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Abstract

We consider a model of a capacitated single-class supply
chain consisting of a tandem of production facilities and
propose production policies in two cases: (a) when each
facility has access to its local inventory only, and (b)
when it has knowledge of the total downstream inven-
tory. In case (a) the proposed policy guarantees stock-
out probabilities at each stage to stay bounded below
given constants (service level constraints). In case (b)
we minimize total expected inventory cost subject to
service level constraints. In both cases we rely upon
large deviations asymptotics to analytically obtain the
policy parameters; this leads to huge computational
savings compared to simulation. Our model can accom-
modate autocorrelated demand and service processes,
both critical features of modern failure-prone manufac-
turing systems. We demonstrate that detailed distri-
butional information on demand and service processes,
which is incorporated into large deviations asymptotics,
is critical in inventory control decisions. Some exten-
sions to a multiclass setting are discussed.

Keywords: Supply chain management, Inven-
tory control, Service levels, Large Deviations.

1 Introduction

Modern manufacturing enterprises have recognized that
production can not be viewed separately from the phys-
ical distribution of goods. Instead, both activities
should be perceived as indispensable parts of a supply
chain. Moreover, companies are recognizing the sig-
ni�cance of Quality of Service (QoS) in acquiring and
maintaining market share.

Our primary research objective is to develop e�ective
policies for inventory control in supply chains that ad-
dress the diÆculties present in the new manufactur-
ing environment. There is a large literature on pro-
duction inventory systems (see [2] for a survey). The
single-stage, single-class, version of the problem is sig-
ni�cantly simpler; it has been shown in a variety of
settings that a so called base-stock policy is optimal. In
multiclass single-stage systems, there have only been
results for special cases, or approximations and heuris-
tics for the general case (see [3] and references therein).
In a multiple-stage, single-class system, and without ca-
pacity limits, Clark and Scarf in their seminal paper [4]
have shown the optimality of a production policy where
each facility follows a base-stock policy based on the to-
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tal inventory available in the downstream facilities (we
will refer to this as echelon inventory). Their result has
been generalized in several directions [5, 6]. In the gen-
eral case where capacity limits exist and demand and
service processes are autocorrelated, such a policy is
not necessarily optimal. Its simplicity, however, makes
it attractive. Under a similar echelon policy [7] pro-
posed a perturbation analysis approach to compute the
hedging points in a capacitated single-class multi-stage
system, and [8] developed asymptotics to approximate
stockout probabilities under renewal demand and con-
stant production capacities.

In this paper we propose and analyze two base-stock
production policies. Our �rst policy uses only local in-
ventory information at each stage of the supply chain.
Our second policy has similar structure to the policy
proposed in [4], that is, each stage makes decisions
based on the total downstream inventory. In both
cases, we introduce constraints ensuring that stockout
probabilities stay bounded below given desirable levels.
Such service-level constraints provide a more natural
representation of customer satisfaction and are closely
watched by manufacturing managers.

Our analysis is general enough to accommodate depen-
dencies in demand and production processes. In prac-
tice, demand for various products might have strong
correlations. Moreover, manufacturing facilities are
stochastic and failure-prone, which creates dependen-
cies in the production process. In this setting, analyz-
ing stockout probabilities exactly is intractable. We will
instead rely upon large deviations techniques that lead
to asymptotically tight approximations. As a result,
we will be able to analytically obtain the appropriate
base-stock levels for both policies we consider. Related
techniques have been recently used in [3] to devise pro-
duction policies in a multiclass, single-stage setting.

The remainder of this paper is organized as follows: In
Section 2, we provide the detailed model of the supply
chain, introduce the production policies we will con-
sider, and outline our approach. In Section 3, we ana-
lyze our �rst production policy, which is based on local
inventory information. In Section 4, we treat our sec-
ond policy which uses echelon inventory information.
We discuss extensions to the multiclass case in Sec-
tion 5. Numerical results that assess the accuracy of
the proposed analytical approach are in Section 6 and
conclusions in Section 7.

2 The Model

Figure 1 depicts the supply chain model we consider in
this paper. This system produces a single product class
and consists of M production facilities in tandem. We
will be referring to these facilities as stages of the supply
chain. External demand is met from the �nished goods
inventory maintained in front of the stage one produc-
tion facility, and is backordered if inventory is not avail-
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Figure 1: The model of the supply chain.

able. Every production facility is fed by its upstream
facility; in particular, to produce one unit facility i,
i = 1; : : : ;M � 1, requires one unit of the product of
facility i+1. We assume that facility M is fed with an
in�nite supply of raw material. In front of every facility
i, i = 2; : : : ;M , there is an inventory bu�er which holds
the �nal product of that facility and from which facility
i � 1 draws material for its production. We assume a
periodic review policy where time is divided into time
slots of equal duration. For all i = 1; : : : ;M and n we
let Bi

n denote the amount that the facility at stage i
can produce during time slot n (production capacity).
We also let D1

n denote the amount of external orders
arriving at stage one during time slot n. Finally, we let
I in, i = 1; : : : ;M , denote the inventory in front of stage
i at the beginning of time slot n.

The demand process fD1
n; n 2 Zg and the production

processes fBi
n; n 2 Zg, i = 1; : : : ;M , are arbitrary

stationary stochastic processes that satisfy certain mild
technical conditions (for details see [9, 10]). For stabil-
ity purposes we assume that

E[D1
n] < min

i=1;::: ;M
E[Bi

n]; (1)

which by stationarity carries over to all time slots n.
Stability can be shown under both base-stock policies
we will consider in this paper by using techniques from
[11] and [12].

Our objective is to �nd a production policy that mini-
mizes expected inventory costs and guarantees that the
steady-state stockout probability P[I1n � 0], at some
arbitrary time slot n, does not exceed a desirable small
value �. We will be referring to this as a service-level
constraint. In this paper, we will propose policies in two
separate cases: (a) when each stage i has knowledge of
its local inventory I in only, and (b) when each facil-
ity i has knowledge of the total downstream inventory
I in + I i�1n + : : :+ I1n. In both cases, we will implement
a base-stock policy.

An exact expression for the stockout probabilities is in-
tractable, especially in view of the rather complicated
(autocorrelated) models for the demand and production
processes. We will resort to (asymptotic) large devia-
tions techniques.

Consider the process fXn; n 2 Zg, where Xi are identi-
cally distributed, possibly autocorrelated, random vari-
ables. Let Sn =

Pn

i=1Xi. We will refer to �(�) ,

limn!1
1
n
logE

�
e�Sn

�
as the limiting log-moment gen-

erating function, and to ��(a) , sup�(�a��(�)) as the
large deviation rate function of the process X . We also
de�ne

��+(a) ,

�
��(a) if a > m;
0 if a � m; (2)

���(a) ,

�
��(a) if a < m;
0 if a � m; (3)

which are large deviations rate functions associated
with the tail probabilities P[Sn � na] and P[Sn � na],
respectively. The convex duals of these functions will
be denoted by �+(�) and ��(�), respectively. In the
sequel we will be denoting by �X(�) and ��X(�) the lim-
iting log-moment generating function and the large de-
viations rate function, respectively, of the process X .

3 The Decomposition Approach | A Local
Information Case

Next we consider the case where each stage has knowl-
edge of its local inventory only. We start by reviewing
the single-stage problem; our analysis of the multi-stage
problem will build on this.

3.1 Single-stage problem
In agreement with the notation introduced in Section 2
we will be using In, Dn, and Bn, to denote the in-
ventory, demand, and production capacity, respectively,
during time slot n. We implement a base-stock policy
that maintains a safety stock w in the inventory. The
inventory evolves as follows

In+1 = minfIn �Dn +Bn; wg: (4)

The objective is to keep the stockout probabilityP[In �
0] � �, where � > 0 is some given threshold. This has
been done in [3] using large deviations techniques. On a
notational remark, in the sequel we will be dropping the
reference to the time slot (subscript n) when referring
to steady-state quantities.

Theorem 3.1 (Single Stage [3]) For the single-stage
system, the steady-state stockout probability satis�es

lim
w!1

1

w
logP[I � 0] = ���s ; (5)

where ��s > 0 is the largest root of the equation

�+
D(�) + �B(��) = 0: (6)

More intuitively, for large enough w we have

P[I � 0] � e�w�
�

s ;

thus, the minimum w that satis�es P[I � 0] � � is

w = �
log �

��s
: (7)

3.2 Multiple Stages
We now return to our original problem with M stages.
We propose a base-stock policy that maintains a safety
stock equal to wi for the (local) inventory of every stage
i, i = 1; : : : ;M . In particular, stage i produces un-
til the local inventory I in reaches the hedging point wi
and idles if I in � wi. The amount produced by stage
i constitutes demand for the upstream stage i + 1, for
i = 1; : : : ;M � 1; we will denote it by Di+1

n .

The dynamics for the supply chain are

I
i
n+1 =minfIin �D

i
n +B

i
n; I

i
n �D

i
n + I

i+1
n ; wig;

i = 1; : : : ;M � 1; (8)

I
M
n+1 =minfIMn �D

M
n +B

M
n ; wMg: (9)



We de�ne the inventory shortfall for stage i as follows:

Lin , wi � I in; i = 1; � � � ;M;

and the dynamics of the supply chain can be written as

L
i
n+1 =maxf0; Lin +D

i
n + L

i+1
n � wi+1;

L
i
n +D

i
n �B

i
ng; i = 1; : : : ;M � 1; (10)

L
M
n+1 =maxfLMn +D

M
n �B

M
n ; 0g: (11)

The major diÆculty for analyzing this model and char-
acterizing the stockout probabilities is that the produc-
tion is constrained not only by its own capacity, but
also by the upstream inventory. To bypass this diÆ-
culty we will decouple the various stages by ignoring
the upstream inventory constraint on the downstream
production. We can intuitively argue that this decom-
position is in fact accurate when the inventory level of
the upstream stage is high enough; then the in
uence
of the upstream inventory constraint will be insigni�-
cant when compared to the capacity constraint. More
speci�cally, the proposed decomposition amounts to as-
suming that the system operates according to a policy
which satis�es I i+1n � Bi

n; i = 1; : : : ;M � 1, almost
surely for all time slots n. As a result, the dynamics of
the supply chain can be simpli�ed as follows:

Lin+1 = maxfLin +Di
n �Bi

n; 0g; i = 1; � � � ;M: (12)

That is, each stage behaves exactly as a single-stage sys-
tem. This transformation implies P[I in � 0] = P[Lin �
wi], for each stage i, i = 1; : : : ;M .

Next note that the dynamics in (12) are exactly the dy-
namics of M decoupled make-to-order G/G/1 queues.
For stage 1, fD1

n;n 2 Zg is the external demand pro-
cess, whose large deviations rate function is assumed
known. For the remaining stages i = 2; : : : ;M , recall
that Di

n is the demand for stage i generated by stage
i � 1. In the equivalent make-to-order version of the
system Di

n can be interpreted as the number of depar-
tures from the stage i�1 queue during time slot n. The
following theorem characterizes the large deviations be-
haviour of the departure process fDi

n;n 2 Zg, for all
i = 2; : : : ;M . The proof, which is based on a result in
[9], can be found in [1].

Theorem 3.2 (Departure Process) The partial
sum of the departure process of the G=G=1 queue of
stage i� 1 satis�es

lim
n!1

1

n
logP

"
nX
j=1

D
i
j � na

#
= ���+

Di
(a); (13)

for all i = 2; : : : ;M; where

��+
Di (a) = ��+

Bi�1
(a) + ��+�i�1(a); (14)

��+�i�1(a) = sup
f� j �+

Di�1
(�)+�

Bi�1
(��)<0g

�
�a� �+

Di�1(�)
�
:

We now have all the ingredients to analyze Lin for every
stage i in isolation. The result is summarized in the

following theorem.

Theorem 3.3 For every stage i = 1; : : : ;M of the de-
coupled system, the steady-state queue length Li satis-
�es

lim
wi!1

1

wi
logP[Li � wi] = ���L;i; (15)

where ��L;i is the largest root of the equation

�+
Di(�) + �Bi(��) = 0; (16)

and �+
Di(�) is the convex dual of ��+

Di (a).

Assume now that the stockout probability for stage one
needs to be upper bounded by some �1. We can then
select the requirement for the stockout probability of
stage i, �i, to be the same as, or an order of magnitude
less than, the corresponding requirement, �i�1, for its
downstream stage i � 1. Using the results of this sec-
tion, we obtain hedging points given by wi = � log �i

��
L;i

;

i = 1; � � � ;M . To improve the accuracy of the asymp-
totics, especially for fairly large �'s, we can introduce a
constant ci and consider the approximation

P[I i � 0] = P[Li � wi] � ci e
�wi�

�

L;i ; (17)

for i = 1; : : : ;M . Note that in the decoupled system ci
is independent of wi's, and can be obtained either by
approximations or by simulation (see [3] for details).
Hence, the hedging points satisfy

wi = �
log(�i=ci)

��L;i
; i = 1; � � � ;M: (18)

Numerical results that help assess the accuracy of the
large deviations asymptotics are given in Section 6.

4 The Multi-echelon Approach | A Global
Information Case

Next, we consider the case where echelon inventory
information is available at every stage i = 1; : : : ;M .
This will allow us to trade-o� inventory between vari-
ous stages in order to reduce expected inventory costs
while maintaining the service level constraints.

We will be using the notation introduced in Section 2.
In particular, X i

n denotes the echelon inventory at time
slot n and stage i = 1; : : : ;M . We have

X i
n = I in + : : :+ I1n = I in +X i�1

n ; i = 1; : : : ;M:

We implement an echelon base-stock production policy
that maintains a hedging point or safety stock of wi
for the echelon inventory at stage i. More speci�cally,
the facility at stage i produces until X i

n reaches wi and
idles otherwise. Clearly, w1 � w2 � � � � � wM . Figure 2
depicts the supply chain model and indicates the stages
corresponding to the echelon safety stocks.

As in Section 3, we de�ne the shortfall of echelon i
inventory as

Y i
n , wi �X i

n; (19)

which implies P[X i
n � 0] = P[Y i

n � wi]. In terms of
the shortfalls the dynamics of the supply chain can be
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Figure 2: The supply chain model under the
echelon base-stock policy.

written as:

Y
i
n+1 =maxf0; Y i+1

n +D
1
n � (wi+1 � wi);

Y
i
n +D

1
n �B

i
ng; i = 1; : : : ;M � 1; (20)

Y
M
n+1 =maxfYM

n +D
1
n �B

M
n ; 0g: (21)

The main result of this section (see [1] for a proof), is a
large deviations result for the steady-state probability
P[Y 1 � w1], which is equal to the steady-state stockout
probability P[X1 � 0].

Theorem 4.1 Assume the hedging points w1; w2; : : : ;
wM in the multi-echelon system (cf. (20), (21)) satisfy

wi = �i�1w1; i = 2; : : : ;M;

where �i are constants and 1 � �1 � � � � � �M�1. The
steady-state shortfall Y 1 of echelon 1 satis�es

lim
w1!1

1

w1
logP[Y 1 � w1] = ���G;1; (22)

where ��G;1 is determined by

�
�

G;1 = min

�
inf
a>0

1

a
inf

x0�x1=a

�
��+
D1

(x0) + ���
B1

(x1)
�
;

inf
a>0

1

a
inf

x0��1x1��2x2=a�1
�1+�2=1

�
��+
D1

(x0)

+�1�
��

B1
(x1) + �2�

��

B2
(x2)

�
; : : : ;

inf
a>0

1

a
inf

x0��1x1������MxM=a�M�1
�1+���+�M=1

�
��+
D1

(x0)

+�1�
��

B1
(x1) + � � �+ �M���

BM
(xM)

� �
: (23)

Remarks :

1. More intuitively, Theorem 4.1 asserts

P[X1 � 0] = P[Y 1 � w1] � e��
�

G;1w1 : (24)

2. The proof of Thm. 4.1 in [1] characterizes the
most likely path that leads to stockouts and pro-
vides intuition on how they occur. It is shown
that

��G;1 = min(��1 ; �1�
�
2 ; : : : ; �M�1�

�
M ); (25)

where ��i , i = 1; : : : ;M , is the largest root of the
equation supa1+���+ai=1(�D1(�) + a1�B1(��) +
� � � + ai�Bi(��)) = 0. Consider the case ��G;1 =

�i�1�
�
i for some i = 1; : : : ;M , where �0 , 1. To

avoid degenerate cases assume that all production

processes Bi have distinct limiting log-moment
generating functions and that 1 < �1 < � � � <
�M�1. It can be shown that ��i is also the largest
root of the equation �D1(�) + �Bi(��) = 0 and
the stockout probability at stage 1 behaves as the
exponential

e��i�1�
�

iw1 = e��
�

iwi :

Considering the single stage result (cf. Thm. 3.1)
we can say that stage i production capacity is
the \bottleneck" and characterizes the stockout
probability at stage 1.

Thm. 4.1 can be generalized to characterize the stock-
out probability of the remaining echelon inventoriesX i,
i = 2; : : : ;M . In particular, echelon inventory X i at
stage i, i = 1; : : : ;M is the echelon one inventory of an
(M +1� i)-stage supply chain starting at the ith stage
of the original system.

To improve the accuracy of the approximation, espe-
cially for relatively large stockout probabilities (i.e.,
small safety stock w1), we will use the following re�ned
approximation

P[Y 1 � w1] � f1(�)e
���G;1w1 ; (26)

where the prefactor f1(�) is a function of � =
(�1; : : : ; �M�1) = (w2

w1
; : : : ; wM

w1
). To compute the

prefactor, in [1] we evaluate the stockout probability
P[Y 1 � w1] at several sample pointsw = (w1; : : : ; wM )
by simulation and then �nd a piecewise linear and con-
vex function f1(�) so that f1(�)e

���G;1w1 matches the
true value of P[Y 1 � w1] at those sample points. It
should be noted that this heuristic procedure is one po-
tential approach. Alternatively, given a data set con-
sisting of N sample points we can approximate f1(�)
by some other parametric form.

We next discuss how to approximate inventory costs,
which we assume them to be linear. Let hi be the hold-
ing cost for echelon-i inventory for i = 1; : : : ;M . Not-
ing that the expected echelon-i inventory is given by
E[I i]+� � �+E[I2]+E[(I1)+], where (I1)+ = max(I1; 0),
in [1] we show that the total expected inventory cost can
be approximated by the following expression

MX
i=1

hi(wi �E[Y i]) + (h1 + � � �+ hM )E[(Y 1 � w1)
+]

=
MX
i=1

hi(wi �E[Y i]) + (h1 + � � �+ hM )f1(�)
e��

�

G;1w1

��G;1
:

(27)

To obtain an analytical approximation for the inventory
cost we are now left with computing E[Y i]. This is hard
to do analytically; instead we use an approach similar
to the one used in obtaining f1(�). In [1] we show
that E[Y i] is a convex and nonincreasing function of
(wi+1�wi; : : : ; wM�wM�1) in every coordinate. Using
sample points obtained from simulation, we construct a
piecewise linear convex function gi(wi+1�wi; : : : ; wM�
wM�1) which approximates E[Y i] for i = 1; : : : ;M � 1.

Summarizing, using (27) and (26) we formulate the
problem of minimizing expected inventory cost subject



to service level constraints as follows

min
MP
i=1

hi(wi � gi(�i)) +

�Pn

i=1 hi

�
f1(�)

e
���

G;1
w1

��
G;1

s.t. P[Y i � wi] = fi(�i) e
���G;iwi � �i; 8i;

wM � � � � � w2 � w1 � 0;
(28)

where �i = (wi+1 � wi; : : : ; wM � wM�1) and �i =
(wi+1=wi; : : : ; wM=wi). This problem can be solved an-
alytically using standard nonlinear programming tech-
niques. We will see in Section 6 that the solution pre-
dicted by the problem in (28) is accurate. The very
signi�cant advantage of our approach is that we can
set the proper hedging points analytically, which leads
to huge computational savings.

5 Extensions to the Multiclass Case

We extend the model depicted in Figure 1 as follows.
We assume that instead of a single product class the
system produces K products. We maintain separate
inventory bu�ers for each product in front of each stage.

We will implement a scheduling policy which allocates a
constant fraction of the capacity of each facility to every
class. In particular, we will let �k;i denote the fraction
of the stage-i capacity Bi

n allocated to class k during
time slot n, for all k = 1; : : : ;K and i = 1; : : : ;M ,

where
PK

k=1 �k;i = 1. Note that �k;i is constant for
all time slots. This policy will be referred to as the
generalized processor sharing policy (GPS).

According to the GPS policy the capacity allocated to a
class k can be distributed to the remaining classes dur-
ing times that class k has no work to be done. To facil-
itate the analysis we will decompose the system across
classes and ignore the unutilized capacity allocated to
a class during times that other classes are not busy.
Hence, the multiclass supply chain is decomposed in K
single class chains and the results we have developed
in this paper are immediately applicable. In particular,
our single class asymptotics and hedging points can be
derived for each class k by using capacity �i;kB

i
n at each

stage i during time slot n.

6 Numerical Results

In this section, we present numerical results to evalu-
ate the performance of the proposed large deviations
approximations. We will consider a two-stage system
and we will (a) use the decomposition approach devel-
oped in Section 3 to derive a base-stock policy for each
stage under a variety of service level requirements, and
(b) use the echelon base-stock policy analyzed in Sec-
tion 4 to optimize the expected inventory cost subject
to service level constraints.

In both parts (a) and (b) we consider Markov-
modulated demand and production processes. Figure 3
depicts the model of the demand and production pro-
cesses in a two-stage supply-chain. We denote by r the
vector of demand or production amounts at each state
of the corresponding Markov chain.

6.1 The decomposition approach
Results for the example are shown in Table 1. The �rst
two columns list the desired service level requirements
for stages 1 and 2, respectively. The third and fourth
column list the analytically computed hedging points,
for stages 1 and 2, respectively. Finally, in the 5th
column we report the actual simulated stockout prob-

1 2 3
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E[D1] = 2:69

Var[D1] = 8:87

1 2
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E[B1] = 4:0
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0.7

B1 B2

0.2

r = (2; 8; 0:5) r = (0; 4:5)

Figure 3: The models of demand and produc-
tion processes in a two-stage system.

ability at stage one (we simulated the system with in-
teger hedging points computed by rounding the values
obtained analytically).

�1 �2 w1 w2 P[I1 � 0]

10�2 10�2 16.0 46.6 1:36� 10�2

10�2 10�3 16.0 71.3 1:01� 10�2

10�3 10�3 24.9 71.3 1:14� 10�3

10�3 10�4 24.9 96.0 0:98� 10�3

10�4 10�4 33.8 96.0 0:97� 10�4

10�4 10�5 33.8 120.7 0:93� 10�4

10�5 10�5 42.7 120.7 1:00� 10�5

10�5 10�6 42.7 145.4 0:92� 10�5

Table 1: Numerical results from the decompo-
sition approach for the example.

We selected the service level requirement of the second
stage to be same as or one order of magnitude less than
�1. The numerical results suggest that this suÆces to
make the decomposition approach valid. In particular,
we observe that the proposed large deviations asymp-
totics are fairly accurate, the error being less than 5%
(they capture the exponent of the stockout probability
and get fairly close in the �rst signi�cant digit). Of
course, there are many combinations of w1 and w2 that
would lead to the same service level. Our decompo-
sition approach yields one possible such combination.
Next, we explore how we can select the best such com-
bination to minimize expected inventory costs.

6.2 The multi-echelon approach
We apply the multi-echelon approach to the example
considered above. Using the results of Thm. 4.1, its
generalization for other echelons, and the characteriza-
tion of ��G;1 in Eq. (25) we obtain ��1 = 0:2584; ��2 =

0:0932, and ��G;1 = min
�
��1 ;

w2
w1
��2

�
. For echelon 2, we

obtain ��G;2 = 0:0932. Solving the optimization problem

in (28) we obtain the results reported in Table 2. The
analytical solution is very close to the one obtained by
simulation. We compare the multi-echelon policy with
the decomposition policy in Table 3. As expected the
multi-echelon policy leads to more economic solutions.

Analytical Results Simulation Results
�1 h1 h2 w�1 w�2 P[X1 � 0] E[Cost] w�1 w�2 P[X1 < 0] E[Cost]

10�2 1 1 21.8 54.5 1:0� 10�2 64.2 21 55 1:0� 10�2 64.1
10�2 5 1 16.6 66.4 1:0� 10�2 127.7 17 67 1:0� 10�2 130.5
10�2 1 10 26.6 52.9 1:0� 10�2 460.2 25 53 1:0� 10�2 460.1
10�3 1 1 29.2 81.0 1:0� 10�3 98.4 30 80 1:0� 10�3 98.2
10�4 1 1 38.1 105.7 1:0� 10�4 132.1 40 103 1:0� 10�4 131.3

Table 2: Numerical results for the system un-
der the multi-echelon policy.

6.3 Signi�cance of distributional information
As our �nal example we present a two-stage supply
chain model operated under the multi-echelon inventory
policy. We will demonstrate that distributional infor-



Analytical Results Simulation Results
�1 �2 w1 w2 E[(I1)+] E[I2] P[I1 � 0] h1 h2 E[Cost]

10�2 10�3 16.0 71.3 13.6 62.8 1:01� 10�2 1 1 90.0
10�2 10�3 16.0 71.3 13.6 62.8 1:01� 10�2 5 1 144.3
10�2 10�3 16.0 71.3 13.6 62.8 1:01� 10�2 1 10 777.4
10�3 10�3 24.9 71.3 22.6 62.8 1:14� 10�3 1 1 108.0
10�3 10�4 24.9 96.0 22.6 87.8 0:98� 10�3 1 1 133.0
10�4 10�4 33.8 96.0 31.6 87.8 0:97� 10�4 1 1 151.0
10�4 10�5 33.8 120.7 32.0 112.8 0:93� 10�4 1 1 176.0

Table 3: The expected inventory costs under
the decomposition policy.

mation on the demand and service processes is critical
in making inventory control decisions.

The demand and production processes are all discrete-
time Markov modulated processes. Letting P and r
denote the transition probabilities and the vector of de-
mand or production amounts in each state of the cor-
responding Markov chain we set:

rD = (5; 10); PD =

�
0:2 0:8
0:4 0:6

�
; E[D] = 8:33;

rB1 = (0; 25); PB1 =

�
0:2 0:8
0:3 0:7

�
; E[B1] = 18:18;

rB2 = (0; 14); PB2 =

�
0:15 0:85
0:05 0:95

�
; E[B2] = 13:22:

Applying the results of Section 4 (cf. (25)) we obtain
��1 = 0:1785 and ��2 = 0:2029:

We compute ��G;1 = 0:1785; which according to the
discussion in Remark 2 of Section 4 implies that the
\bottleneck" is stage 1 in the sense that the process
B1 and not B2 characterizes the stockout probability
at stage one. This seems to contradict naive intuition
that the \bottleneck" is stage two since E[B1] > E[B2]!
The conclusion that the \bottleneck" is stage one is ex-
plained by noting that B1 is more bursty than B2.

7 Conclusions

We have developed two production policies for inven-
tory control in a multi-stage single-class supply chain.
Demand and service processes are general, potentially
autocorrelated processes, which makes it possible to
model complex demand scenarios and failure-prone pro-
duction facilities. Both policies emphasize quality of
service, which is becoming important in modern man-
ufacturing, by maintaining desirable service level con-
straints. Our analysis under the echelon-base stock pol-
icy provides particular insight on how stockouts occur.
In particular, it identi�es a \bottleneck" stage whose
production capacity is \responsible" for stockouts at
stage 1. But, this \bottleneck" stage is not necessarily
the one with the smallest mean production capacity;
it depends on the full distribution of the production
processes. We provided a simple numerical example to
underline this observation, which at �rst sight might
appear counterintuitive.

The echelon base-stock policy enables optimization
among all possible hedging point vectors that satisfy
the service level constraints; by solving a nonlinear op-
timization problem we select the one with minimum
expected inventory cost. Numerical results show that
the solutions obtained by analysis are very close to the
ones obtained by brute force simulation. Our analytic

approach for selecting appropriate hedging points leads
to dramatic computational savings when compared to
the time needed to obtain them by simulation.
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