examples of networks that also allow dynamic routing.
A Brownian model covering both types of control was
described in Harrison [7], and a dimension reduction
(or state-space collapse) of this model was developed
by Harrison et al. in [7, 10]. In the examples that
have been analyzed to date, this reduced model (the
equivalent workload formulation), has played a key role
in solving the BCP. The Brownian control problem is
reviewed 1n Section 4 and its equivalent workload for-
mulation is described in Section 5.

Except in some special cases, such as when the work-
load process is one-dimensional (and non-negative), it
is currently not known how to solve the BCP or EWF
analytically. In Section 6, we present some new results
concerning properties of the workload process. These
are likely to be of use in solving the EWF. In partic-
ular, we characterize the dimension of the workload
process in terms of basic model parameters, and iden-
tify a mild condition under which the components of
the workload process are all non-negative.

With regard to steps (IV) and (V), there is no sys-
tematic method (other than by discretization [6, 14])
for interpreting solutions of the BCP when they are
available, and there are very few proofs of asymptotic
optimality of control policies derived using the formal
BCP methodology [8, 12, 13, 15, 17]. When the work-
load process is one-dimensional (and non-negative),
the EWF, and hence the BCP, can be solved explic-
itly (cf. [9, 19]). However, it is by no means obvious

how to interpret this solution in terms of the origi-
nal stochastic network, nor how to prove asymptotic
optimality of a proposed policy. In separate related
work of Williams [19] and Bell-Williams [1, 2], a sys-
tematic execution of steps (IV) and (V) is illustrated
for a class of models known as parallel server systems,
under a complete resource pooling condition (i.e., the
workload process is one-dimensional). In particular,
the solution of the BCP is interpreted in terms of a
“continuous review threshold policy” and it is shown
that this policy is asymptotically optimal.

2 Stochastic Network Model

Network Structure. A schematic for the model is
shown in Figure 1. There are I infinite capacity buffers
for holding jobs awaiting service and K (non-identical)
servers for processing jobs. Arrivals to a buffer may
come from outside the system and/or from the internal
movement of jobs that have already received at least
one service in the system. Several different servers may
be capable of processing (or serving) jobs from a par-
ticular buffer. Service of a given buffer ¢ by a given
server k is called a processing activity. It is assumed
that there is at most one activity for each pair (¢, k)
and so the number of activities J is at most I- K. The
activities are labelled by j = 1,...,J. The correspon-
dences between activities and buffers, and activities
and servers, are described by two deterministic matri-
ces C' and A, where C'is an I x J matrix with C3; =1
if activity j processes buffer ¢, and C;; = 0 otherwise,
and A is a K x J matrix with Az; = 1 if server k per-
forms activity j, and Az; = 0 otherwise. Each activity
j has exactly one buffer and one server associated with
it, and so each column of C' contains the number one
exactly once and similarly for A. It is also assumed
that each row of C' and each row of A contains the
number one at least once (i.e., each buffer is capable
of being processed by at least one activity and each
server is capable of performing at least one activity).

It is assumed that once a job has commenced ser-
vice under an activity, it must complete its service
with that activity, even if its service is interrupted for
some time (e.g., by preemption by a job from another
buffer). In addition, an activity must complete service
of any job it has started serving before commencing
service of another job from its associated buffer. When
taking a new job from a buffer, a server always takes
the oldest arrival in the buffer that has not yet com-
menced service. (This last restriction corresponds to
an HL (head-of-the-line) discipline in systems without
dynamic routing, cf. [3, 18].)



Figure 1: Schematic for a stochastic network

Stochastic Primitives. The primitive stochastic
processes for the model are given by a triple (F, S, ®).
Here, E is an I-dimensional exogenous arrival pro-
cess such that for each ¢, F;(t) is a (delayed) renewal
process which denotes the number of jobs that have
arrived to buffer ¢ from outside the system in [0,?].
The long run arrival rate vector associated with £ is
a non-negative vector «. For each activity j, there
is a (delayed) renewal process S; such that S;(t) de-
notes the number of complete jobs that could be pro-
cessed by activity j in [0,¢] if the associated server
worked continuously and exclusively on jobs from the
associated buffer in [0,¢]. The long run rate vec-
tor associated with S is a strictly positive vector 5.
The process ® = (&1, @2 ... &7), where & is an I-
dimensional routing process associated with activity
j such that ®/(n) = >°7_, ¢/ (€), and {¢/(£)}52, is a
sequence of 1.1.d. random routing vectors taking val-
ues in {e’ €', ... el}. Here, ¢ is the identically zero
vector and e',... el are the non-negative unit basis
vectors in IR If ¢/(¢) = ¢’ for i € {1,...,TI}, one
interprets this to mean that, upon completion of its
service, the ¢** job processed by activity j is sent to
buffer i, and if ¢/(¢) = €%, the job exits the system.
Let P;; :P(q/)j(f) :ei), t=1,....LLj=1,...,J. In
addition to (£, S, ®), a random variable x(0) describ-
ing the initial state of the system 1s needed.

Control. Scheduling control is exerted through allo-
cations of server time by each server to its associated
processing activities. Formally, this is specified by a
J-dimensional stochastic process T' = {T'(t),t > 0}
where for j = 1,...,J and t > 0, T;(¢) is the cu-
mulative amount of service time devoted to activity
J by the associated server in the time interval [0,7].
The process T' must satisfy certain properties that go
along with its interpretation. In particular, there will,
in general, be constraints on what 7" can depend on.
Here, it is assumed that T is adapted to a filtration
{F;,t > 0}, where F; is a o-algebra denoting the in-

formation known about the history of the system at
time ¢t. Typically this filtration is endogenous (i.e., de-
pends on T') and may depend on the situation being
modeled.

Performance Processes and Model Equations.
Processes used for measuring the performance of the
network under a given scheduling control policy T are
the queue length process () and the cumulative idle-
time process I. For each buffer i, @;(?) is the number
of jobs in buffer ¢ at time ¢, including any jobs from
that buffer which have been partially served. For each
server k, I (t) denotes the total amount of time in [0, ¢]
that server k has been idle. Noting that S;(T;(¢)) is
the number of complete jobs that have been processed
by activity j in the time interval [0, ], one sees that the
descriptive processes (@, I) satisfy the following vector
equations:

Q1) = Q)+ E(t) +@(S(T(t) — CS(T'(1)),
I(t) = el— AT(1),

where e is the K-dimensional vector of all ones. (Here,
notation has been abused sligjhtly in that the it" com-
ponent of ®(S(T(t))) is ijl ®7(S;(T;(t))), which
corresponds to the number of arrivals to buffer ¢ from
inside the network in [0,], and the ** component
of C'S(T(1)) is 25:1 C3;S;(T;(t)), which corresponds
to the number of departures from buffer ¢ in [0,¢].)
Note that for each k& and ¢, I} is continuous and non-

decreasing, I;(0) = 0, and @;(¢) > 0 for all t > 0.

Relationship with other models. The stochastic
network model introduced above is more specific than
the very general model in Harrison [7]. In particu-
lar, it uses more primitive stochastic processes than
[7] and thereby has some elements in common with
[3, 12, 18, 19]. Also, in our model, each activity
serves exactly one buffer and i1s processed by exactly
one server, whereas Harrison [7] allows a more general
setup.

3 Fluid Model, Heavy Traffic and a Linear
Program

The fluid model corresponding to the network model
described above can be thought of as a formal de-
terministic analogue in which the primitive stochas-
tic processes £, .S and @ are replaced by linear flows
which move at rates equal to the long run rates of the
original processes. In addition, the processes @, I and
T are replaced by flows @, I and T which satisfy the



following for all allowed values of ¢, j and k:

Q(t) = Q(0) + at — RT(1),
I(t) = et — AT(2),
Q:(t) >0 for allt > 0,

3

is non-decreasing, Lipschitz continuous
with Lipschitz constant 1, and T}(0) = 0,

I}; is continuous & non-decreasing, I[;(0) = 0,

where R = (C' — P')B, B is the diagonal matrix with
the entries of the service rate vector 8 on its diagonal,
and ’ denotes transpose. The above conditions define
the fluid model and a 7T satisfying these conditions is
called a fluid control. For a given fluid control 7', the
fluid system 1s said to be balanced if the associated
fluid “queue length” @ does not change with time. In
addition, the fluid system incurs no idleness (or all
fluid servers are fully occupied) if I = 0, i.e., AT(t) =
et for all .

Definition. The fluid model is in heavy traffic if

(i) there is a unique fluid control T* under which the
flurd system s balanced, and

(i1) under T*, the fluid system incurs no idleness.

Since any fluid control is differentiable at almost every
time, one can readily convert the above notion of heavy
traffic into one involving the rates z*(t) = L7T*(1).
This leads to the notion of heavy traffic as formulated
by Harrison [7] (see also [10, 16]) in terms of the linear

program LP specified below.

Lemma 3.1 (c¢f. [19]) The fluid model is in heavy
traffic if and only if the following two conditions hold:
(i) there is a unique optimal solution (x*,p*) of the
following linear program (LP):

minimize p st Re=o, Ax<pe and x>0,

(ii) the solution of the linear program is such that p* =
1 and Az* = e.

Assumption. For the remainder of this paper, we
assume that the fluid model is in heavy traffic.

4 Brownian Control Problem

The Brownian control problem (BCP) is a formal ap-
proximation (under diffusive scaling) to a control prob-
lem for the stochastic network (cf. [7, 10]). Math-
ematically this is handled by considering a sequence
of stochastic networks indexed by r, where r tends to

infinity through a sequence of positive real numbers.
The networks in this sequence all have the same basic
structure as that described in Section 2, except that
the control policy, initial conditions and form of the
cost function (which is defined below) may depend on
r. Quantities associated with the system indexed by r
will have a superscript r attached to them. For con-
creteness, the following average cumulative discounted
holding cost will be used for the ' network:

J(TT) = E(/Oooe—wh’c}’“(t)dt),

where v > 0 is a fixed constant called the discount
factor, h = (hy,..., h1) with h; > 0fori=1,... .1 is
a constant vector of holding costs, Q’“() =r=1Qr(r?)
is the normalized queue length process associated with
the control 77, and E denotes expectation. Con-
sider the centered and normalized processes Er(t) =
rpol (E(rzt) — arzt) , ST ty = r7t (S(rzt) — 67“215) ,
and ®/7(t) = 771 (@77 ([r*]) — Pi[r*t]), where P7
denotes the column vector whose entries are given by
the j'* row of the matrix P, and [] denotes the in-
teger part. Under suitable second moment and inde-
pendence conditions on the stochastic primitives (cf.
[18]), one has a functional central limit theorem result
of the form:

(QT(O),ET,S’T,@T) = (N(O),E,S’,i)),
as r — 00, where fi>’“~ = (Al”“,...,@‘]””), o =
(®!,...,®%) and £, S, &/, j =1,...,J are indepen-
dent Brownian motions that are jointly independent of

(0), and = denotes convergence in distribution for
stochastic processes.

An important assumption in the formal derivation of
the BCP is that, in the fluid (law of large numbers)
limit, the allocation processes achieve the nominal lev-
els T*(t) = z*t. The control process Y appearing
below is the formal limit of the deviation processes
YT (t)y=r-t (J:*rzt - Tr(rzt)). A consequence of this

1s that for j such that 7 > 0, there is no sign con-

straint on }N/J (indeed, }N/J need not even be of bounded
variation), whereas for j such that z; =0, }N/J must
be non-positive and non-increasing. The activities j
for which 2% > 0 are called basic activities and those
for which zf = 0 are called non-basic activities. The
non-basic activities only come into play at the diffu-
sion level, not at the coarser fluid level. Without loss
of generality, it can be assumed that the first B ac-
tivities are the basic ones and the last J — B are the
non-basic ones. For later reference, we partition the
matrices R and A: R = [H M] and A = [B N],
where H isIx B, M isIx (J—-B), Bis K x B and
Nis K x (J—B).



Brownian control problem (BCP).
minimize E (/ e~ h/Q(t) dt)
0
using a J-dimensional control process y =

(}71, e }N/J)’ such that

Q(t) = Q(0) + X (t) + RY (t) for allt >0,
I(t)= AY (t) for allt >0,
Qi(t) >0 for all t > 0, U ¢

7 =
Iy, is non-decreasing, Ik( )= 0, k=1,... K,
}N/j s non-increasing, Y](O) =0,j=B+1,...,7J
Q and Y do not anticipate the future of)N(,

where )N(() = E(')—i_Z;:l i)](ﬁjl‘; ~)—|—(P’—C')§(x* )
1s an I-dimenstonal driftless Brownian motion that
starts from the origin. (Here the j'* component of

S(a* ) is Sj(x7-).)

5 Equivalent Workload Formulation and the
Dual Program

Harrison et al. [7, 10] have shown that the BCP has
an “equivalent workload formulation” in which the di-
mension of the problem is usually reduced (or at least
not increased) by replacing the “queue length” state
descriptor Q by a “workload” process W = AQ, where
A 1s a matrix whose rows are determined by certain
optimal solutions of the dual linear program to LP.
More precisely, suppose that (y!, z%),... (y%, ) are
the extreme points of the feasible set of solutions to
the dual program (DP):

maximize y'a st. yR< A Ze<1 and z>0,
that satisfy (y*)a =1, £ =1,... ,L, i.e., the max-
imum in the dual program DP is achieved at these
extreme points. By relabelling if necessary, suppose
that y',... ,y¥ is a maximal linearly independent set
of vectors from y', ..., y¥. Let A be the matrix whose
rows are given by y',... y%. (Note that in general
A is not unique, although its range space is unique.)
For future reference, let II be the L x K matrix whose
rows are given by z!, 2% A key to the reduction
of Harrison et al. [7, 10] is the fact that if

N={6eR': 6=Re, Az =0,2n5 =0},

where x denotes the components of x indexed by the

non-basic activities j = B+ 1,...,J, then

N+ =span{y', ... y"},

where A’ denotes the orthogonal complement of A in
IRY. Recall the decomposition of R and A given just
before the definition of the BCP. It follows from com-
plementary slackness that AH = IIB. Combining this
with (y*)'R < (2')' A, we see that (y*)'M < (2)'N,
i=1,...,L. Tt then follows that the L x (K+J — B)
matrix G = [IT 1IN — AM] has entirely non-negative
entries and AR = GK, where K is the (K4+J — B)xJ
matrix given by

. | B N
A_[O —I]'

Here, I is the (J — B) x (J — B) identity matrix (not
to be confused with the idletime process).

The BCP has the equivalent workload formulation de-
scribed below, cf. [7, 10]. Here, the workload process
W = AQ is L-dimensional, and the (K +J - B)-
dimensional control process U is related to the pro-
cesses in the BCP by the relation

(4]

where Yy is the vector process formed from }N/j, j =
B+1,...J, the J — B non-basic components of Y.

Equivalent Workload Formulation (EWF).

minimize E (/ e~ h/Q(t) dt)
0

using a (K+J—B)-dimensional control process U such
that

( 0)+AX(t)+ GU(t) for allt >0,

( ) for allt >0,

>0 forallt>0,:=1,...,1

non-decreasing and U (0) =0,
forj_l,...,K—l—J—B,

U(t) takes values in the Fuclidean space spanned
by the columns of K, for allt > 0,

Q and U do not anticipate the future of)N(,

W)
W)
)

(

U;

where X is the same as in the definition of the BCP.

6 Properties of the Workload Process

In this section we present some new results concerning
properties of the workload process W. The proofs of
these results are contained in Bramson-Williams [4].



In the examples that have been analyzed to date, the
EWPF has played a key role in solving the BCP. The fol-
lowing result characterizes the dimension of the work-
load process in terms of basic model parameters. This
is likely to be of use in solving the EWF in general.

Theorem 6.1 The dimension L of the workload pro-
cess W is given by

L=I+K-B.

Remark. For the special case of L = 1 and P = 0
(i.e., a parallel server system with complete resource
pooling), this result was proved previously in Harrison-
Lépez [9].

The next result justifies the use of the term “work-
load”, which we think of as a non-negative quantity.
In those cases where the EWF has been solved, the
non-negativity of the components of the workload pro-
cess W = AQ has played an important role in finding
solutions.

Theorem 6.2 Suppose that for each buffer i, there is
a basic activity which serves that buffer. Then, the
entries in the matriz A (whose rows are the linearly
independent vectors y', ... y¥ coming from extremal
optimal solutions of the dual program DP) are all non-
negative.

Remark. This result is not contradicted by the ex-
ample in Section 6 of Harrison [7], because Harrison’s
setup allows an activity to serve more than one buffer
(a possibility that is not included in our model).
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