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Abstract

In this paper we address the modeling and analy-
sis issues associated with a generic theater level cam-
paign where two adversaries pit their military resources
against each other over a long series of engagements.
Speci�cally, we use the scenario of an air raid cam-
paign using SEAD aircraft and bombers against enemy
troops and air defense units. The problem is decom-
posed into a temporal and a spatial resource allocation
problem. The temporal resource allocation problem
is formulated as a multiple resource interaction prob-
lem in a game-theoretical framework and solved for
linear attrition functions. The spatial resource alloca-
tion problem is posed as a risk minimization problem
in which the two adversaries decide on the corridor of
ingress and movement of the ground troops and air de-
fense units. These two solutions are integrated using
an aggregation/deaggregation approach to evaluate re-
source strengths and distribute losses.

1 Introduction

Campaign modeling and analysis in the context of mil-
itary command and control poses a variety of chal-
lenges. Several important issues { such as modeling
tactical, operational, and strategic levels of con
ict, in-
tegration of lower level con
ict models to create higher
level mission models, interactions between force allo-
cations, strategies, and system capabilities, etc., need
to be addressed. The overall military campaign prob-
lem is too complex to be tackled by a single analytical
or computational model, approach, or tool. The real
challenge lies in integrating these disparate entities into
an integrated whole. The speci�c lines of investigation
pursued in this paper include issues related to the inte-
gration of optimal campaign level temporal and spatial
resource allocations in an air campaign.

In large scale military operations, air campaigns are
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frequently used as the preferred mode of invasion of
the enemy territory [1]. They are also e�ective mea-
sures of defense against enemy invasion into friendly
territory. One of the earliest papers that addresses the
air campaign problem is the tactical air war game for-
mulated by Berkovitz and Dresher [2], where the two
adversaries are evenly matched in terms of their re-
sources, imposing a certain symmetry in their resource
types, capabilities, and decision variables. Solution is
sought in terms of an optimal partitioning of a single
resource on each side among several tasks. Speci�cally,
both players have several aircraft in their arsenal, that
have to be assigned di�erent roles of counter air, air de-
fense, and ground support. It is shown that when the
players resources are distributed between two tasks, the
game has a pure strategy solution, but for more than
two tasks the optimal solution is obtained in terms of
mixed strategies. The spatial dimension of the problem
is completely suppressed in this model.

Another classical paper that addressed a similar prob-
lem is by Blackwell [3] on multi-component attrition
games. The game is de�ned in normal form where
each player selects an action from a �nite set of actions.
Each action pair leads to an attrition to the resources
of the players. The game is played several times till at
least one of the resources is reduced to zero. Thus, the
game is essentially de�ned through the attrition matri-
ces associated with each resource. The strategy of each
player is de�ned in terms of a probability distribution
on the action set (mixed strategy). This paper focuses
only on the attrition su�ered by each player and does
not address the decision-making problem in the spatial
dimension. Moreover, the solution obtained does not
prescribe strategies for the players, but obtains certain
asymptotic results on the probability of winning by a
player given an initial relative strength of resources.
While mathematically elegant, these results are diÆ-
cult to interpret or use in a practical air campaign.

Our model di�ers from both these papers in that we
consider di�erent types of resources as having distinct
roles. We model the air campaign planning problem
as an asymmetric game where one of the adversaries
carries out an air campaign against the other adver-
sary who mounts a ground invasion. Further, we retain



the game-theoretical premise underlying an air cam-
paign while incorporating both its temporal and spa-
tial dimensions. Our objective is to develop a realistic
but simple model that addresses important issues aris-
ing in an air campaign. We do this by decoupling the
spatial dimension from the temporal dimension of the
problem. The problems addressed in the spatial dimen-
sion include route planning and movement of resources,
while in the temporal dimension we decide how much of
the available resource strengths each adversary should
use during a particular mission. Finally, we put these
together to obtain an integrated decision making capa-
bility for the two adversaries.

2 The Air Campaign Problem

The problem addressed in this paper is that of an air
campaign in which the friendly (BLUE) forces attempt
to thwart the invasion of its territory by the enemy
(RED) forces. BLUE has two types of resources at its
disposal { SEAD (suppression of enemy air defense) air-
craft and bombers (BMB). RED has air defense (AD)
units and ground troops (GT). The SEAD aircraft de-
tect and destroy enemy air defenses and create a safe
corridor for the bombers to penetrate into territory de-
fended by the RED air defense units and destroy the
invading ground troops. The campaign is carried out
in the form of several SEAD/BMB missions, each last-
ing for perhaps half a day or even a complete day, while
the RED forces plan the movement of their AD units in
order to a�ord maximum protection to their invading
ground troops. This scenario has all the elements of a
two player game in which players take decisions regard-
ing the utilization of available resources in each mission,
the route to be selected for attack, the movement of var-
ious resources, and on other relevant aspects. Some of
the complications that arise in this problem are due to
several apparently unrelated objectives that each adver-
sary has at di�erent stages of the game. For instance,
the BLUE forces have to decide the optimum route of
ingression into the enemy territory and the number of
SEAD aircraft and bombers that should be used in each
mission. The RED forces, on the other hand, have to
decide on how to move its AD units and GT units, and
also how many of the AD units to be used for defense
purposes. This imposes an asymmetry among the ad-
versary's decision variables.

The objectives of the various resources are as follows:
(i) GT attempts to advance through the gameboard
till it reaches a well-de�ned BLUE border with a cer-
tain minimum strength. (ii) ADs attempt to destroy
SEADs and BMBs to protect themselves and the GT.
(iii) SEADs precede BMBs to sanitize a corridor of AD
threats. (iv) BMBs 
y through the sanitized corridor
to target GTs.

The air campaign is modeled as a multi-stage game

where each stage, comprising of a mission, is of about
half a day duration. A single mission in the air cam-
paign by the BLUE forces consists of a single ingression
by SEADs followed by the BMBs. ADs have the choice
of remaining hidden (passive) or they may have their
radars in the track mode (active). When the ADs are
active they may be assumed to remain stationary. On
the other hand, when they are passive they are unde-
tected and can be moved to adjacent sectors. At the
beginning of each stage both players need to take the
following decisions:

BLUE decisions: (i) Determination of the ingress corri-
dor. (ii) Selection of the number of BMBs and SEADs
to be used in a given mission.

RED decisions: (i) The number of active AD units; (ii)
Identi�cation of active and passive ADs; (iii) Movement
of AD units; (iv) Movement of GT units.

The actual locations of the GTs and ADs determine the
losses that the SEAD missions and BMB missions suf-
fer and hence determine their e�ectiveness. The spatial
dimension of this problem concerns the movement and
location of RED GTs and ADs and the selection of the
string of sectors that de�nes an ingress corridor for the
BLUE SEADs, and gives rise to the spatial resource allo-
cation problem. The temporal dimension of the game is
concerned with the decision of how many of the SEAD

and BMB of the BLUE forces and how many of the ADs
of the RED forces should participate in a mission. This
gives rise to the temporal resource allocation problem.

3 Spatial Resource Allocation

The spatial resource allocation problem basically ad-
dresses the problem of creating an optimal corridor of
ingress for the BLUE SEADs and BMBs. It also ad-
dresses the problem of the movement of the GTs and the
ADs of the RED forces. The air campaign is assumed
to take place on a battle�eld modeled as a gameboard
consisting of several sectors assumed to be hexagonal
in shape, each having a maximum of six neighboring
sectors.

3.1 Notations

We will use the following notations: Let the gameboard
be denoted by G = fg1; : : : ; gmg where each gi identi�es
a sector in the gameboard. Let N(gi) denote the set of
neighboring sectors of (or sectors adjacent to) a sector
gi. Let a corridor in G at the k-th stage be denoted
by uck = fc1; : : : ; crg where each ci 2 G and ci+1 2
N(ci). Also, sector cr contains a GT unit and sector c1
contains the SEAD and BMB bases. In its most general
form r could either be a �xed integer (which would
imply that each SEAD/BMB sortie must be of a certain
�xed length in terms of number of sectors) or it could
be bounded above by r � rmax (which would imply



a constraint on the SEAD/BMB capability in terms of
fuel or endurance) or it could be an arbitrarily large
integer (implying no such constraint on the SEAD/BMB

capability). Note that uck is the control of the BLUE

forces in the k-th stage of the game.

Let A = fa1; : : : ; asg denote the collection of AD units.
At a given stage k let the placement of AD units on
the gameboard be given by Pk = fd1k; : : : ; dskg with
djk 2 G implying that the AD unit aj is placed in the
sector djk 2 G. Let gtk 2 G denote the location of the
GT units on the gameboard.

3.2 Creation of ingress corridor

A location of ADs imposes a risk pro�le on the game-
board for BLUE aircraft. It quanti�es the risk or danger
to a BLUE aircraft in passing through a sector. This
risk is a function of the locations and capabilities of ADs
used by RED forces. It also depends on the kill prob-
ability of the AD unit, the terrain, and also the type
of aircraft. An optimal corridor would be one with the
minimum risk associated with it. In the following dis-
cussion, we omit the stage index 'k'.

Let the risk on a sector gi on the gameboard due to
the location of the AD unit aj in the sector dj (given
by placement P ) be denoted by rij jP . Then the risk
pro�le on the gameboard due to aj in dj is given by,

rj jP = fr1j ; : : : ; rmjgjP (1)

Then the risk pro�le on the gameboard due to the place-
ment P of all the AD units is given by,

R(P ) = fR(P; g1); : : : ;R(P; gm)g (2)

where, R(P; gi) is the risk at sector gi, due to the AD

unit placement P , and is de�ned as,

R(P; gi) =
X

aj2A

rij jP (3)

The risk on a corridor uc due to an AD unit placement
P is denoted by �(P; uc) and is de�ned as,

�(P; uc) =
X

ci2uc

R(P; ci) (4)

For a given placement P of AD units, the corridor cre-
ation problem may be formulated as,

min
uc

�(P; uc) (5)

Dijkstra's algorithm [4] is used to compute the mini-
mum risk corridor.

3.3 Movement of GTs

The GT movement by the RED forces have the objective
of getting to the BLUE border with minimum losses,
which means that the strength of BMB units undergoes

the maximum possible attrition as it attacks each sec-
tor through which the GT units pass. Based on this
requirement the problem is de�ned as follows: (i) For a
given AD distribution pattern determine the risk pro�le
on the gameboard. (ii) For each sector in the game-
board �nd the minimum cumulative risk that a BMB

undergoes as it 
ies to this sector. (Use the corridor
creation algorithm to obtain these values) (iii) Suppose
the BMB strength at the current stage is Bi. Then �nd
the BMB strength that remains after it 
ies through the
minimum risk corridor to this sector and is confronted
with the corresponding cumulative risk associated with
this corridor. (iv) Assign this remaining strength to
the sector. Repeat for all sectors on the game board.
(v) Find the minimum "remaining strength of BMBs"
path from the current location of the GT to the BLUE

border. Dijkstra's algorithm is used for this task. (vi)
The �rst step in this path is the GT movement for the
RED forces.

3.4 Movement of AD units

The decision about how an AD unit should move dur-
ing a stage in the game is solved under the following
assumptions: (i) The ingress corridors of the BLUE air-
craft are known. (ii) The temporal resource allocation
problem is solved for the current stage. (iii) The GT

movement for the current stage is known.

The objective of the AD unit movement is to maximize
the risk to the BLUE aircraft 
ying through the cor-
ridor. The AD movement can be determined through
the following procedure: (i) Obtain the new corridor for
the new GT position with all ADs assumed to be active.
Note that we have to take into account the damage suf-
fered by the ADs at the current stage. (ii) Now compute
the risk imposed on this corridor (that is, the air de-
fense strength) by the present AD locations when all of
them are assumed to be active. Each movement of an
AD to an adjacent sector changes this strength. Select
the set of movements that collectively maximizes this
strength. Hence, the objective is to move ADs in a way
that maximizes the available AD strength on a corridor.

4 Temporal Resource Allocation

A stage in a game is de�ned as a single mission in which
SEADs and BMBs participate. At any given stage k
of the game the BLUE forces have an available SEAD

strength of Ss
k and a bomber strength of Sb

k. Similarly,
the RED forces have an available air defense strength of
Sa
k and GT strength of Sg

k . The quantities S
s
k, S

b
k, S

a
k ,

and Sg
k are known to the players at the beginning of a

stage. These strengths may not be measured in terms
of numbers (of SEAD, BMB, or AD), but rather they
are derived from an aggregation process that models
strength as capabilities that each resource group has in
terms of its mission objectives. This aspect is closely
related to the spatial dimensions of the problem which



determines the corridor of operation and which, in turn,
de�nes the e�ectiveness of speci�c resources against ad-
versary's resources through loss functions.

The objective of the BLUE forces is to minimize the
e�ect of the surviving target strength over a speci�ed
number of stages while the objective of the RED forces
is to maximize this e�ect.

4.1 Problem Formulation

At any given stage k of the game, the BLUE forces
partition Ss

k and Sb
k as,

Ss
k = usk + rsk; Sb

k = ubk + rbk (6)

where, usk 2 [0; Ss
k] and ubk 2 [0; Sb

k] are used by the
BLUE forces in the campaign at the k-th stage and rsk =
Ss
k � usk and rbk = Sb

k � ubk are kept in reserve or "rest"
for later use. Thus, the decision that the BLUE forces
need to take at the beginning of each stage is how much
of the SEAD and BMB force strengths should be used
for the campaign at that stage and how much of these
strengths are to be kept in reserve. Similarly, at each
stage, the RED forces have the option of keeping some
of its air defenses "hidden" (or passive) while the rest
can be switched on (or made active) to track and engage
SEADs and BMBs. Thus, the RED forces partition its
air defense strength as,

Sa
k = vak + rak (7)

where, vak 2 [0; Sa
k ] is the AD strength that is used to

engage SEADs and BMBs and rak = Sa
k � vak is the AD

strength that is kept in reserve for later use. Thus,
the decision variables of BLUE forces at the beginning
of stage k in the temporal resource allocation game is
(usk; u

b
k) and for the RED forces it is vak .

First, the SEADs 
y along a designated corridor and
engage ADs located on it. The ADs and the SEADs
in
ict damage on each other.

s1k = Surviving SEADs = maxf0; usk � Ls
a(v

a
k ; u

s
k)g (8)

a1k = Surviving ADs = maxf0; vak � La
s(v

a
k ; u

s
k)g (9)

where, Ls
a(:; :) de�nes the damage that the SEAD

strength su�ers when it is confronted with an AD force
strength, and La

s(:; :) de�nes the damage that the AD

force strength su�ers in its interaction with a SEAD

force strength.

Next, the BMBs 
y through the corridor and are en-
gaged by ADs defending the corridor.

b2k=Surviving BMBs = maxf0; ubk � Lb
a(a

1
k; u

b
k)g

= maxf0; ubk � Lb
a(maxf0; vak � La

s(v
a
k ; u

s
k)g; u

b
k)g(10)

a2k=Surviving ADs = maxf0; a1k � La
b (a

1
k; u

b
k)g

= maxf0;maxf0; vak � La
s(v

a
k ; u

s
k)g

� La
b (maxf0; vak � La

s(v
a
k ; u

s
k)g; u

b
k)g (11)

where, Lb
a(:; :) de�nes the damage that the ADs in
ict

on the BMBs and La
b (:; :) de�nes the damage that the

BMBs in
ict on the ADs.

Finally, BMBs engage GTs at the end of the corridor.

g3k = Surviving GTs = maxf0; Sg

k � Lg

b(b
2
k; S

g

k)g

= maxf0; Sg
k � Lg

b(maxf0; ubk � Lb
a(maxf0; vak

�La
s(v

a
k ; u

s
k)g; u

b
k)g; S

g
k)g (12)

where, Lg
b (:; :) de�nes damage that BMBs in
ict on GTs.

At the next stage k+1 the two players have the follow-
ing force strengths available:

Ss
k+1 = rsk + s1k; Sb

k+1 = rbk + b2k

Sa
k+1 = rak + a2k; Sg

k+1 = g3k (13)

The state equations are as follows,

Ss
k+1= maxf0; usk � Ls

a(v
a
k ; u

s
k)g+ (Ss

k � usk) (14)

Sb
k+1= maxf0; ubk � Lb

a(maxf0; vak � La
s(v

a
k ; u

s
k)g; u

b
k)g

+(Sb
k � ubk) (15)

Sa
k+1= maxf0;maxf0; vak � La

s(v
a
k ; u

s
k)g � La

b (maxf0; vak

�La
s(v

a
k ; u

s
k)g; u

b
k)g+ (Sa

k � vak) (16)

Sg
k+1= maxf0; Sg

k � Lg
b(maxf0; ubk

�Lb
a(maxf0; vak � La

s(v
a
k ; u

s
k)g; u

b
k)g; S

g
k)g (17)

with the controls of the two players as usk 2 [0; Ss
k],

ubk 2 [0; Sb
k], v

a
k 2 [0; Sa

k ].

We de�ne the payo� as the sum of the surviving GT

strengths at each stage, maximized by RED and mini-
mized by BLUE,

J =

nX

k=1

Sg

k+1 (18)

A fundamental minimax theorem by Fan [5] can be used
to show that in the single stage game each player has op-
timal pure strategies if the loss functions satisfy certain
monotonicity properties [6]. Conditions under which
the multi-stage game also has pure strategy solutions
have been obtained in [6].

4.2 Linear Loss Functions

In this section we consider linear loss functions that
are 'linear' in the sense that the loss to a player's
given resource is proportional to the adversary's re-
source strength with which this resource interacts, but
within the bounds of resource availability. Let,

lsa(v
a
k) = �vak ; las (u

s
k) = �usk

lba(a
1
k) = 
a1k; lab (u

b
k) = �ubk; lgb (b

2
k) = �b2k (19)

where, �, �, 
, �, and � are non-negative scalars. The
�rst equation means that � SEAD strength is destroyed



by one unit of AD strength. The other loss parameters
have a similar interpretation. For this linear model the
optimal strategies for the players at each stage can be
obtained as [6]:

If (Sa
k ) 2 M then va�k = Sa

k ; else (if (Sa
k ) =2 M) then

va�k 2 f[0; Sa
k ] nMg.

If (Ss
k; S

b
k) 2 N then ub�k = Sb

k. Further, if S
a
k=� > Ss

k

then us�k = Ss
k else us�k 2 [Sa

k=�; S
s
k].

If (Ss
k; S

b
k)=2N then (us�j ; ub�k )2

�
f[0; Ss

k]� [0; Sb
k]gnN

	
.

The sets N and M are de�ned as,

N1=f(x
us; xub) : xus � Sa

j =�; x
ub < Sg

k=�g (20)

N2=f(x
us; xub) : xus < Sa

k=�;

xub < 
 (Sa
k � �xus) + Sg

j =�g (21)

N = N1 [ N2 (22)

M =
�
yva : yva < Sb

k=
 + �Ss
j

	
(23)

where, xus, xub, and yva are variables that correspond
to the SEAD, BMB, and AD resource strengths, respec-
tively.

Although, depending on the available resource levels,
the game admits multiple saddle points in pure strate-
gies, it is logical for the players to avoid using excessive
resources. This implies that the RED forces will use,

va�k = min
�
Sb
k=
 + �Ss

k; S
a
k

	
(24)

and the BLUE forces will select a Pareto minimum point
from its solution set. A clear interpretation of these
solutions are given in [6]. We omit details.

5 Integrated Spatio-Temporal Solution

The solutions to the spatial and temporal re-
source allocation problems are integrated through a
aggregation/de-aggregation process.

5.1 Aggregation and de-aggregation

In the following we suppress 'k', which denotes the k-th
stage, from the variables for simplicity. De�ne a vector
E that stores the e�ectiveness of an AD unit against an
aircraft, that is, an AD unit in
icts E0 units of dam-
age on an aircraft located in the same sector as the
AD unit, E1 units of damage on an aircraft located one
sector away from the AD location, and so on. For com-
putational simplicity we assume that only �nite number
of Ej 's are non-zero. De�ne a vector H that stores the
vulnerability of an AD to a SEAD, that is, an AD sus-
tains Hj units of damage from a SEAD located j sectors
away from the AD location. De�ne parameters frjgsj=1,
where rj 2 (0; 1) denotes the strength reduction of j-th
AD unit due to the previous interactions.

With this information, one can calculate the variables
required for making the temporal resource allocation

decisions. Calculate the vulnerability of j-th AD unit
to the damage in
icted by the aircraft passing along the
corridor as hj =

P
iHin

i(dj). Here, the integer n
i(dj)

is the number of sectors that belong to the corridor
and are exactly i steps away from sector dj). Next,
we obtain the total available AD strength by assuming
that the risk in
icted by ADs on sectors nearby can be
added linearly. So,

aj = rj
X

i

Ein
i(dj); (25)

is the strength of the j-th AD unit. Then the total
available AD strength can be calculated by summing
all the individual AD strengths as,

Auc(P ) = Sa =

NX

j=1

aj : (26)

Note that, in contrast with the BLUE resource
strengths, where the allocations are continuous, the in-
crements in the AD strength achieved by activating ad-
ditional AD units are discrete. We pick a subset of A
such that the total strength of the ADs in this subset
is close to the required va. This subset will constitute
the active ADs.

The total damage to ADs in
icted by the SEADs during
the interaction is �Sa = min(va; La

s(v
a; ub)). The at-

trition �Sa is then distributed among the active AD
units in proportion to their vulnerability as follows:
The damage sustained by the j-th AD is,

�aj =
hjP
j hj

(�Sa) (27)

5.2 The algorithm

The complete algorithm is as follows:

(i) Assume a distribution of ADs on the gameboard.
(ii) Assume all the ADs are active and create a risk
pro�le as a function of the kill probabilities, terrain,
and other relevant factors. (iii) Obtain SEAD/BMB

corridors from the aircraft base to the known GT unit
location. (iv) Compute the AD strength using the ag-
gregation process given above. (v) Solve the temporal
resource allocation problem. The solution to the tem-
poral resource allocation problem is used to obtain the
number of SEADs and BMBs to be employed for the
current stage of the campaign. It is also used to spec-
ify the number and location of ADs to be made active.
(vi) Distribute damages (or losses) to the ADs using the
deaggregation process given above. (vii) Solve the GT

and AD movement problem and repeat the process.

6 Simulation Study

Suppose that the air campaign takes place on a 7 �
7 hexagonal gameboard, and the Blue territory is the



Figure 1: Stage 1: Sg = 20, Sa = 33, Ss = 20, Sb = 10.
Stage 2: S

g = 12:7, S
a = 38:3, S

s = 13:4,
S
b = 7:3. Even though some AD units have re-

duced in strength, their total strength in Stage
2 is greater than in Stage 1. This is due to
the fact that, in the spatial setting, the AD
strength strongly depends on the location of the
AD unit.

lowest row of the game board. We assume that only the
passive ADs are allowed to move � = 2 steps per stage
whereas the active ADs do not move. At the beginning
of the game the players have the following resources:
(i) BLUE has 20 SEADs and 10 bombers. (ii) RED has
20 GT units and 6 AD units.

The e�ectiveness of ADs against blue aircraft is de-
�ned as E0 = 0:3; E1 = 0:8; E2 = 0:5 (note that
an AD is not very e�ective in the sector where it is lo-
cated, because the missiles are diÆcult to control dur-
ing the initial boost stage). The vulnerability of the
ADs to the SEAD threat is de�ned as H0 = 0:7; H1 =
0:5; H2 = 0:3; H3 = 0:1: The coeÆcients used for
the game-theoretical temporal resource allocation are
� = 0:2; � = 0:3; 
 = 0:1; � = 0; � = 1.

Figures 1 and 2 show the location of the resources at
the beginning of each stage of the game. Active ADs
are darker in shade than the passive ADs. The thick
line shows the corridor of ingress. The position of the
SEAD/BMB base is at the starting sector of the corridor
and the GT location at each stage is at the end of the
corridor.

7 Concluding Remarks

In this paper we presented a game theoretical formu-
lation of an air campaign incorporating both the spa-
tial and temporal dimensions in the model. The so-
lutions to these two resource allocation problems are
obtained separately and integrated through an aggrega-
tion/deaggregation technique. The air campaign prob-
lem addressed has certain generic elements that are ap-
plicable to other theater-level campaign scenarios too.

Figure 2: Stage 3: S
g = 8:8, Sa = 26, Ss = 5:7, Sb =

3:8. Since all the ADs were active during the
previous stage, none of them moved. Stage 4:

S
g = 7:4, Sa = 30, Ss = 0:5, Sb = 1:5. Since

v
a = 14:6 < S

a, some of the ADs, imposing risk
on the corridor, are switched o�.
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