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Abstract

In this paper, we present a dynamic model of air opera-
tions for military and formulate the problem of control-
ling its mission details as a di�erential game. We then
present a numerical method for �nding its Nash equi-
librium solution. The method is an iterative process in
which a linear-quadratic approximation of the original
game is successively solved using the Riccati equation
approach.

1 Introduction

Consider a geographical area, a theater of air opera-
tions, in which two forces are opposing and trying to ac-
complish their respective mutually con
icting missions.
For example, two forces may be operating in an area,
in which the ground force of one side tries to invade the
other side while the air force of the other side tries to
stop the invasion.

In Section 2, we present a detailed model of such air
operations, in which the model is represented by non-
linear ordinary di�erential equations. In Section 3, we
formulate the problem of the two forces trying to con-
duct their respective mutually con
icting missions as a
nonlinear-quadratic di�erential game. Here the system
di�erential equations are nonlinear and the payo� func-
tion is quadratic. In Section 4, we propose an iterative
method for �nding the Nash equilibrium solution to the
nonlinear-quadratic di�erential game. At each iteration
of the method, a linear-quadratic approximation of the
original game is created as a linear-quadratic di�eren-
tial game, in which the system di�erential equations
are a linearized version of the original. In Section 5, we
present a quick method for solving the linear-quadratic
di�erential game, which exploits a backward solution of
a Riccati equation.
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2 Model of the Air Operations Theater

Consider a two-dimensional operational theater R
2 ,

where two forces, which we refer to as Blue and Red
forces, oppose each other. Assume that the Blue force
has NB

u units operating in the theater and that the Red
force has NR

u units operating in the same theater. The
types of units we may consider are ground troop units,
bomber units, air defense units, SEAD (Suppression of
Enemy Air Defense) units and interceptor units. We as-
sume that each unit is homogeneous. By this we mean
that each bomber unit consists of bombers of the same
type, each ground troop unit consists of ground troops
of the same type, and so on. In other words, each unit
consists of platforms of the same type. The platforms
we may consider are bombers, SAM missile launchers,
electronic jammers, weasels, �ghter-interceptors, per-
sonnel carriers and tanks.

2.1 Unit Movement Dynamics

The position of the i-th unit of the Blue force is denoted
by �Bi (t) 2 R

2 , and the normalized velocity of the i-th
Blue unit is denoted by �Bi (t) 2 R

2 . Similarly, the j-
th unit of the Red force is at position �Rj (t) and has

normalized velocity �Rj (t). These normalized velocities
are control inputs.

The movements of the units are therefore described by
the following linear di�erential equations:

d

dt
�Bi (t) = �Bi �

B
i (t); (1)

d

dt
�Rj (t) = �Rj �

R
j (t); (2)

where the coeÆcients �Bi 2 R and �Rj 2 R represent the
respective maximum rated velocities for di�erent units.

The initial conditions for the positions at initial time t0
are given by

�Bi (t0) = �Bi0; �Rj (t0) = �Rj0: (3)



In short, the input vector �Bi (t) controls the speed and
the direction of Blue unit i and the input vector �Rj (t)
controls the speed and the direction of Red unit j.

2.2 Platform Attrition Dynamics

Each unit is subject to another set of control inputs,
�Bi (t) 2 [0; 1] for the i-th Blue unit and �Rj (t) 2 [0; 1] for

the j-th Red unit. These inputs �Bi (t) and �Rj (t) repre-
sent unit \intensities" for platforms (bombers, missile
launchers, interceptors, etc). For instance, if all the air-
craft of the i-th Blue unit are assigned to engage with
the Red force, the intensity is one: �Bi (t) = 1. On the
other hand, if only one half of the i-th Blue unit are
assigned to engage with the Red force, the intensity is
50%: �Bi (t) = 0:5. Here there is an implicit constraint
that the intensity of a given unit is between zero and
one.

We assume that each unit has only one �xed target unit
during a mission and that these targets stay constant
over the mission time interval [t0; tf ].

We denote by �R(j) the target unit of the j-th Red
unit. De�ne the set of the indices of the enemy's units
that may attack the i-th Blue unit:

IBi = fj 2 f1; 2; 3; :::; NR
u g : �

R(j) = ig:

The numbers of platforms in each unit of the Blue and
Red forces are denoted by �Bi (t) 2 [0;1) and �Rj (t) 2
[0;1), respectively.

Changes in the number of platforms in each unit in the
Blue force are described by the following di�erential
equation (see [3] for a detailed derivation):

d

dt
�Bi (t) = ��Bi (t)

X
j2IBi

PR
oji�

R
kji'

R
ji(k�

B
i (t)� �Rj (t)k)

�PR
aji�

R
eji

"
1� e

��

�
�Rj (t)�Rj (t)

�B
i
(t)

�#
: (4)

We now describe the terms on the right hand side. The
constant PR

oji 2 [0; 1] represents the probability that
the i-th Blue unit is killed by the j-th Red unit at
distance 0. The constant �Rkji 2 [0; 1] represents the
eÆciency factor in the probability of kill of the i-th
Blue unit by the j-th Red unit due to factors such as
weather. The function 'Rji(r) represents the eÆciency
in the probability of kill attributable to the distance r
between the attacking j-th Red unit and the i-th Blue
unit being attacked.

We assume that the form of the proximity function
'Rji(r) is

'Rji(r) = e�(r=r
R
oji)

2

(5)

where the parameter rRoji is a constant. The con-

stant PR
aji 2 [0; 1] represents the probability that the

j-th Red unit attacks the i-th Blue unit. The con-
stant �Reji 2 [0; 1] represents the eÆciency factor in
the probability of attack due to other elements such as
weather. The term

�
1� exp

�
��
�
�Rj (t)�

R
j (t)=�

B
i (t)

	��
represents the probability of engagement by the j-th
Red unit with the i-th Blue unit, where � is a constant.

A similar symmetric equation holds for changes in the
number of platforms in each unit in the Red force. The
initial values of the number of platforms are given by

�Bi (t0) = �Bi0; �Rj (t0) = �Rj0:

2.3 Dynamics of Individual Units

De�ne the state vector for each unit by

xBi (t) :=

�
�Bi (t)
�Bi (t)

�
2 R3 ; xRj (t) :=

�
�Rj (t)
�Rj (t)

�
2 R3 ;

(6)
and the control vector for each unit by

uBi (t) :=

�
�Bi (t)
�Bi (t)

�
2 R3 ; uRj (t) :=

�
�Rj (t)
�Rj (t)

�
2 R3 :

(7)

The system equations for a Blue unit is then given by
(1) and (4). Similar equations hold for a Red unit.

2.4 Dynamics of Forces

De�ne the state and control vectors for the Blue force
by

xB(t) :=

2
64

xB1 (t)
...

xBNB
u
(t)

3
75 ; uB(t) :=

2
64

uB1 (t)
...

uBNB
u
(t)

3
75 ; (8)

and the state and control vectors for the Red force by

xR(t) :=

2
64

xR1 (t)
...

xRNR
u
(t)

3
75 ; uR(t) :=

2
64

uR1 (t)
...

uRNR
u
(t)

3
75 : (9)

Here, xB(t) 2 R3N
B
u ; uB(t) 2 R3N

B
u ; xR(t) 2 R3N

R
u and

uR(t) 2 R3N
R
u .

Now the system with both forces is represented by the
following di�erential equations:

d

dt
xB(t) = fB(xB(t); xR(t); uB(t); uR(t)); (10)

d

dt
xR(t) = fR(xR(t); xB(t); uR(t); uB(t)); (11)

in which the components of fB are given in (1) and (4)
and the components of fR are given similarly.

By concatenating the state and control input vectors as

x(t) :=

�
xB(t)
xR(t)

�
2 R3(N

B
u +NR

u ); (12)

u(t) :=

�
uB(t)
uR(t)

�
2 R3(N

B
u +NR

u ); (13)



the concatenated dynamics can be written

d

dt
x(t) = f (x(t); u(t)) ; (14)

where the right-hand side function is given by

f (x(t); u(t)) :=

�
fB(xB(t); xR(t); uB(t); uR(t))
fR(xR(t); xB(t); uR(t); uB(t))

�

2 R3(N
B
u +NR

u ): (15)

Note that the above dynamics are autonomous, i.e., the
right hand side does not depend on time explicitly.

3 Di�erential Game

We now describe how we translate the objective of each
force into a mathematical formula using the framework
of a di�erential game.

3.1 Game Problem

The overall game is expressed as the following minmax
problem:

J� = min
uB

max
uR

J(uB ; uR); (16)

where the Red force tries to maximize the payo� func-
tion J(uB ; uR) and the Blue force tries to minimize the
same payo� function. Here the problem is de�ned over
the time interval [t0; tf ] between the initial time t0 and
the terminal time tf . The optimal value J

� of the payo�
function J(uB ; uR) is called the value of the game.

3.2 Quadratic Payo� Function

Each unit is assumed to have its own target, which is ei-
ther a hostile mobile unit or a stationary site important
for the hostile force. For a bomber unit, the target may
be a stationary enemy site or a mobile ground troop
unit or a mobile air defense unit. For an interceptor
unit, the target is an interceptor unit or a bomber unit
of the enemy. For an escort �ghter unit, the \target"
to follow may be a friendly bomber unit, which it is
defending from enemy interceptors. For a SEAD unit,
the target is an air defense unit of the enemy. For a
ground troop unit, the target is a stationary site of the
enemy. For an air defense unit, the \target" to follow
is either a friendly stationary site or a friendly ground
troops unit, which it is defending from enemy bombers.
We consider two kinds of targets: those each unit seeks
to reach continuously over the time interval [t0; tf ] and
those each unit seeks to reach at the end tf of the time
interval [t0; tf ]. The location of the continuously sought
target of the i-th Blue unit is denoted by qBi (t) 2 R

2 .
Similarly, the location of the continuously sought tar-
get of the j-th Red unit is denoted by qRj (t) 2 R

2 . The
location of the terminal target of the i-th Blue unit is
denoted by sBi 2 R2 . Similarly, the location of the ter-
minal target of the j-th Red unit is denoted by sRj 2 R

2 .

Figure 1: Targets and obstacles.

In the operational theater, there are many obstacles
such as high mountains and known SAM sites for air
units and lakes and swamps for ground units. In order
to carry out a mission, a unit may have places and
enemy units to avoid. The locations of such obstacles
for the Blue force are denoted by feBk g, k 2 f1; :::; N

B
o g.

Similarly the locations for the obstacles for the Red
force are denoted by feR` g, ` 2 f1; :::; N

R
o g.

The overall problem is formulated as a game between
the Blue and Red forces over the time interval [t0; tf ].
The objective of the game is described by the following
payo� function:

J(uB ; uR)

=

Z tf

t0

8<
:

NB
uX

i=1

 
aBi jj�

B
i (t)� qBi (t)jj

2 � bBi
�
�Bi (t)

	2

�

NB
oX

k=1

pBikjj�
B
i (t)� eBk jj

2 +
�
uBi (t)

	0
RB
i u

B
i (t)

1
A

�

NR
uX

j=1

 
aRj jj�

R
j (t)� qRj (t)jj

2 � bRj
�
�Rj (t)

	2

�

NR
oX

`=1

pRj`jj�
R
j (t)�eR` jj

2+
�
uRj (t)

	0
RR
j u

R
j (t)

1
A
9=
; dt

+

Nu
BX

i=1

�
cBi k�

B
i (tf )� sBi k

2 � dBi
�
�Bi (tf )

	2�



�

Nu
RX

j=1

�
cRj k�

R
j (tf )� sRj k

2 � dRj
�
�Rj (tf )

	2�
; (17)

where the scalar weights for the states are denoted by
faBi g, fa

R
j g, fb

B
i g, fb

R
j g, fp

B
ikg, fp

R
j`g, fc

B
i g, fc

R
j g, fd

B
i g

and fdRj g, and the matrix weights for the controls are

denoted by fRR
j g and fR

B
i g. The weights are constant

over time for now.

We will now examine one by one the terms of the inte-
grand of the payo� function. The terms associated with
faBi g represent the distance jj�

B
i (t)� qBi (t)jj between a

Blue unit and its target. The Blue force would like to
minimize such terms while the Red force would like to
maximize them. The terms associated with fbBi g repre-
sent the number �Bi (t) of platforms in a Blue unit. The
Blue force would like to maximize such terms while the
Red force would like to minimize them. The terms as-
sociated with fpBikg represent the distance jj�

B
i (t)�eRk jj

between a Blue unit and an obstacle. The Blue force
would like to maximize such terms while the Red force
would like to minimize them.

The next term in the integral,
�
uBi (t)

	0
RB
i u

B
i (t), repre-

sents the input power and thus, after time integration,
it represents the input energy. Roughly speaking, the
square of the velocity jj�Bi (t)jj is proportional to the
power being spent to attain the velocity. Similarly, the
square of the intensity �Bi (t) may be interpreted as pro-
portional to the \power" being spent. Another inter-
pretation is to consider the term as a penalty and such
terms will discourage large values of control inputs.

The rest of the integrand is for the Red force and sim-
ilar statements can be made, but intentions are now
reversed. When the Blue force would like to maximize
a term, the Red force would like to minimize it and vice
versa.

We will now examine one by one the non-integral terms
of the payo� function. The terms associated with fcBi g
represent the distance jj�Bi (tf ) � sBi jj between a Blue
unit and its terminal target at the end tf of the problem
time interval. The Blue force would like to minimize
such terms while the Red force would like to maximize
them. The terms associated with fdBi g represent the
number �Bi (tf ) of platforms in a Blue unit at the end
tf of the problem time interval. The Blue force would
like to maximize such terms while the Red force would
like to minimize them.

4 Sequential Linear-Quadratic Method

We propose a numerical method for �nding a Nash equi-
librium solution for the game problem (16), where the
payo� function is de�ned by (17). The game problem

is restated here with the di�erential equation (14) ex-
plicitly shown:

min
uB

max
uR

J(uB ; uR) = min
uB

max
uR

n
~J(x;u)

���
d

dt
x(t) = f(x(t); u(t)); t 2 [t0; tf ]; x(t0) = z

o
; (18)

where z 2 RN with N = 3(NB
u +NR

u ) denotes the value
of the initial state x(t0) at the initial time t0.

We start from a solution estimate u0 and successively
construct better estimates u1, u2, ... In a generic step,
we assume that we have a solution estimate ui. We
denote by xi = x[ui] the state trajectory of the di�er-
ential equation in (18) started from the initial state,
xi(t0) = z, and driven by the current control ui. Hence

d

dt
xi(t) = f(xi(t); ui(t)); t 2 [t0; tf ]; xi(t0) = z: (19)

We denote by Æu a small perturbation u � ui of the
control u from ui and by �x the corresponding per-
turbation x[ui + Æu]� x[ui] in the state trajectory. By
shifting the point of reference to (ui; xi) and express-
ing the control and the state in terms of perturbations
(Æu;�x) , we obtain the following equivalent problem:

min
ÆuB

max
ÆuR

n
~J(xi +�x;ui + Æu)

��� d

dt
xi(t) +

d

dt
�x(t)

= f(xi(t) + �x(t); ui(t) + Æu(t)); t 2 [t0; tf ];

�x(t0) = 0
o
: (20)

Expanding the system di�erential equation around
(ui; xi) and neglecting higher order terms, we obtain the
following approximation to the di�erential equation, in
which Æx approximates �x:

d

dt
Æx(t)=fx(xi(t); ui(t))Æx(t)+fu(xi(t); ui(t))Æu(t);(21)

t 2 [t0; tf ]; Æx(t0) = 0; (22)

where

fx(x; u) =
@f

@x
(x; u) and fu(x; u) =

@f

@u
(x; u): (23)

We now propose an iterative process, whose i-th step
consists of solving the following game subproblem, in
which the system di�erential equation is linearized
around the i-th approximate solution (ui; xi) as given
above:

min
ÆuB

max
ÆuR

n
~J(xi + Æx;ui + Æu)

��� d

dt
Æx(t)

= fx(xi(t); ui(t))Æx(t) + fu(xi(t); ui(t))Æu(t);

t 2 [t0; tf ]; Æx(t0) = 0;
o
: (24)



We update the current solution estimate ui by

ui+1 = ui + siÆui (25)

with a step size si � 0, where Æui denotes the Nash so-
lution to the subgame (24). We then solve the original
nonlinear di�erential equation in (18) driven by ui+1
and obtain a new state trajectory xi+1 = x[ui+1]. We
next linearize the original nonlinear di�erential equa-
tion in (18) around (ui+1; xi+1) and so on.

Because the payo� function J is quadratic (See equa-
tion (17)), the Nash solution to the above game sub-
problem (24) may be found using a Riccati di�erential
equation, which will be described next.

5 Solution of the Linear-Quadratic Subgame

We now consider the following linear-quadratic game:

min
ÆuB

max
ÆuR

n
�J(Æx; ÆuB ; ÆuR)

��� d

dt
Æx(t) = �f(Æx(t); Æu(t); t)

, A(t)Æx(t) +BB(t)ÆuB(t) +BR(t)ÆuR(t) + c(t);

Æx(t0) = Æx0

o
; (26)

where

�J(Æx; ÆuB ; ÆuR)=
1

2

Z tf

t0

�̀(Æx(t); Æu(t); t)dt+�̀
f (tf; Æx(tf ))

,
1

2

Z tf

t0

fÆx(t)0Q(t)Æx(t) + 2Æx(t)0d(t)g dt

+
1

2

Z tf

t0

�
ÆuB(t)0RB(t)ÆuB(t) + 2ÆuB(t)0rB(t)

�ÆuR(t)0RR(t)ÆuR(t)� 2ÆuR(t)0rR(t)
	
dt

+
1

2
Æx(tf )

0QfÆx(tf ) + Æx(tf )
0rf : (27)

For the above game problem, the dynamic program-
ming approach requires the value function, which is de-
�ned by

I(t; z)

= min
ÆuB

max
ÆuR

�Z tf

t

�̀(Æx(�); Æu(�); �)d�+�̀
f (tf ; Æx(tf ))

�����
d

d�
Æx(�)= �f (Æx(�); Æu(�); �); � 2 [t; tf ]; Æx(t) = z

�
;(28)

for t 2 [t0; tf ] and z 2 RN : The value function satis�es
the following boundary condition:

I(tf ; z) = �̀
f (tf ; z) for any z 2 RN : (29)

A direct application of the principle of optimality to
(28) yields the so-called Hamilton-Jacobi-Isaacs (HJI)

equation,

�It(t; z) = min
ÆuB

max
ÆuR

�
Ix(t; z) �f(z; Æu; t) + �̀(z; Æu; t)

�
;

(30)
which takes (29) as the boundary condition. If there
exists a function I(t; z) satisfying (30) and (29), then
the HJI equation provides a means of obtaining a Nash
solution as follows.

Since one can expect that simple arguments in
Anderson-Moore (1989) also work for the min-max
problem, we may assume the value function I(t; z) is
quadratic in z. Namely, we assume that the value func-
tion has the following form,

I(t; z) =
1

2
z0S(t)z + k(t)0z +m(t); (31)

where S(t) 2 RN�N , k(t) 2 RN and m(t) 2 R. See also
[2].

Lemma 1 (Riccati equation) The Hamilton-Jacobi-
Isaacs equation (30) has a solution on [t0; tf ] of the
form (31) if the following system of equations has a so-
lution (S; k;m):

d

dt
S(t) + S(t)A(t) +A(t)0S(t)

�S(t)BB(t)RB�1(t)BB(t)0S(t)

+S(t)BR(t)RR�1(t)BR(t)0S(t) +Q(t) = 0; (32)

d

dt
k(t) +A(t)0k(t)� S(t)BB(t)RB�1(t)BB(t)0k(t)

+S(t)BR(t)RR�1(t)BR(t)0k(t)

�S(t)BB(t)RB�1(t)rB(t)� S(t)BR(t)RR�1(t)rR(t)

+S(t)c(t) + d(t) = 0; (33)

d

dt
m(t)�

1

2
k(t)0BB(t)RB�1(t)BB(t)0k(t)

+
1

2
k(t)0BR(t)RR�1(t)BR(t)0k(t)

�k(t)0BB(t)RB�1(t)rB(t)� k(t)0BR(t)RR�1(t)rR(t)

�
1

2
rB(t)0RB�1(t)rB(t) +

1

2
rR(t)0RR�1(t)rR(t)

+k(t)0c(t) = 0; (34)

with the terminal conditions,

S(tf ) = Qf ; k(tf ) = rf ; m(tf ) = 0: (35)

We can obtain the following explicit formula for the
Nash solution in a state feedback form.

Proposition 1 Suppose a solution (S; k;m) to the
equations (32) - (34) with terminal conditions (35) ex-
ists on all of [t0; tf ]. Then the Nash solution to the



linear-quadratic di�erential game is given by

(ÆuB)�(t) = �RB�1(t)[BB(t)0fS(t)Æx(t)+k(t)g+rB(t)];

(ÆuR)�(t) = RR�1(t)[BR(t)0fS(t)Æx(t)+k(t)g�rR(t)];

and the corresponding game value is given by

�J(Æx�; Æu�)=I(t0; Æx0)=
1

2
Æx00S(t0)Æx0+k(t0)

0Æx0+m(t0):

6 Numerical Experiments

We apply the Sequential Linear-Quadratic Method
(SLQM) to an air operation di�erential game described
in Sections 2 and 3. We consider the simplest case in
this paper: The Blue and Red forces have one unit each.
Both units start with 10 platforms. In fact, the Blue
unit (B1) starts with 10 interceptors and the Red unit
(R1) starts with 10 bombers.

In this experiment, each force has two objectives: i) to
reach its speci�ed �xed target; and ii) to reduce the
number of enemy platforms while preserving the num-
ber of its own as much as possible. The initial positions
are given by the following coordinates relative to the
theater of operations of size 100km by 100km: (20; 50)
for B1 and (80; 52) for R1. The location of targets are
given by the following coordinates: (80; 50) for B1 and
(20; 52) for R1. See Figure 2. We considered the situ-
ation that the Blue unit B1 is less concerned about its
own survival but the Red unit R1 is more concerned
about it. So we put a lower weight on the terminal
number of the Blue's platforms and put a much higher
weight on the terminal number of the Red's platforms.
Actually, in order to investigate the sensitivity of the
solution to the variations in a weight, we gave three dif-
ferent weights, 5, 15 and 35, to the terminal number of
the Red's platforms and gave the weight of 0.2 to the
terminal number of the Blue's platforms.

We did the experiment starting from an initial solution
estimate u0, whose velocity control of each force is a
piecewise constant control so that its resulting trajec-
tory x0 is the polygonal line from its initial location to
its target's location as shown in Figure 2. As an initial
intensity control of each force, we chose the constant
function �B � 0:7 and �R � 0:9 respectively.

The method converged to a solution in 14 iterations
from this initial solution estimate. Here, we used
the stopping criterion of the form kÆuik < ", where

jjÆuijj :=
q
(tf � t0)�1

R tf
t0

P
1�j�m jÆu

(j)
i (t)j2dt. It is

reasonable to use this for measuring the proximity of
the current solution estimate ui to the Nash solution
since the equality Æu� � 0 is a necessary condition for a
Nash solution u�. Figure 3 shows the norm of the con-
trol correction Æui versus iteration i. In Figures 3-6, the
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Figure 3: Convergence of the SLQM

solid line stands for the weight of 5, the dash-dot line
for the weight of 15 and the dotted line for the weight
of 35.

Figures 4-6 show the solution. Figure 4 shows the move-
ments of the 2 units in the theater over a time period
of 20 minutes. After an engagement in the middle, the
units head for their respective �xed targets. Figure 5
shows the intensity control � as a function of time. The
intensity � of each unit increases when its target unit is
near by. Figure 6 shows how the number � of platforms
goes down for each unit. The Red unit of bombers (R1)
su�ers heavy casualties.

As seen in Figure 4, when the two units get close, the
Red unit R1 tries to escape and avoid being shot by
the Blue unit B1. On the other hand, the Blue unit
B1 tries to pursue the Red unit R1 and �re at it with
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almost its maximum intensity as seen in Figures 4-5.
We can easily observe that such a pursuit evasion game
becomes even more pronounced when we increase the
weight on the terminal number of the Red's platforms
from 5 to 15 to 35.
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7 Conclusions

In this paper, we present a dynamic model of air oper-
ations for military and formulate the problem of con-
trolling its di�erent missions as a di�erential game. We
then propose a numerical method for �nding its Nash
equilibrium solution. The method is an iterative pro-
cess in which a linear-quadratic approximation of the
original game is successively solved using the Riccati
equation approach.
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