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Abstract

We study the distribution of steady-state queue lengths
in multiclass queueing networks under a stable policy.
We propose a general methodology based on Lyapunov
functions, for the performance analysis of infinite state
Markov chains and apply it specifically to Markovian
multiclass queueing networks. We establish a deeper
connection between stability and performance of such
networks by showing that if there exist linear and piece-
wise linear Lyapunov functions that show stability, then
these Lyapunov functions can be used to establish ge-
ometric type lower and upper bounds on the tail prob-
abilities, and thus bounds on the expectation of the
queue lengths. As an example of our results, for a re-
entrant line queueing network with two processing sta-
tions operating under a work-conserving policy we show

that E[L] = O (ﬁ) , where L is the total number

of customers in the system, and p* is the maximal ac-
tual or virtual traffic intensity in the network. This
extends a recent result by Dai and Vande-Vate, which
states that a re-entrant line queueing network with two
stations is globally stable if p* < 1. We also present
several results on the performance of multiclass queue-
ing networks operating under general Markovian, and
in particular, priority policies. The results in this paper
are the first that establish explicit geometric type upper
and lower bounds on tail probabilities of queue lengths,
for networks of such generality. Previous results provide
numerical bounds and only on the expectation, not the
distribution, of queue lengths.

1 Introduction

The focus of this paper is performance analysis of multi-
class queueing networks. Specifically, we are interested
in estimating the steady-state queue lengths in the net-
work, when interarrival and service times are exponen-
tially distributed, assuming a stable scheduling policy
1s used.

The performance of queueing networks is largely an
open research area. Some of the earlier and classical
results include product form probability distributions
for Jackson and BCMP type networks (see Gelenbe and
Mitrani [13]). It was realized, however, that the pres-
ence of multiple classes does not allow, in general, for a
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product form distribution even if the interarrival and
service times have exponential distributions and the
First-In-First-Out policy is used. Several papers (Bert-
simas, Paschalidis and Tsitsiklis [5], Kumar and Kumar
[16], Kumar and Meyn [17], Jin, Ou and Kumar [14] )
have analyzed the performance of multiclass queueing
networks using quadratic Lyapunov functions. A cer-
tain linear program is constructed, which provides nu-
merical bounds on the achievable performance region.
The performance results obtained using quadratic Lya-
punov functions were later analyzed and extended in a
simpler and more intuitive way, using conservation laws
(Bertsimas and Nino-Mora [4]).

The performance analysis of multiclass queueing net-
works 1s at least as hard as the stability problem for
which no general conditions are available. It is known
that the natural load condition p, < 1 for each sta-
tion ¢ is necessary, but not sufficient, for stability; a
variety of counterexamples have been constructed by
Rybko and Stolyar [20], Lu and Kumar [18], Bramson
[6], Seidman [21], Dai, Vande Vate and Hasenbein [8].
Sufficient conditions for stability have been found using
Lyapunov functions by Dai and Weiss [10] and Down
and Meyn [11]. Furthermore, fluid models were found
to be a very useful tool for stability analysis. Dai’s
theorem [7] shows that the stability of a fluid model
implies stability of a corresponding stochastic model.
A complete characterization of fluid networks with two
stations which are stable under any work-conserving
policy (“globally stable”) was obtained by Bertsimas,
Gamarnik and Tsitsiklis [2] and subsequently by Dai
and Vande Vate [9]. The second work used a very in-
tuitive notion of virtual stations to explain instability
in networks with two stations. Both works ([2] and [9])
prove that the existence of a piecewise linear Lyapunov
function is both necessary and sufficient for global sta-
bility of fluid networks with two stations.

1.1 Our Results

The goal of this paper is to turn some of the stability
analysis tools into useful performance analysis tools.
We will show how linear and piecewise linear Lyapunov
functions, and virtual stations can be used to obtain up-
per and lower bounds on the steady-state queue lengths.
For many examples considered in this paper the up-
per bounds are finite if and only if the network is sta-
ble. Our contributions are summarized as follows. We
start in Section 3 with an analysis of countably infi-



nite Markov chains. We show that if there exists a
Lyapunov function proving the stability of the Markov
chain, then certain computable upper and lower bounds
hold on the steady-state queue length probability dis-
tribution as well as on its expectation. We then apply
this methodology, in Sections 4 and 5, to the perfor-
mance analysis of multiclass queueing networks with
exponentially distributed interarrival and service times.
Specifically, we use the notion of a wirtual station, in-
troduced by Dai and Vande-Vate in [9]. They showed
that in networks with two stations, some priority poli-
cies lead to certain groups V of customer classes, called
virtual stations, which cannot be served simultaneously.
As aresult, if the corresponding wirtual traffic intensity
p(V) = Y ;cv pi 1s bigger than one, then the network
1s unstable. We prove that for networks with two sta-
tions, if V i1s a virtual station, with the corresponding
virtual traffic intensity p(V'), then

p(V)
E[L]> ————,
~ 41— p(V))
where L is the total number of customers in the net-
work. These lower bounds are extended to networks
with more than two stations.

It was also proven in [9] that queueing networks with
two stations are globally stable if the maximum of all
actual and virtual traffic intensities, denoted by p*, is
less than one for the original network and for a certain
set of subnetworks. Also if p* > 1, then the corre-
sponding fluid network is not globally stable. Whether
this holds true for stochastic Markovian networks is not
known.

We show that p* is a fundamental performance param-
eter. For re-entrant line networks with two stations, we
show that if p* < 1, then the following upper bound
holds under any work-conserving policy

C
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where C is some constant, expressed explicitly in terms
of the parameters of the network. An important im-
plication of this result is that the performance region
(the set of vectors of expected queue lengths obtained
under different work-conserving scheduling policies) is
bounded if and only if the corresponding fluid network
1s globally stable.

Our results show a deeper connection between stabil-
1ty and performance of multiclass queueing networks.
Also the results in this paper are the first ones that
use linear and piecewise linear Lyapunov functions for
performance analysis. Previous methods for perfor-
mance analysis have used quadratic Lyapunov func-
tions, which have certain limitations. In particular, an
example of a globally stable queueing network with two
stations was constructed in [11] for which the quadratic

Lyapunov function method leads to an infinite (incon-
clusive) upper bound, yet a piecewise linear Lyapunov
function gives a finite upper bound. The methods de-
veloped here, on the other hand, match the sharpest
known stability condition p* < 1.

2 Queueing Model and Assumptions

We consider a network consisting of J single server sta-
tions, which are denoted by o, 7 =1,2,...,J. The net-
work includes I types of customers, where customers of
type ¢ = 1,2,...,I arrive to the network from an ex-
ogenous source. The arrival process corresponding to
type 7 is assumed to be an independent Poisson process
with rate A;. Let A = (A1,..., A1) denote the vector of
arrival rates and let Apin = min;{);}. Without loss of
generality, we assume that Anjn > 0. Similarly, we de-
fine Apax = max;{\;}. Customers of type ¢ go through
J; stages, each of which corresponds to a service com-
pletion on a particular station. We denote these sta-
tions by 0;1,052,...,05,5,. The processing time of a
type 7 customer at station o;x, k = 1,2,...,J;, is as-
sumed to be exponentially distributed with rate p;
and is independent from the processing times of all
other stages of this type, from the processing times of
the other types, and from the interarrival times. We
let po = (pik)1<i<r1,1<k<J; denote the vector of service
rates. Customers of type i receiving service at station
o are called class (7, k) customers. Let N = Zle J;
be the total number of classes. For convenience, we will
also identify every station o; with the set of classes as-
sociated with this station. Let C;j = j if class (7, k)
customers are served at station o;. For k > J; we let
Ci;x = 0. Let C denote the corresponding I X Jmax
matrix, where Jyn.x — max;J;. The matrix C de-
fines the topology of the network. We assume that the
buffers at each station have infinite capacity and no cus-
tomers renege from the queue before receiving service.
A queueing network of the form just described is called
a Markovian multiclass queueing network with deter-
ministic routing. The parameters A\, u, C constitute
the primary parameters of the network and we denote
the network by (A, p, C). For each class (i, k), we let
pix = Aif ik be the nominal load of this class. For
each station o, 7 = 1,2,...,J, we define the nominal

load (traffic intensity) as p,, = Z(i k)eo; Pik-

The evolution of a queueing network 1s fully specified
only when a scheduling discipline is given. The schedul-
ing discipline (policy) describes which customers (if
any) are served at any moment at each station. Within
each class, the customers are served in First-In-First-
Out (FIFO) fashion. Therefore, the service discipline
only specifies which customer type is served at any
given moment. We will assume throughout the paper
that the scheduling policies implemented are Marko-



vian, namely, scheduling decisions are purely a function
of the system state, which in our case is the vector of all
queue lengths. We also allow preemption. For example,
preemptive priority policies are Markovian. We will be
considering mostly work-conserving policies: each pro-
cessing station is required to work on some customer,
if there are any present at this station.

Given a multiclass queueing network (A, pu, C)
and some scheduling policy, we let Q) =
(Qix(t))1<i<ri1<k<y; denote the vector of queue
lengths at time ¢. Our focus is on estimating the dis-
tribution of the random vector Q%) in steady-state. A
necessary condition for the existence of a steady-state
is the load condition p,;, < 1 for each j =1,2,...,J.

Definition 1 A scheduling policy w is defined to be
stable if the Markov process Q(t),t > 0, admits a sta-
tionary probability distribution m = w(w) satisfying

D E[Qik(t)] <oo,  forallt>0. (1)
i,k

A queueing network is defined to be globally stable if
every work-conserving Markovian policy is stable.

3 Infinite Markov Chains and Lyapunov
Functions

Let X(¢), t = 0,1,2,..., be a discrete time, discrete
state Markov chain which takes values in some count-
able set X'. The transitions occur at integer times
t = 0,1,2,.... For any two vector ®,2 € X, let
p(x, ') denote the transition probabilities

p(z,2)=P{X(t+1)=2'|X(t)==}.

If a stationary probability distribution 7 on the state
space X exists, it satisfies

Z m(x) =1,
and for all 2 €¢ X
n(@) = Y w(z)p(a',2). (2)

The existence of a stationary distribution is usually es-
tablished by constructing a certain Lyapunov function.
For a survey of Lyapunov methods for stability analysis
of Markov chains, see [19].

Definition 2 A nonnegative function ® : X — R,
1s said to be a Lyapunov function if there exist some
v > 0 and B > 0, such that for anyt = 1,2,... and
any ¢ € X, with ®(z) > B

E(X(t+1)X(t) =2z] < &(=z)—v.  (3)

Also a nonnegative function ® : X — R, s said to be
a lower Lyapunov function if there exists some v > 0,
such that for any t = 1,2,... and any ® € X, with
®(z) >0

BI®(X(t+1))|X () = 2] > $(x) - 7.

We assume that the Markov chain X (t) is positive re-
current, and we denote by 7w the corresponding sta-
tionary distribution. Namely, 7(z) is the steady-state
probability P, {X (¢) = ®} that the chain is in a certain
state @ € X'. Also, we denote by E.[-] the expectation
with respect to the probability distribution 7. For a
given function ® : X' — R, let

Vimax = sup [2(2') — ()], (4)
z,2'€X:p(x,2')>0
and
‘min = inf o N — (] . H
Y w,z’EX:p(w,w’l)n>0,§>(z)<<1>(w’)( (13) (35)) ( )
Also let
Pmax = SUup E p(m:ml)) (6)
€Y Licx 3(z)<3(a')
and

Pmin = inf p(x,z'). 7

wed w'ex,q>(za::)<q>(:c') ) 2

We are interested in Lyapunov functions with finite

Vmax, and lower Lyapunov functions with positive vpi,

and pmin. The following theorem is a key result for the
remainder of the paper.

Theorem 1 Consider a Markov chain X(t) with
a stationary probability distribution w such that
E,[®(X(t))] < co. If there exists a Lyapunov function
® with drift vy > 0, and ezception parameter B > 0,
then for any m=10,1,2,...

p y m+1
P, {B(X(£)) > B + 2wpu,m} < [ _Pmexlmex .
{ ( ( )) } - <pmaxymax +’Y>
(8)

As a result,
2 maXx maXx 2
EL[®(X(1))] < B + % (9)

If there exists a lower Lyapunov function ® with drift
v > 0, then for any m =10,1,2, ...

(/2o )"

P {®(X(?)) > (1/2)vminm} > ((1/2)pminl/min +7
(1

As a result,

Befa(x({)] > Eeltmn) (11)



4 Lower Bounds on Queue Lengths Using
Linear Lower Lyapunov Functions

In this section, we use linear lower Lyapunov functions
to find closed form lower bounds on the distribution
and expectation of steady-state queue lengths, which
hold when an arbitrary stable scheduling policy is im-
plemented.

4.1 Closed Form Lower Bounds Under an Arbi-
trary Work-Conserving Policies

Given a stable scheduling policy w, let 7 = m(w) denote
the corresponding stationary distribution. In order to
apply the results of Section 3 on discrete time Markov
chains we consider a uniformized embedded Markov
chain Q(7:),s =0,1,2, ..., instead of the original pro-

cess @(¢). For details see [3]. For each station ¢j, we
now construct a lower Lyapunov function. For any class
(3, k), let
o+
Pik = Z Pi k! (12)
k':(i,k')€a; k' >k
Let
Pt
ik
P - : ik 13
](Q) Z )\z Q & ( )

i,k

1

Proposition 1 Let w be an arbitrary Markovian pol-
wcy. Then, ®; s a lower Lyapunov function with drift

vYi = 1-— paj and Pmin = Ez )‘iy Vmin Z Poj //\max~

Proof: see [3].

We now are ready to state the main result of this sec-
tion. The result is presented for re-entrant line type
queueing networks, that is I = 1. In this case, all cus-
tomers follow the same route in the network. The ex-
tension of this result for networks with multiple routes
can be found in [3]. We denote by Qg(t) the queue
length at the k-th stage in the network. The parame-
ters pi’k,pf”; are denoted simply by pr and pzj+.

Theorem 2 Given a re-entrant line type queueing net-
work (A, p, C), operating under any stable Markovian
policy, the following lower bounds hold on the number
of customers in the network in steady-state. For each
i=12,...,J,and m=10,1,2,...

o; Po; Po; ™
P{E/’k TQu(t) > 5 m} > (ﬁ) )
k 73

and

oit P?,j
> Qk(t)] > M=o

4.2 Closed Form Lower Bounds Under a Prior-
ity Policy

In this section, we derive lower bounds on the tail prob-
abilities and the expected number of customers in a
multiclass queueing network operating under a prior-
ity policy wy that is described by a permutation 8 of
the set of classes {(¢,k)}1<i<ri1<r<s;. For two classes
(3, k), (', k') associated with the same station o, We
say that class (¢, k') has a higher priority than class
(3,k)if (i’ k') < 6(3, k). A corresponding priority pol-
icy wy 1s a policy which for every station o; works on
a class with the highest priority.

The lower bounds to be presented in this section are
based on the concept of a virtual station and virtual
traffic intensity introduced by Dai and Vande-Vate in
[9], where the virtual station concept is used for the
stability analysis. The definition of a virtual station
for networks with two stations and its extension to net-
works with K stations (called K virtual station) is given
in [1],[8],[3] and is omitted here for the lack of space.
Intuitively, it is shown in [8] and [3] that if a set of K
classes V is a K-virtual stations and priority is given to
classes in V then in steady state only K —1 classes of V'
can be served simultaneously. Using this result and by
constructing a lower Lyapunov function very similar to
the one given by (13) we obtain the following bounds.
The result is again stated for re-entrant line type net-
works. Its proof and extension to general networks can

be found in ([3]).

Theorem 3 Suppose that (X, p, C) is a re-entrant line
type queueing network and that a set of classes V s
a K-virtual station. If a stable priority policy wy
gwes priority to classes in V over classes outside V,
then the following lower bound holds on the number
of customers in the network win steady-state. For each
m=0,1,2,...,

%
and
2 V)
E VEQR(t)] > Lt )
2770 2 1=y
where p(V) = Y kevpik and py;j =

i nyevas Pk 1 <1< 1<k < Jj

4.3 Example

Consider the Lu-Kumar network on Figure 1. This re-
entrant line network was introduced first by Lu and
Kumar in [18]. For this network p; = A/p;, i =
1,2,3,4, po, = p1 + pa, po, = p2 + ps. We have
Pt = p1 + pa and pf*t = py for i = 2,3,4. Also,

p7*" = pa + ps for i = 1,2, p§*" = ps and pg** = 0.
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Figure 1: Lu-Kumar network.

Proposition 2 If the network on Figure 1 operates
under priority policy wy with priority rule 6(4) <
6(1),6(2) < 6(3), then the following bounds hold

p,, {o(rr Q0+ 8:0) + (@) 1010 )

P2+ pa

p2+pa \"
z <2 —p2— P4) ’
forallm=20,1,2,... , and
Exl(p2 + pa)(Q1(t) + Q2(2)) + pa(Qs(t) + Q2(¢))] >

1 (p2 +pa)?

i0—pr—pa) (4

Proof: The proof is obtained by applying Theorem 3
to the virtual station V = {2, 4}. |

5 Upper Bounds for Networks With Two
Stations

In this section, we provide explicit performance bounds
for queueing networks with two stations. We will con-
sider only re-entrant line queueing networks. The Pois-
son arrival rate is denoted by A. An explicit and tight
characterization of global stability of fluid networks
with two stations is given in [9]. Specifically, it is proven
that a fluid queueing network with two stations is glob-
ally stable if and only if the maximal of all the real and
virtual traffic intensities p* is smaller than one. From
this result and Dai’s theorem [7] connecting fluid and
stochastic stability, the condition p* < 1 is also suffi-
cient for global stability of the stochastic network (with
arbitrary and not necessarily exponential service distri-
bution). In this section, we describe a matching perfor-
mance result: whenever p* < 1, we construct a finite
upper bound on the tail probabilities and the expecta-
tion of queue lengths in the network. We show that p* is
a fundamental performance parameter of the network.

An outline of our approach is as follows. We consider
a certain linear program that was considered by Dai
and Vande Vate [9] and which is a witness of stabil-
1ty: whenever a feasible solution to this linear program
exists a piecewise linear Lyapunov function can be con-
structed and as a result the network is globally stable.
We use the results in [9] to show that if p* < 1, then
this modified linear program has a feasible solution with
positive v, construct a piecewise linear Lyapunov func-
tion out of this solution and use the result of Theorem 1.
In addition, by analyzing the linear program we obtain
explicit bounds on the solution variables and specifi-
cally on the drift . The latter allows us to obtain the
explicit dependence of the drift on the maximal traffic
intensity p*. Our main result is the following theorem,
the proof of which can be found in [3].

Theorem 4 We consider a re-entrant line queueing
network with two stations o1, 0y, arriwal rate A and ser-
vice rates pi, B, ..., un. Class 1 1s assumed to belong
to station o1. If p* < 1, then the following upper bounds
hold on the steady-state number of customers in the net-

work.
N
o1 14+p"+20" Y5, 05
P{§)%+@m—3_ Ty
=1 1 + Ez 1 pz

( +i 4+ N er )

S+ 3040 Ei:lpi

<

and
1+p* +2p Ez 1/%

N
P PP Qi(t) = B > m
{; ( )+ 1+Ez 1 z

( + 30"+ Tilip )
T YiLipil
forallm=20,1,2,...,

_ BAN(pr SN )R _
A (- pr)?

where

Also
Z p01+

64N (p* S, o7 ')?
(1+Ei:1pi N1 - p*)?

and

21+ p* + 20" S p7 1)
(1+Zi:1pi N (1 - p*)

bl

N
E E P 1P T Qil2)

64N (0" S o7 1)
1+ 3L, o7 (- p*)2

In particular,

* * N —
2(1+p"+20" 30, 1)2
(1+Ez 1pz )(1_P*)

~0 <ﬁ) . (1)

Z Qi(t)

<



6 Conclusions

We have proposed a general methodology based on Lya-
punov functions for the performance analysis of infinite
state Markov chains and applied it specifically to multi-
class queueing networks with exponentially distributed
interarrival and service times.

In the full version of this paper [3] it is shown that
whenever some piecewise linear Lyapunov function is a
witness for the global stability of the network, certain
finite upper bounds can be derived on the probability
distribution and expectation of queue lengths.

Since piecewise linear Lyapunov functions provide an
exact test for stability of fluid networks with two sta-
tions, our bounds for two-station networks are finite
if and only if the corresponding fluid network is glob-
ally stable. Whether this remains true for the original
stochastic network remains to be seen.

For re-entrant line type queueing networks with two
processing stations closed form bounds were con-
structed on the distribution and expectation of the
number of customers in the network:

r0( )

where p* is a maximal (actual or virtual) traffic inten-
sity.

The results obtained here are the first ones that estab-
lish exponential upper and lower bounds on the distri-
bution of queue lengths in networks of such general-
ity. Previous results on performance analysis of mul-
ticlass queueing networks can in general achieve only
numerical bounds and only on the expectation of queue
lengths.
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